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Let R be a Dedekind domain and K its quotient field, and k a central 
simple K-algebra with finite rank over K. We have already defined a 
hereditary order A over R in k in [5], [6] and [7], namely A is a 
hereditary ring in k such that A is a finitely generated R-module and 
AK =k. In §§ 3-6 in [5] and in [6] we have studied properties of 
hereditary orders (briefly h-order) over local ring in k, and in [7] we have 
extended those properties to the global case in the generalized quaternions. 

In this paper we shall try to extend those results to the global case 
in any central simple K-algebra. 

In § 1 we shall generalize the results in [5], [7] (Theorem 1. 5) and 
obtain a decomposition theorem of two-sided ideal in an h-order A 
(Theorem 1. 4). Furthemore, we obtain that every left (right) order of 
a one-sided ideal of A is an h-order (Theorem 1. 1). Renee, if we consider 
one-sided ideal A of A, we know that it is a left (right) ideal of the 
left (right) order of A which is hereditary. 

We shall consider, in § 3, a decomposition of one-sided ideal of h-order 
by the characteristic product of normal and maximal one-sided ideals. 
In order to cosider it in global case, in § 2 we first study it in the local 
case. 

We obtain that for two orders Ai, N which are of the same typs 
all left Ai- and right N-ideal AO except finite number is expressed as 
above (Theorem 3. 2) and those decompositions are unique up to left 
(right) quasi-equivalence (Theorem 3. 4). If Aii is not contained in any 

regular and maximal one-sided ideals then AO is locally principal and 
Ai, N are locally isomorphic (Theorem 3. 5). 

In § 4 we define the ideal class and isomorphic class of h-orders 
and we obtain that those numbers are finite if R is the ring of integers 
(Theorem 4. 1). 

Finally in § 5 we consider the different (discriminant) theorem in 
h-orders which is a slight generalization of the theorem in maximal orders 
(Theorems 5.1 and 5. 2). 
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1. Normal ideals and inversible ideals. 

Let R be a Dedekind domain and Kits quotient field, and k a central 
simple K-algebra. By order we mean an order A over R in ~-

DEFINITION 1. Let A be an arder in ~ and A a left A-module in ~­
If AK =~, then we cal! A is a le ft ideal of A. Furthermore, if A is 
contained in A, then A is ca !led "integral". 

DEFINITION 2. Let A be a finitely generated R-module in ~ such that 

AK=~. Ai= {xl E ~' xACA}, M= {xl E ~' AxCA} are orders and called 
the left arder of A and right arder of A respective/y. We denote Ai, M 
and A by N(A), N(A) and AU. 

DEFINITION 3. Let Aij be an ideal of Ai and M. For A=Aij A- 1 = 

{xE~' AxCAi} ={xl E ~' xACM} ={xl E ~' AxAÇA}. lf Ai=AU(Aij)- 1 

and M=(AU)-'AU then we cal! Aij is "inversible". 
If we say that a left ideal A of A is "normal", then we mean that 

A=N(A). 
Let A be a left A-module. By trace ideal of A we mean the two­

sided ideal in A which is generated by f(a), where f runs through all 
elements of Hom~(A, A) and a E A. We shall denote it by r~(A). 

From the definitions we have 

LEMMA 1. 1. For orders Aï, N and the ideal Aii, we have Aij(Aïjt' = 

r~;(A), and (Aiit'AO =r~j(Aii). 

CoROLLARY 1. 1. An ideal A'2 is inversible if and only if r~1(A'2) =N, 
r::,_z(A12)=N. 

COROLLARY 1. 2. Let A be an h-arder and A a left ideal of A. A is 
inversible if and only if r~(A)=A. · 

Proof. If Ais inversible then r~(A)=AA-'=A. Conversely if r~(A) 
=A, r~rcAlA)=N(A) by [3], Theorem A.l. 

It is clear from this Corollary and [3], Theorem A. 2 that the 
category of inversible ideals in an h-order coïncides with that of normal 
ideals. 

COROLLARY 1. 3. Let A be an arder and A an integral inversible left 
ideal in A. Then A is an integral right N(A)-ideal. 

Proof. Since ACA-', N(A)=A-'A~AA=A. 

LEMMA 1. 2, Let S be a ring andE a finitely generated left projective 
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S-module, and T=Rom;(E,.E). If T~(E)=S andE is a finitely generated 
T-module, then r.gl. dim S;:>r.gl. dim T, (l.gl. dim T> l.gl. dim S). 

Proof. Let F be a right T-module and __.,. Pn->- Pn- 1 ... ->-Po->­
F ® Rom~(E, T) __.,. 0 a projective resolution of F ® Rom~(E, T) as a right 

T T 

S-module by setting (g®f(e))s=g®f(se) for fE Rom~(E, T), eE E and 
gE F. Si nee E is S and Y-projective, by [3], Theorem A. 2 __.,. P n ® E __.,. 

s 

... __.,.Po® E __.,. F ®Rom HE, T) ® E __.,. 0 is a projective resolution as a right 
s s s 

T-module. Rowever, Rom~(E, T) ® E= T by [3], Theorem A. 4. Renee 
s 

__.,. P n ® E __.,. · · · __.,. P0 ® E __.,. F __.,. 0 is a projective resolution of F, which 
proves the lemma. Since T~(E) = T and S = RomT(E, E), we obtain l.gl. 
dim T-;>l.gl. dim S by exchanging S and T. 

THEOREM 1.1. Let A be an h-arder and A a left ideal of A. Then 
N(A) and N(A) are h-orders. Hence A is inversible in N(A) (N(A)). 

Proof. Let A' =N(A), then A'';)A. Renee A' is an h-order by [5], 
Coro. 1. 4. It is clear that Rom~'(A, A) =N(A). Since A is a projective 
A'-module, A=T~(A)A by [3] Proposition A. 3. Renee, T~t(A)=AA- 1 = 

T~t(A)AA - 1 = ('~"~'(A))2• Rowever, '~"~'(A) is a two-sided ideal in A', and 
hence A=T~(A)A implies A'~Rom';,.'('~"~'(A), T~t(A)). Therefore, '~"~'(A) =A' 
by [5], Theorem 1. 7. Thus Ais a projective right N(A)-module. Renee 
N(A) is hereditary by Lemma 1. 2. 

Let r~A be h-orders. We recall the definition of left (right) con­
ductors. Let CA(l') ={x 1 E ~.l'xC A}, and DA(r) ={x 1 E ~. xrCA}. We 
cali CA(r), DA(r) left and right conductor of r with respect to A. It is 
clear that CA(r) ((DA)r)) is a unique maximalleft A- and right r- (right 
r- and left A-) module in A. If A is an h-order, then r=N(CA(r)) by 
[5], Theorem 1. 7. Renee, CA(r) is regular ideal of r. 

CoROLLARY 1. 4. Let A be an h-arder and r an arder. Then N(CA(I')) 
is an h-arder which contains r and is contained in h-orders containing A 

and r. Furthermore, CA(r) is a two-sided A-module, if and only if 
A'(CA(I'))~A. 

Proof. Since CA(r) is a left r-module, N(CA(r))~r. By the theorem 
N(CA(r)) is an h-order. We assume that the ring n generated by A and 
l' is an order. Let C=CA(O), then CCCA(r). Let xE A'(CA(A)), then 
xC C xC i\(r) CC A(r) CA. Since C is idempotent, xC CC, and hence 
xE A'(C) =0. If A'(CA(I'))~A, then D=N(CA(r)). Renee, CA(r)CCC 
CA(r). 
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For two h-orders ACr, t~ere exists a finite set <I>(A, r) of prime 
ideal pin R such that A)i~I'P for PE<l> and Aq=I'q for q~<I>. If ris 
maximal, then <I>(A, r) does not depend on r, and we call that A belongs 
to <I>-block (cf. [ 5], Section 7). 

By simple argument (cf. [5], Lemma 7. 5), we have 

LEMMA 1. 3. Let A be an arder over R and A a one-sided ideal in AP. 
Then there exists a unique ideal A' in A such that A~=A, and A~=Aq 
for P=f=q. 

Let A be an h-order, {Mu} be the set of maximal two-sided ideals 
in Api, and N(Ap) the radical of Api. Then there exist, by Lemma 1. 3, 

maximal ideals Pij and ideal QA(A) in A such that (Pij)P;=Mij• QA(P;)p1 

=N(Ap;) and (Pij)q=QA(P;)q=Aq for q=f=P;. 

We have obtained in [5], Theorem 7. 6 

THEOREM 1. 2. Let A be an h-arder in~. Then the set of normal two­

sided ideals in A is an abelian group which is generated by {QA(p), P;}. 

Let A be an order and .n a maximal order containing A. A unique 

maximal two-sided il-ideal in A is called the two-sided conductor (of .n 
with respect to A) and we shall denote it by FA(il). 

THEOREM 1. 3. Let A be an h-arder in <I>= {P;}'i:~ 1-block. Then FA(il) 

= ITQc(P;). Converse/y, we assume that R/P is finite field, and il=(il0)n 
P,Eil> 

where !:20 is a maximal arder in the associated division ring À of ~. lf 

r~ no is an arder such that F rC ü) = II Q0 (P;) then there exists an h-arder 
P;Eil> 

r' containing r such that (IIQr'(P;))f\I'=ITQr(P;) and the rank of I'~; is 
equal to or larger than the number of two-sided simple compoments of 

I'pJQr(A)pi=I'pJN(I'p;). Furthermore, r' is a minimal one among h-orders 
containig r. 

Proof. Let p be a prime in <I>. We assume that A, n be orders 

over Rp(=R). If A is an h-order, then A~N(A)~N(il), and hence 
FA(il)=N(il). Thus, we have obtained the first part of the theorem. Next, 

we assume that r~N(ü), r~no and Rjp is a finite field. Since N(il)~ 
pn~pr and pn = N(ü)t for sorne t, N(fi)t+1 = pN(il)Cpr. Renee 

N(il)CN(r). We denote N(ü), N(r) by N, N' and D=üjN and so on. 

We may asume that R is complete by [6], Proposition 1.1. Then by 

assumption Û 0 is a field and D=(D0)n~A~Ü0 • Let M be a simple left 

ideal inn, then D=Hom~/M, M). Let M=M0~M1~· .. ~Mr=(O) be a 
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composition series of M as a left r-module. Since r:::>ao, the M/s are 
n 0-modules. Let r'= {xl En, xM;~M; for alli}. Then I''~N and 

r' IN~(:\~/~)· Since N'(M;/Mi+,) =0, N'CN(r'). Now we shall con-

*1*1* 
sider a natural ring homomorphism rp of r 1 N' to I'' 1 N(I''). Let rp-'(0) = 

r1 N'ë, ë is idempotent in r, then e(M;/ Mi+,) =0 for all i. Since M is a 
faithful r-mocule, ë=O. Hence, rp is monomorphic. Since Mis a faithful 
r-module, all left simple components appear in {M;-,/ M;} ~-~'. Hence r 
is equal to or larger than the number of simple component in r 1 N' as two­
sided ideals. By [6], Theorem 6. 2, r is an r th h-order in n. If r" is 
an h-order such that r'~r"~r, then M0~M,~··· is also a composition 
series as left r"-module. Hence the number of simple components in 
r" 1 N(I'") as a two-sided does not exceed that of r' 1 N. Therefore r' =I'". 

From the above proof we have 

CoROLLARY 1. 5. Let il=(00)n; no is a unique maximal arder in a 

commutative field over K. If FA(O)=ITQ0 (P,.) for an arder A in n, then 

there exists an h-arder containing A as in the thorem. 

DEFINITION 4. Let P be a two-sided ideal in A. P is called prime if 

ABCP for two-sided ideals A, B in A implies ACP or BCP. 

LEMMA 1. 4. Let A be an arder over R, then every prime ideal is a 

maximal two-sided ideal. 

We have a special case of [8], Satz 18 

PROPOSITION 1. 2. Let A be an h-arder which be longs to <I> = {P,.} -black. 

Then for a prime ideal Pin APis regular if and only if (P, FA(O))=A. 

Proof. If (P, F)=A, Ap=(PP, FP)=(PP, N(n))=(PP, N(A)) for PE <I>. 

Since PP is maximal, PP =AP. If p ~ cJJ, PP is equal to AP or N(AP) which 
is regular. Hence P is regular. Conversely if PP is regular then so is 

PP for all p. Renee, since PP is maximal, PP =AP for p E <I>. Therefore, 
(P, FA(n))=A. 

THEOREM 1. 4. Let A be an h-arder and A a two-sided ideal in A. 

Then A=P,P2 ••• PrQ,Q 2 ••• QsA0 , where the P's are normal prime ideals, 
the Q's are maximal ones among normal ideals Q in A such that Q~FA(n), 

A 0 is not contained in normal ideals, and A0~ FP for some p. The P's 

commute with P, Q and A 0 and the Q's commute with Q;. Furthermore, 

this expression is unique, where F=FA(n) for a maximal arder n containing 
A (cf. [8], Satz 19). 
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Proof. Let P be a maximal normal ideal containing A. Then 
A~ p-l A. Repeating this argument, we obtain a set of maximal normal 
ideals P, such that A=P1P2 ... PrA~, and A~ is not contained in maximal 
normal ideals since A is noetherian. We assume A~:=!= A. If A~ :;;R FP for 
ail p'>O, theo there exists, by Theorem 1. 3, p such that A~P~DP=AP, 
which contradicts the assumption of A~. Next if we repeat the above 
argument for maximal ideals of normal ideals Q,=:> A~ such that Q,=:> F. 
We have A~=Q1Q2 ... QsAo and A0 has the property as in the theorem. 
Since (P;)q=N(Dq)=N(Aq) for q~iP (A belongs to iP-block) and Qj=QA(h) 
for pj E iP, we know P1, Qj satisfy the conditions in the theorem. Let 
A=P1P2 ... PrQ1 ... QsAo=PiP~ ... p~,Qi ... Q~,A~. Since (P,,F)=A, P, con­
tains neither Q~ nor AL and hence {PuP2 ,· .. ,Pr}={Pi,PL .. ·,P~}. Thus 
we have obtained Q1Q2 ... QsAo=QiQ~ ... Q~,A~. We may assume Q1 =Q2 ... 

=Qt=Qi = ... =Qi'= Q(p) for p E iP, and Qj=!=Q(p) Q~'=I=Q(p) for j>t, 
j'>t'. If t>t', N(AP)t'-t~(A0)P, and hence A 0 is contained in Ql> which 
is a contradiction. 

We shall recall the definition of characteistic product, see [5], § 6. 

DEFINITION 5. Let A B be module in ~. lf AB= A' B' for modules 
A'=:> A and B'=:> B implies A' =A, B' =B, then we cal! the product AB is 
characteristic. 

The substasntial parts of the following results are already proved in 
the case of maximal orders in [1], [5]. 

Let Ai, Aj be orders and by a left AL and right Ai-ideal A we mean 
that A1 =AI(A) and M =Ar(A), and we shall say briefty A1, M-ideal, and 
denote it by A 1j. 

LEMMA 1. 5. The product AiiAk1 is characteristic if and on/y if Aj=Ak, 
(see [1], or [5]). 

We have a generalization of [5], Theorem 6. 1. 

THEOREM 1. 5. The set of h-orders in ~ and the set of one-sided ideals 
have a structure of a groupoz'd with respect to characteristic products. The 
set of h-orders consists of units in this groupoid. The set of two-sided 
ideals of a given h-order is an abelian group. Converse/y, let G be a set 
of R-submodules in ~ containing elements in K. We assume 
1) G is a groupoid. lf AB is defined in G for A, BE G then AB is a 
product as a R-module in ~. 

2) The units in G are al! orders. 
3) Let A be a unit in G and L, S left ideal and right ideal in A, respec-
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tively. Then L, SE G and the left unit r of L (the right unit r' of S) is 
left A-projective (right A-projectives). 
Then the set of units in G consists of h-orders and G consists of groupoid 
obtained from one-sided ideals with characteristic product. 

Proof. The first part of the theorem is clear from Theorem 1. 1 
and [5], Theorem 6. 1. Let A be a unit in G and L a left ideal in A. 
Then LL- 1 =A', L- 1L=A". Let Q be a two-sided ideal in A such that 

QP=N(A) and Qq=Aq for P='F=q. Qp(Q-~)P=(A')P and (Q- 1)PQP=(A")P. 
Renee, Q P is left AJ,-projective. Since A; is left AP-projective, so is Q p· 

Therefore, AP is an h-arder, by [5], Lemma 3. 6, which implies that A 
is an h-arder. It is clear that N(L)';:;A'. Since LL- 1 = N, N(L)N = 
N(L)LL- 1 =A'. Renee N=N(L). Similarly, we obtain A"=A7 (L). It is 
clear that G consists of all one-sided ideals of A's. If AB is defined in 
G, then N(A)=N(B). Renee AB is characteristic. 

REMARK 1. W e have considered this theo rem in [5], Theo rem 6. 1 
for two-sided ideals of an h-arder A. In this case if we omit the as­
sumption "projective", then the converse is not true, namely there exists 
non h-arder A such that every two-sided ideal A of A is inversible in 

Al(A) and A7 (A). For example, let A=(; ~} Then we can easily 

check that evey two-sided ideal A in is isomorphic as a two-sided A­
module to one of the following : 

i) (R R) ii) (R R) (R R) (p R) (R p) ·(R p) (P P) (p R) 
RR Rp, pR, RR, RR, pp, pR, pp, 

(Pp) iii) (R R) (Pp) iv) (R p) v) (p R) vi) (R P2) (P2 P) 
.R p , . p p , R R , p R , R p , p p , P R , 

(p R) (p p2
) 

p2 p ' R p . 

The left (right) orders of i) iii) and vi) are maximal and those of ii) 

and iv) are h-orders. Renee, those ideals A are inversible in Al(A) and 

Ar(A). Let A=(~:) then N(A)=(: ;)=A7 (A) and AA-1 =N(A)=N(A). 

Renee, A is inversible in N(A) = N(A). Rowever A is not an h-arder. 
Let A1 and M be h-orders. If there exists N, Ai-ideal Ali we cali 

Ai and Ai are of the same type. It is clear that we may assume 
AiiCAïnM. 
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LEMMA 1. 6. Let A1, M be h-orders over R. If A! and A~ are of the 
same rank1 ) for al! p then there exists a finite set <I> of prime ideals P1 

in R such that A~ =A~ for q ~ <P. 

Proof. Let c= {x 1 ER, Aix CM}. Then c is a non-zero ideal in R and 
let <I> be the set of prime ideals in R which di vides c. If q ~ <l>, then 
Cq=Rq and hence A~CA~. Rowever since A~ and Ag are of the same 
rank, we obtain A~=A~. 

LEMMA 1. 7. Let A1, M be h-orders. lf A! and A~ are of the same 
rank for a prime pin R, then we can find an h-arder N such that A~=A~, 
A~=A~ for q=f=.p. 

Proof. There exists a A!, A~-ideal Aii(p) by assumption and [5], 
Theorem 4. 4. Then we obtain, by Lemm 1. 3, a Ai, M-ideal A such that 
Ap=Aii(p), Aq=A~ for q=t=p. Renee, Ar(A) is a desired order. 

THEOREM 1. 6. Ai and M are of the same type if and only if A! and 
A~ are of the same rank for al! p. 

Proof. If there exists an ideal A1j, then A!1, is a A;, A~-ideal for 
any p. Renee A~ and A~ are of the same rank by [5], Propo. 4. 4. 
Conversely, we assume that A! and A~ are of the same rank for ali p, 
and hence there exists a A!, A;-ideal AU(p) by [6], Theorem 4. 4. First 
we assume the set of prime ideals as in Lemma 1. 6 consists of a single 
element, say p. Then Ai and M are of the same type by the proof of 
Lemma 1. 7. We assume that the theorem is true for <I>' which consists 
of n -1 elements and <I> = {Pn P2 , • • • , Pn}. Th en there exists an h-order 
N such that A~1 =A!1 , A~1 =A;1 for i=2, ···, n. Renee Ai, N are of the 
same type and N, A; are of the same type by induction hypothesis. 
Therfore, Ai, A; are of the same type. 

2. Decomposition of one-sided ideals in a local case. 

By virtue of Theorem 1. 4 we are interested ourselves to study a 
decomposition of A 0 • Thus we shall study, in this section a decomposi­
tion of a normal one-sided ideal A as a characteristic product of maximal 
normal one-sided ideals. If we say "product" then we mean a chara­
cteristic product, and ideals are always normal. 

First, we consider h-orders over R P, and ail orders and ideas are 
considered over RP and we denote them by n, A and A. 

1) See the definition in [6]. 
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PROPOSITION 2. 1. Let A be an h-arder over RP and A a maximal left 
ideal in A. Then A is a maximal right Ar(A)-ideal. 

Proof. Let N be the radical of A and Ar( A) = r. Since A = A'(A), 

A/N=D..mJ!D ... EBl;EB ... EBD..mr• and I'/N(r)=Rom~!N(A/NA, A/NA) by 
[5], Propo. 4. 4. We may assume that RP is complete by the standard 
argument. Then there exists an idement element e in A such that 
A =Ae+N. Furthermore A/NA=(Ae+NA)/NAEBN/NA, and N/NA is a 
simple left A-module, since if N~B~NA for a left A-module B then we 
have A::;N- 1B~A. It is clear from [6], Lemma 3. 2, that r~A~N(r). 
Since (N/NA)A=(û), A/N(r)=Rom~((Ae+NA)/NA, (Ae+NA)/NA) is a 
maximal right ideal in r / N(r). 

PROPOSITION 2. 2. Let Ai, Al be rth h-orders over RP. Then Ai, Ai­
integral ideal is linearly ordered with respect to inclusion. 

Proof. (AU)- 1Bu is a two-sided normal ideal of Ai, and hence 
(Aii)- 1Bu =N(Aiy for sorne t. If f>O, Bii=AUN(Ai)!CAU. If t<O, then 
Aii=BUN(M)!CBU. 

By virtue of Proposition 2. 2 we have 

DEFINITION 6. Let A"', A13 be rth h-orders. A unique maximal integral 
left A"', 1V-ideal is called the distance ideal of A"' to Af3, (notion D"'f3). 

It is clear that D"'13 ct_N(A"'), N(Af3). 

PROPOSITION 2. 3. Let Ai, Ai be rth h-orders. Then (AiAi)- 1 is the 
distance ideal if and only if there exists an integral ideal AO such that 
AiiAi (AiA1i) is a two-sided regular ideal of Ai (Ai). In this case AiiAf=Ai, 
AU =(AiAi)- 1 • 

Proof. Let Aii be an integral ideal such that Ai A ii is a regular ideal. 
Let B=AiAi. It is clear that Bis an ideal. BAii=AiAiAii=AiAii. Renee 
A'(B) =Ai. Therefore, Ar(B) =Ai, since Ar(B)::;Ai. Since B~Ai, Bii = 
(B)- 1 CAi. We obtain for an integral ideal Oi that·OiB=AU=AiiAiAiCAi. 
Renee OiCBU which implies Bii =Dii. Conversely, we assume (AiAi)- 1 

=Du. Then Ai=(AiAi)- 1(AiA1)=D1iAi. Let AiiAi=Ai. Aii=DiiNt for 
sorne f>O. Renee A1 =AiiA1 =D1iNtAiCNt. Therefore Aii=Dii, 

COROLLARY 2.1. Dii=(AiAi)- 1 if and only if DU+N(Ai)/N(Ai) does 
contain ali le ft simple components in Ai/ N(Ai). 

PROPOSITION 2. 4. Let Ai, Ai be distinct h-orders containing the same 
h-arder. lf nu= (Ai Ai)-\ then Dii =AiN(A'). 
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Proof. Let C=NN then DijAfN=D'jAiN=N, where N=N(Ai). 
Renee, Ar(C)=Ai, and Al(C)=Af. Since C=MNCMN(r)CM, C is inte­
gral, where r = Af\Aj. Since C = Dj1Nt for t'>O, Ai~AjAi = Dj;Nt-t. 

Renee t =0. 

DEFINITION 7. Let Aal, Afl be rth h-orders over RP" If there exists a 
set of rth h-orders A1 such that Aal=A0, A\···, An=Afl, and A•=A1(A' ;+1). 

A'+l=A"(A' ;+') and A• 1+1 is a maximal left Ai-ideal, then we cal! that 
there exists a path from Aal to Afl. 

Since AH+' is also a maximal right M+1-ideal by Proposition 2.1, we 
can obtain the same path of Afl to A"' by making use of right ideals. 

ITA' ;+1 is called the ideal of a pa th of A"' to Afl. 
j 

PROPOSITION 2. 5. Let A"', Afl be rth h-orders. Then the ideals of path 
are linearly ordered by inclusion. Hence the number of rth h-orders which 
appears in the shortest path is the same. 

Proof. Let IIA1 ï+' be a path ideal. Then IIA' ;+1 is a A"', Afl-ideal 
by Proposition 2. 3. Since Aii+' is a maximalleft ideal in Ai, A"'~A01 ~ 

A01A'2 ~ITAu+1 is a composition series of A"'/IIA' i+', Therefore, the 
number of orders in a path is equal to the length of composition series 
of A'" /ITA' i+', which proves the proposition. 

We shall denote the ideal of a shortest pa th of A al to Afl by P"'fl. 
We shall prove that there exists a path between non-minimal h-orders. 

LEMMA 2. 1. There exists a path between two maximal orders. 

Proof. Let A"'~A,~A2~ ... ~An=D'"~'~ be a composition series of 
A"' 1 D"'~'~. Let Ai =Al(Ai1 AH,) is a maximal left ideal in Ai. Therefore, 
A"'=A0 , A\ ... , An=A~'~ is a path of A"' to ;v. 

LEMMA 2. 2. Let A"', Afl be rth h-orders containing an h-order. Then 
there exists a path of A"' to Ail.2) 

Proof. Let A0 be a minimal h-order contained in A"' f\Afl and 
C(\0(A) =l(S, 5 2 ,···), where for the normal sequences) {M;} of maximal 

two-sided ideals in Ao Si = {M, M2, · · · , MmJ, S ~ = {Mt2, Mt2+, · .. , 
Î-1 

Mt 2+m 2 - 1}, ... ; S~9=cp, Sjf\S~=cp, t,=""'E.mj; VS]= {M,}; S;=S~-Mt1+m _, 
j=l 1 

(see [6], § 2). Let A be an r + lth h-order in A"' such that CA (A) = 
0 

I(S,-M, 5 2 ,···). Then AalY=DA(Aal) is a maximal left A"'-ideal, (see the 

2) cf. the proof of Theorem 2. 3. 
3) See the definition in [6]. 



MULTIPLICATIVE IDEAL THEORY IN HEREDITARY ORDERS 93 

proof [6], Theorem 5.1), then A=A"'i\A1, and A"'1 =CA/A"')A=J(S11 52, ···)A. 
Since A1 =Ar(A"'1), DA(A"~)=A"'"~. We obtain, by [5], Theorems 2. 3 and 
5.1, that CA(A1)=NDA(A"~)N- 1 =l(M .. , {S1-M1},S2,···)A, where N=N(A). 

Since CA(A1)=CA0(A1)A=J{(Sr+Mn}, {S1 -M1},S2,···). Thus we have 

proved the following facts: A"'~ {Si, S~, ···, S~}; S~ ={Mu···, Mm},··· 

S~ = {Mt1 , ···, Mt1+m1-1}, ••• S~ = {···,Mn} ; A'~ {Si, ... , S~ + Mt;+mp S~+l­
Mt;+mpS~+ 2 "·,S~}, then there exists a maximal left ideal A in A such 
that A=N(A), A'=Ar(A). Let A' be an rth h-order containing A0 , which 

corresponds to Si = {Mu · .. , Mn-r+t}, S~ = {Mn-r+2} · .. , S~ ={Mn}. Th en 
we can find a path of A' to any rth h-order A containing A0 by the above 

facts, and conversely a path of A to A'. Therefore, there exists a path 

between A"' and Afl. 

LEMMA 2. 3. Let A and A' be n-1th h-arder in a maximal arder .a, 
then there exists a path of A to A', where iljN(f.2)=!:l.. ... 

Proof. Let L, be a left ideal in A which contains exactly N =N(f2). 

Then from [6], Theorem 5. 3 we obtain A = f2 1\ Ar(L1) 1\ Ar(L2 ) 1\ ... " 

Ar(Ln_ 2), and L; -;J Li+1 for all i. We shall denote A by A(L11 L 2 , .. • , L .. _2). 

If Ln_ 2f N is minimal, there exists a left ideal L' such that L, -;J L'-;J Li+1 

for sorne i. Renee A(Lu ... , L,, L', Li+u ... , Ln- 2 ) =A(L11 ... , L;, L1+11 ... , 

L .. _2) "A(Lu L2 , .. • , L,, L', L;+u .. · , Ln- 3). Therefore we can find a pa th of 
A(Lu ... , L .. - 2) to A(L11 ... , L,, L', Li+P ... , L.,-3). Thus we may assume 

Ln_ 2 f N is not a simple n-module and hence L;/ LH1 is simple for ali i. 

Let A=A(Lp·'",Ln-2) and A'=A(Li, .. ·,L:.-2). If L1 =FLi, L1/L1 "Li, 

Li/ L1 " Li are simple. Let Al = A(L1 , Ll " Li, L~', · · · , L~'-2), and A2 = 
A(Li, Li" Lu L~', ... , L~'--2) and Ai =A(L1i\Li, L~', ... , L~'--1). Then A1 i\Ai 
= A(Lu L1 1\ Li, L~' , · .. , L~'_ 1). Therefore, there exists a pa th of A1 to Ai. 

Similary we have a path of Ai to A2· Renee there exists a path of A1 

to A2. Renee by using induction ont such that L,=L~ for i<t we can 

prove the lemma. 

THEOREM 2.1. Let A"', Afl be non-minimal rth h-arder over RP. Then 

there exists a path of A"' to Afl. 

Proof. First we assume that A"' and Afl are n-1th h-orders. Let n 

and f2' be a maximal orders containing A"' and Al\ respectively. There 
exists a path f.2"'=f.2t, ... , nn=Qfl by Lemma 2.1. Let A• be a n-1th 

h-order in f2ii\f21+1 ; A0 =A"', ... , An- 1 =Afl. Then we obtain a path of A• 

to Ai+1 by Lemma 2. 3 and hence we have a path of A"' to Afl. Let A"' 
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and Afl be any r 1h h-orders and r"', rll be n- lfh h-orders in A"', Ail. Let 

r"'=r0, ···, r 1 =rll be a path of r"' to rll. If we take an r 1h h-arder Aï 

containing r• such that N=A"', ···, A1 =Afl, then A'IIA'+1 ::>r'. Hence 
there exists a pa th of Ai to Ai+1 by Lemma 2. 2. Therefore, we have a 
path of A"' to Ail. 

PROPOSITION 2. 6. Let N be a non-minimal h-order. Then P 11 is equal 
to N(A). Hence the length of shortest path of N to itself does not depend 

on A\ 

Proof. Since A is not minimal, we can find a maximal left A-ideal 
A12 containing N(A). Let B21 =(A12)- 1N(A), then B21 :=J(A12)- 1N(A)A12 =N(N). 

If A =F N, th en 8 21 is not a two-sided ideal in N. Hence sn/ N(N) = 1/f) · · · 
ffilr; l,=FÂm; for sorne i. Therefore, there exists a maximal left ideal 
A23 containing 8 21 • Repeating this process, we have N(A) = A12B 23 ••• Km1• 

Since A12, B 23 are maximal one-sided ideals, m is equal to the length of 
composition series of A/ N(A), which does not depend on A by [6], Cora. 
to Lemma 2. 5. 

THEOREM 2. 2. Let A"', Afl be non-minimal r 1h h-orber over Rp- If 
P"'il is not contained in N(A"') (N(M)), then any A"', M-ideal is expressed 
as a characteristic product of maximal and normal integral ideals. If P"'fl 
is contained in N(A"') (N(M)), then any integral ideal except finite number 

is expressed as above. 

Proof. Let P"'il be the path ideal of A"' to Afl. P"'fl=D"'ilN(M)I for 
sorne t by Proposition 2. 2, Therefore any A"', Ail-integral ideal A except 
D"'flB(Afl)ï, i = 1, ··· , t-1 is written as P"'fJN(Afl)k. Since P"'fl, N(Afl) are 

expressed as product of maximal normal ideals by Proposition 2. 6, so is A. 
PROPOSITION 2. 7. Let A"', Ail be rth h-orders and (AflA"'}- 1 =D"'fl. Then 

D"'fl is equal to the shortest path ideal of A"' to Afl, and every A"', Afl-ideal 

is products of maximal and normal left ideals. 

Praof. Let D"'fl=(AflA"')- 1 and A"'::>A1 ::>A2 ••• ::>An=D"'fl be a com­
position series of A"'/ D"'13 • Since A;A"'::>D"'flA"' =A"', T(A;) =A'. Hence 
A 1(A;) =A'. Furthermore, sinceA-;-1 AH1 =B' ;+1 is a maximal A',A'+1-ideal 
in A'. Hence Drx-fl is an ideal of a path of A"' to Afl. Therefore, Dœfl is 

equal to the shortest path of A"' to M. 

THEOREM 2. 3. Let A"', Afl be r 1h h-order over RP. If A"', AfJ contain 
the same h-order, then P"'fl=D"'il, and hence any A"', Ail-integral ideal is 

expressed as a characteristic product of a maximal one sided ideals. 
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Proof. Let A=A<»nAf", then A is an h-order by assumption. Let 
A"'2 =CA(A<»). Since A"'2A=A"', D"'2 =(NA<»)-'=A"'2 by Proposition 2. 3, and 
hence A"'2 is expressed as a product of maximalleft ideals by Proposition 
2. 7. Furthermore, since D"'ilCA, A<»2~D<»il. Let D=(A"'2)-'D<»il, then D 
is a A2, Ail-integral ideal. A"'2 is a two-sided A-module, and nence N= 
A'.(A"'2)~A. Therefore, A'=A2nAil~A. Let A23 =CA'(N), then DCA23• 

Renee D, =(A23)-'D is integral A<»Ail-ideal and D"'il=A"'2A23D1 • Repeating 
this argument, we have D"'il=A<»2A23 ••• A1il, and A;;+' is expressed as a 
product of maximal left ideals, which implies D<»il=P"'il. Thus, we have 
proved the theorem. 

In general there exists an ideal A<»il which is not expressed as a 
charecteristic product of maximal left ideal. Now, we shaH consider 
those ideals. If ideals A"'il is contained in a normal and maximal left 
ideal, we may divide A"'il by it. Renee we may assume that A"'il is not 
contained in a maximal and normal left A <»-ideal. Then it is clear that 
A"'il+N"'"' is a two-sided A<»-module, and A"'il+N"'"'/N"'"'=Ilm,ffi···ffillm/B 

k s ____.,__ 
llffi···ffill, and A"'/N"'"'=Ilm,ffi···ffiflm1ffifl···ffill, s>k. 

THEOREM 2. 4. Let R be a local ring and A"'il an integral ideal which 
is not contained in maximal and normal lejt-ideals, then A"'il is not 
contained in maximal and nomal right Ail-ideals. In this case A"' is 
isomorphic to Ail. Furthermore those ideals are principalleft A<»-ideals and 
hence they are isomorphic as a le ft A "'-module. 

s 

Poof. Let A"'/N"'"'=flm/B···ffiilm1 ffiilffi···ffill, m,>l; A"' is an 
t 

h-order of r th ( = t + s Y\ and n = 2J m; + s is an invariant in 2. by [5], Cor o. 
i=l 

to Lemma 2. 5. By usual argument (cf [6], Propo. 1.1.) we may assume 
that R is complete. Then there exists an idempotent element e in A"'13 

such that A"'e+N"'"'/N"'<»=A"'·8 +N"'<»/N<»<». By the assumption on A"'13 , we 
k 
~ 

obtain A<»13 + N"'"' / N"'"' = t:..m, ffi ·· · ffi t:..mt ffi Il ·· · ffi Il, k<s. Furthermore, 
A"'lljN"'"'A"'f3=(A"'e+N"'"'A"'f3)jN<»"' A"'!3ffiA"'13 nN"'"'/N"'"'A<»il and A"'e+N<»"'A"'fl 

N"'"'A"'fl=A"'fl+N"'"'/N"'"' as a left A"'-module. SinceAfljN1313 =Hom~"'IN"'"'(A"'flj 

N"'"'A"'13 , A"'13 /N"'"'A"'f3) and Af3 is an order of r 1h, A"'f3nN"'"'/N"'"'A"'f3 contains 

at least r-(t+k)=s-k distinct simple left A"'-components which are 
different from those in A"'e+N"'"'A"'!3fN"'"'A"'13 • Rowever, the number of 

t 
simple components in A"'flnN"'"' /N"'"' A"'13 is equal to n-(2J m,+k)=s-k. 

i=l 

Renee A"'13 n N"'"' / N"'"' A"'fl is a directsum of all distinct simple components 
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which are different from those in Aœe+NœœA"'fljN"'"'A"'13 • On the other 
band, (A"'f3 f\N"'"' 1 N()j"' AOJfl)AOJfl = (0) and e is the identity mapping on 

(A"'e + N"'"'A"'13 )/Nœ"' A"'13 , and bence AOJfl + N 13 flj NFJfl = Âm1 EB ··· EB Âmt EB 
k s 
~ ~ 

Â. ··· EB Â. = AOJfJ+ N"'"' / N"'OJ as a ring and Afl / Nfl!3 = Âm1 EB ··· ffiÂ.mtffiÂ. ··· ffiÂ.. 
Therefore, A"'fl is not contained in maximal and narmal right Afl-ideals. 
From the above observation, we know that AOJfl 1 N"'"' A"'fl = Âm1 EB ··· ffiÂ.mtEB 
Â.ffi···ffiÂ.=A"'/N"'œ as a left A"'-module. Therefore, A"'fl=Aœa, which 
implies Af3=a- 1A"'a. 

CoROLLARY 2. 2. Let A"' be an rth h-order such that Aœ 1 NœOJ = ~ EB Âm;, 

m>1 for ali i. Then every one-sided A"'-ideal is expressed as a product 
of maximalleft (right) ideals. Especially if A()), is principal (non-minimal), 
then A"' satisfies the condition. 

Proof. The above arguments are true if we exchange "left" to the 

"right". 

REMARK 2. Even if A"'fl is expressed as a product of maximal left 
ideals by taking suitable maximal left ideals, there exist, in general, no 
expressions of product of maximal left such that the first factor of 
it is an arbitray maximal and normal left ideal containig A"'fl. However, 
if Aœ satisfies the above condition, then A"'fl is expressed as a product 
of maximal left ideals by any choice of maximal left ideals in each step 
of expression. 

COROLLARY 2. 2. Let A be a minimal h-arder, then every one-sided 
ideal is principal. 

Proof. In a minimal h-order every maximal left ideal (as a ring) is 
two-sided, and bence i t is not regular. 

THEOREM 2. 5. Any ideal A"'fl is expressed as a product of two-sided 
ideals such that A"'fl =A())" A•fl: A"'" is expressed as a product of normal 
and maximal left ideals and A"13 is not contained in normal and maximal 
left A"-ideals. If we have two expressions A"'13 =A"'" A•fl =A"'•' A"'fl, then 
A())"= A"'•' as a left A()j-module, and A"'13 = A"fl as a right A!3-module. 

Proof. From Theorem 2. 4 we obtain an regular element a such that 
A"'fJ = aA•fl. Renee A"'13 = A()j•a- 1aA"11 = A()j•a- 1A"'fJ = A"'"'A"''i!. Therefore, 
A"'"' =A"'"a- 1A"'. Since A•' =aA•a-\ A"'"' =A"'"a-'. 

PROPOSITION 2. 8. Let A be an h-arder with radical N. For any given 
two-sided A-module A in A containing N there exists a le ft A-ideal A0 such 
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that A0 + N =A. Hence if one of the simple components of A/ N is a 
division ring, then there exists a left A-ideal which is not expressed as a 
product of maximal and normal left ideals. 

Proof. We may assume that R is compete and A is written as a 

subring of matrix ring over a unique maximal order 0 in a division 

ring by [6], Theorem 6. 2. Let A/ N = ~m1 EB ~m2 EB · · · EB ~mr• and A/ N = 

~m1 EB .. · EB ~mt. Furthermore, we may assume 

m1 m2 m; 
___.,.._._ ----- .....--.. 

m1+1 ___.,.._._ 

A= ml{ ···O···I· .. ~r· .. l ... l· .. ~r· .. l and A= ···0··-\--·~r···l l· .. ~r· .. 
1° · .. ol 1 

m2{ ···0···1·. ·0 .. ·1 1· "lr"·l 
: 1 1 1 1 

m1+1{ ···0···1 l···~r· .. l .. ·~r· .. 
···O···I 1 l·"lr'" m;{ ···0···1···0···1 I···O···I· .. ~r ... 

: 1 : 1 1 : 1 : 

mt+l ___.,.._._ 

Let 1. 01 
1 1 

a= ·.1. 0 ·.1 

0 11.·.1. 01 
1 ° 1 

0 ·.1 

0 1 0 
1 1 1 

m1+1{ 1 1 1: ·<1 

1 1 1 
llr · .. 0 
0 1r 

Then a is a unit element in ~ and hence Aa is a normal left A-ideal 

in A. It is clear that Aa+N=A. If ms=msH= .. ·=mr=l and A/N=~m1 
EB .. · EB~ms_ 1 , then every maximal left ideal containing Aa is a two-sided 
A-ideal. Therefore, Aa is not expressed as a product of maximal and 

normal left ideals 

REMARK 3. In general Ai Ai is not a Ai,Ai-ideal. Hence Di' =1= (AiAit 1 

Furthermore, ever if D•i =(AiAï)-t, but Di; =1= (Ai Ait\ 

For example, let 

(
R R p) 

Ai= RRp , 

RRR 

'R R R) 
Ai = (P R p . Then 

RRR 
(R R R) 

AiAi = R R R 
RRR 
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Ai Ai=(~ ~ ;) is a Ai Ai-ideal. Renee 

RRR 
We note that Air\Ai is an h-arder. 

REMARK 4. The second ideals in Proposition 2. 8 are distance ideals 
which are not equal to the shortest path ideal. 

LEMMA 2. 4. Let Ai,Ak, Al, and Ai be of the same rank and Aû an 
ideal. If (AU)- 1DïkAiiDUçJ;;,NH, then there exist integral ideals Ok, cu 
for any ideal Bkt~ AU such that A•i = CikBklCU. If (AU)- 1Dik AU DU CNH, 

then there exists an ideal Bkt~ Aïi which is not expressed as above. 

Proof. Let N = NH. AU= D•iN11, D'kBktDU = DUN12. Then Bkt = 
(Dik)- 1 AUNt2-'1(D0)-'~AU(,---'>Nt2-t1~(AU)- 1DïkAUDU=L. Renee if LçtN, 

t 2<t1. Therefore, Aii=DUNt1- 12N12=DïkBktDONt1- 12, If LCN, then 
Bkl=(Dïk)-1AUN(Dti)-1~Au. If A•i=CikBklCO, then Ail=DïkBktDtkNt 

for sorne f'>O. Renee, AU =A'iN~+t, which is a contradiction, 

PROPOSITION 2. 9. If either D'k=(AkAï)-1 or DO=(MN)-t, then AiiC 

Bkt if and only if there exists integral ideals Cïk, cu such that AU= 

CikBktOi. Especially if i=k, then A•i=BilOi. If Dik=t=(AkM)-t, then for 

any ideal AU there exists ideal Bkt~ Aïi which is not related as above. 

Proof. The first part is clear from Lemma 2. 4. We assume that 

D'k+(AkAi)-1 which means that D'kAi+N'' is a proper two-sided 

Ai-module. Renee DikAi + Nïi = (\ M,. Let Aii be any ideal, then 
1.:;;;t·<r 

(Aïi)- 1DïkAi A ii+ (Aii)-Wii A ii= f\(Aii)- 1M,A•i. Sin ce {(Aii)- 1M,Aii} is the 
l~i<r 

normal sequence in Ai, there exists a two-sided Ai-module C~Nii such 
that (CfNH)((\(Aii)-'M,AUjNH)=(O). By Proposition 2.8 we can find 

l<i.:;;;;r 

a right Ai-ideal D such that D+NH = C. Let A 1 = Al(D). Then there 
exists an ideai Bkt as in the proposition by Lemma 2. 4. 

3. Decomposition of one-sided ideals over Dedekind rings. 

In this section we shall generalize the results in §2 to the global 

case. Let R be a Dedekind domain and K its quotient field. ~ is the 
central simple K-algebra. 

Let Ai be arder and Di an integral ideal. Let C(Di) = {x 1 E R, 

xAi C Di}. It is clear that C(L'i) is an ideal in R. 
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LEMMA 3.1. Di is maximal if and only if C(Lû) =pP and L;J is 

maximal, where p is prime in R. 

Proo f. It is clear by Lem ma 1. 3. 

PROPOSITION 3. 1. lf LU is a maximal left Aï-ideal then L;j is a 
maximal right M-ideal. 

Proof. Let C(L;j) =pP. Then L;J is a maximal right Af,-ideal by 

Proposition 2. 1. Renee LU is maximal in Ai. 

PROPOSITION 3. 2. Let A1, M be of the same type. Then there exists 
a unique maximal integral ideal D;j. 

Proof. There exists an ideal D;j in Ai sucn that n;i = the distance 
ideal of A; to A; for all p by Lemma 1. 3. It is clear that D;j is a unique 
maximal integral ideal in AinM. 

We shall call Dû the distance ideal of Ai to M. 

COROLLARY 3. 1. Let Ai, 'M be of the same type. For any integral 
ideal AU, we have A 1i =D;jBjj' where Bjj is a normal two-sided M-ideal. 

PROPOSITION 3. 3. DU =(MN)- 1 if and only if there exists ideal A;j 
such that AU Aï (Ai Aïj) is a normal ideal in A1 (M). 

We can define a path similarly to Definition 6. 

DEFINITION 7'. Let A"', Afl be of the same type. The set of h-orders 
A"'=A0, A\ ... , An=Afl such that Ai =A1(D1+1), A1+1 =Ar(D1+1) is called a 
path of A"' to Afl and II Lii+l is the ideal of this path where D 1+1 is a 

maximal left Ai-ideal. 
It is clear that A;nA;;+l is an h-order for sorne p and A~=A~+ 1 for 

q+p. 

LEMMA 3. 2. Let Aij be an integral ideal. Aïj is expressed as a 
characteristic product of maximal left ideals if and only if so is A;' for 
al! p. 

Proof. "ûnly if" partis clear from Lemma 3.1. Let {xl ER, A1xC 
Ai} =Pî1P~z ... p~t. If t=l, "if part" is clear. We shall prove "if part" 
by induction on t. Let B 1k be an integral ideal such that B;;k =A;;J for 

P=Pu Pz, .. ·,Pt-u and B!k=A~ for q+Pu"·,p1 _ 1 and Ck'i an integral 
ideal such that c;;' =A;;;, C~'.1 =A~ for q+ p1 • It is clear that Ak=Ak'. 
By assumption B 1k, Cki are expressed as a product of maximal ideals 
and hence so is Aij=B1kCki, 
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THEOREM 3.1. Let Ai, M be of the same type which satisfy the con­
dition that if A!=FA;, then they are not minimal. Then there exists paths 
of Ai to M, and the ideals of shortest paths coïncide with each other. 

Proof. Let Pii(p) be the ideal of shortest path of A! to A~ and 
P 1i(p)=A! if A;,=A~. Then there exists a unique integral ideal pu in 
Ai f\M such tnat P!3 =P1i(p) for all p. pu is the ideal of a pa th of Ai 

to M by Lemma 3. 2. Let Aii be the ideal of path of Ai to M. Then 
A;,1 =r;,J BJJ(p) for all p. Let Bii be a two-sided ideal in Ai such that 
B~J =Bii(p), for all p,. then A•i =P•i Bii. Renee p;i is uniquely determined. 

COROLLARY 3. 1. If A•i is a product of maximal left ideals, then 
A•i=ptiBii. 

THEOREM 3. 2. Let A1, M be as in Theorem 3. 1. Then every integral 
ideal Aii except finite number is a (characteristic) product of normal and 
maximal left ideals. 

From Theorem 2. 3 and Lemma 3.2 we have 

THEOREM 3. 3. Let Ai, Ai be of the same type which contain the same 
h-order. Then every integral Ai, M-ideal is a product of normal and 
maximal left ideals. 

PROPOSITION 3. 4. If D 1i=(MM)-\ then every A1, Ai-idealisa product 
of normal and maximal left ideals. 

lt is clear from Poposition 2. 7 and Lemma 3. 2. 

PROPOSITION 3. 5. If A! is a non-minimal principal h-order for al! p, 
then every one-sided integral ideal in A is a product of normal and maxemal 
one-sided iqeals. 

lt is clear from Corollary 2. 2. 

Finally we shall consider the uniqueness of representation as a 
product. 

DEFINITION 8. Let A1i, Bi'i' be integral ideals. If there exist integral 
ideals Lti, V'' such that V' 1 V 1 A ii is isomorphic to Ltï' 1 Ltï' Bi' i' as le ft 

N-modle, then we cal! that Ali is quasi-equivalent to Bi'i'. We shall denote 
this relation by Aii=B/l. 

l 

From the definition we have 

LEMMA 3. 3. 

for any p. 
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PROPOSITION 3. 5. Let Ali, B•'/ be maximalleft ideals. Then Lti / LtïA;j 

is isomorphic to V~' 1 Ltï' B~'l for any integral ideals Ltï, Ltï' if and only 
if Ai A;,' are maximal and AiJ---1-Ai B;'J' ---1-Ai' for some p 

P' P P ---r- P' P -a P • 

Proof. We assume A!, A;' are maximal, and Ltï, V~' are ideals. 
Since A!J is maximal in A!, the annihilator of A!/ A!J is equal to N(A!). 
It is clear that the annihlator of A~ 1 A~J is equal to A~ for q =F p. 
Hence the annihilator of V 1/V1Aii is equal to Q1,.t(p), where QAt(p)P= 
N(A~) and QAt(p)q=A~ for P=f=q. Similarly we have the annihilator of 
V~'jV~'B/j is equal to QAt(p). Hence U'/V'AU and V 1'jLtï'B;'j' are 

N /QAt(p)-module. Since those modules are simple and N jQAt(p) is simple, 
they are isomorphic. Conversely, we assume U 1 / U 1 AU and Lfi' J Ltï' Bi' j' 

are isomorphic. Since A!1 is maximal in A!, the annihilator M of 
A!/ A;/ is a maximal two-sided in A!. Furthermore by the assumption we 
have L~iMp(L~i)- 1 =(L~i')M~(L~i')-\ If we take L'ti' =Lti'QA;'(p), then we 
ob tain Vi Af (Lti)- 1 = Lti' M'(Lti')- 1 = Lti' N(A 11) M' 71 r(A 1') -l(Lti')- 1 Hence 

P p P P P P P P pH' P P • 

MP =N(A;')M~N(A!'t\ which implies M~=N(A!') by [6], Theorem 2.1. 
Therefore, A! is maximal by [5], Theorem 3. 3. Hence A!' is also maximal. 

LEMMA 3.4. 
the same type. 
and converse. 

Let A 1j, Bi'l be maximal left ideals and Al, Ai' be of 
Then A•j = Bï'l if and only if A!1 =FA! implies B;'l =FA;' 

1 

Proof. "only if" part is clear from Lemma 3, 3. We assume, A!J =F 
AJ,, Let M be a maximal two-sided A!-module contained in A!1 and M' 
contained in B;,'l. There exists an integral A1, A;'-ideal cu'. Since 
cu'M'(C"')- 1 is a maximal two-sided N-module in N Cii'M(Cii')- 1 = v rn p P 

(N!iYM(N!i)-t for sorne t. Let A=QA;(pycu' jQA;(pycii'B;'j' and B=Ai 1 AU. 

The annihilators of A and B are equal to S, where Sp=M, Sq=A~ for 
q =F p. Since A and B are simple Al-modules, they are isomorphic by 
the same argument in the proof of Proposition 3. 5. 

COROLLARY 3. 2. The left qusi-equivalent relation for maximal left 
ideals is an equivalent relation. A•j = B•'l if and only if AU= Bi'l, 

where = is defined similarly to =. 1 r 

r 1 

LEMMA 3. 5. Let AU, Bjk be maximal. Then there exists maximal 
left ALideal B' and maximal right Ak-ideal A' such that AB=B' A', and 
A= A', B=B'. 

1 1 

Proof. If A 1j = Bjk, then we can take B' =AU, A' =Bjk. Hence we 
1 

assume AU Bjk. Then there exist distinct prime ideals p, q in R by 
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Lemma 3.4 such that A!J=FA~, B~k=FA;. Let C be a maximalleft l\./­
ideal such that Cq=B;k, CP=A~ for P=Fq. Then (AB) 1=A1r\C1 for ali t. 
Renee AB=Af\CCC. By Proposition 2. 9 we obtain AiiBjk=CD for 
sorne integral ideal D. A 1J Bjk =C D =D =FA' Renee, Aii = D and p p p p p p• 1 

Bjk=C. 

THEOREM 3. 4. Let AO be an integral ideal which is expressed as a 
(characteristz'c) product of normal and maximal left ideals. Then the 
number of maximal left ideals which appear in this expression is the same 
and those ideals are unique/y detemined and commutative up to left quasi­
equivalent. 

Proof. Let AO=L1L2 ••• L1 ; the L'sare maximal. Then Ai=L0 :;>Lt:;> 
L1L2:;> ··· :;>L1L2 ···L1 =Aij is a composition series of NjAU. Renee t is 
uniquely determined and {L1L2 ... L;/ L1L2 · .. LHt} are unique as a left Ai­
module. Renee the theorem is true by Lemmas 3. 3, 3. 4 and 3. 5. 

From Theorem 2. 5 we have 

THEOREM 3. 5. Let AU be an integral ideal. Then Aij =B 1kCkj, where 
B 1k is expressed as a product of normal and maximal one-sided ideals, 
and C!J is principal for all p and Ak, M are locally isomorphic. 

4. Ideal class. 

We shall consider the ideal classes in h-orders following [4], p. 88. 
We define equivalent relations of left ideals A 1j, B 1k of Ai and of h­
orders Aj, A\ and Ai. 

DEFINITION 9. Ail,..., B 1k if there exists an elment a in ~ such that 
w 

A 1j=B 1ka. A• -Ah if there exists a in~ such that Ak=aNa-1 • Aii -Bik 
if there exists two-sided regular ideal Cii of A1 and an element a such 
that Aii=OiB•ka. 

It is clear that those relations are equivalent ones. We can deiine 
the classes of right ideals. The classes of left ideals correspond to those 
for right ideals. By the same argument as in [4], p. 89, we have the 
following proposition, however we give the proof for the completeness. 

PROPOSITION 4. 1. There exists a one-to-one correspondence of classes 
of h-orders which are of the same type as a fixed h-arder Ai to the classes 

(ù 

of left Ai-ideals with respect to relation -. 

Proof. We assume Ak=a-1A1a. Since Aj, Ak are of the same type, 
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there exist ideals AV, Bïk by Theorem 1.6. Then (Bik)- 1Bïk=Ak=a- 1Ma= 

a- 1(Aïj)- 1Aiia. Renee Bïk=Bïka-\Aii)- 1Aua. Let C=Bïka- 1(Aii)-\ then 

CAïja(Bik)- 1 =Bïka- 1Ma(Bik)- 1 =Ai. Renee C is a two-sided regular ideal 

of Alby Corollary 1. 2. Conversely, if Bik=CiiAiia, then Ak=(Bik)- 1Bik= 

a- 1(AU)- 1( Cii)- 1Cii A;ja =a- 1Aja. 

THEOREM 4. 1. Let R be the ring of integers, and K the field of 
rationals. Then one-sided ideal classes of an h-order over R is finite, and 
hence the isomorphic classes of h-orders which are of the same type is finite. 

Proof. Let M be an h-order which belongs to <P= {P;}7~ 1-block, and 

<P' = {p.} T=l the set of prime factors of the different of a maximal order 
n containing A. Let P be a maximal one4) among normal two-sided 

ideal in A. If P does not di vide any P; in <P \J <P', th en Pr = (Ar)r and 

Pq=(Ar)q=Aq for q*r by [4], p. 84, Satz 3. Renee P=Ar. If P divides 
either P in <P or P' in <P', then pPcM=pA or p'A' for sorne p(p) by [6], 

Theorem 2. 2 and [4], p. 89. By the assumption and [6], Theorems 1. 2 

and 6. 3 there exists a finite number of h-orders in a maximal order 

whith belongs to <P. Since the class number of maximal order in ~ is 
finite, hence the class number of h-orders in ~ which are of the same 
type is also fini te. Therefore, we can find fini te representations Aii (j = 

(t) 

1, ... , t) of ideal class with respect to the relation ,.._, by Proposition 4. 1. 
Let Bïk be any ideal, then there exist a two-sided ideal Cïï and a regular 
element a in ~ snch that Bïk=CiïAiia. We may assume that ca is a 
normal ideal in Ai. Then Cii=P~·~p~·2 ··· P;•rQ{l ··· Q;s by Theorem 1. 4. 
Let p=max{p(p)}. On the other hand we know the above argument 
that P~P is a principal ideal generated by an element in R. Therefore, 
{ITP1,;Q};Aik; O<;:e;, f;<;:p-1} can represnt any class of ideals with 
respect to the relation ..-....-, where P; is a maximal ideal dividing a prime 
in {<P' -<P' (\ <P} and Qj is maximal normal ideal in A dividing a prime 
in {<P-<P'(\<P}. Renee the class number is finite. 

REMARK 5. It is clear that if two h-orders are not of the same type, 
then they are not isomorphic, and hence the number of isomorphic 
classes of h-orders in general is infinite. 

REMARK 6. Let DT be the generalized quaternions. By [3], Theorem 
3. 2' the number of isomorphic classes in D_1 which are of the same 

4) We caU those ideals maximal normal ideals. 



104 M.HARADA 

type, in general, is larger than that of maximal orders, however the 
latter coïncides with the former in D+l. 

5. Norm and different. 

We shall use the same definitions as in [1], [4]. 
Let M be a finitely generated R-module with generator (u2 , U 2 , ••• , 

un). Let 

R; = a11u1 + ··· +a;nUn = 0 (i = 1, 2, ... , n) 

be relations in M. We shall denote R(M) the R-module generated by 
1 aij 1 where R1 runs through ali relations. 

Let N be a finitely generated R-torsion module and N=N0~N1~ ... 
~Nt=(O) be a composition series of N. Let A(N;/NH1)={xl ER, xN,C 
NH1}, then A(N;/ NH1) is a prime ideal in R. Then II A(N;/ NH1) in 
uniquely determined. By the usual argument (cf. [1] p. 261, [4] P. 79, 
§4) we can prove R(N) = IIA(N;/ NH1)· 

DEFINITION 10. Let Ai be an h-arder and Afi a normal two-sided ideal. 

We denote R(Ai/A") by NAii. 

LEMMA 5. 1. Let Q be a maximal normal two-sided ideal then NQ = 

qf where q=Qf\R. 

Proof. If Q is maximal then q=Qf\R is prime and Aq is a maximal 
order. If Q is not maximal, Qf\R=qf. Since Qq is the radical of Aq, 
t=1 In any case, since AfQ=(R/q)u1 ffi· .. ffi(R/Q)uf, NQ=qf. 

LEMMA 5.2. If (A", Bii)=Ai, then NAi 1B 11 =NAiiNB". 

Proof. Since AiiBïi=BiïA", AiiBii=Aiif\Bii, Therefore, AfAi1Bii= 

Af Ai1tf)Aj B". 

PROPOSITION 5. 1. Let A, B be a normal two-sided ideal in A. Then 

NAB=NANB. 

Proof. By Theorem 1. 2. A=ITQ~,(p;y;, B=TIQ~,(p1)f;. It is clear 
from the construction of QA(p) that (QA(p), QA(q))=A if p=t=q. Therefore, 
the proposition is clear from Lemmas 5. 1 and 5. 2. 

We can naturally extend the definition of norm to the fractional 
two-sided ideals and it satisties the relation in the proposition 5. 1. 

Let A be an h-order belonging to <1>-block and n a maximal order 
containing A. Let <I>' be the set of prime ideals in R which divide the 
disdriminant of n. If p ~ <1> v <1>', then AP =ilp and p is unramified. 
Therefore, APis the different of nP. If PE<J>V<J>', there exists a unique 
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maximal regular twosided ideal D(p) of A such that S(D(p))CRP, because 
S(Ap)CRP and regular two-sided ideals over Rp are linearly ordered by 
Theorem 1. 2, w here S( ) means the trace of ~ over K. Then there 
exists a unique normal two-sided ideal D in A such that D;1 =D(p) for 
p E <1> v <I>' and D-;;1 =Aq =ilq for q ~ <1> v <1>'. It is clear that Dis a unique 
maximal normal two-sided ideal in A such that S(D-') CR. 

THEOREM 5.1. (Different's theorem). Normal maximal two-sided t'deal 
Q in A divides D if and only if Q is either ramified 5 ) or a second kind 
prime ideal. 

Proof. Let Q be a normal maximal ideal, and P=Qf\R. Then P= 

Q"T and (Q, T) =A by Theorem 2. 2. If AP = RPu, EB ··· EBRpun, then 
APfpAp=Rp/PRPu, EB···EBRp/PRpun. Renee for any element a in AP the 
regular representation over K of ii induces naturally the regular representa­
tion over Rjp of ii, If, e>1 and aEQT, then a"EpAP, and hence ii"=o. 
Therefore, S(ii)=(ô), which implies S(QT)=O (mod p). S(QI-")S(p-'QT)= 
p-'S(QT)CR. Renee QI-• cv-' and Q·-1~ D. If e=1, then p ~ <I> by [6], 
Theo rem 2. 2. Renee AP =nP and Q is a second kind prime ideal if Q 1 D, 
and the converse is true by §1 and [4], p. 84, Satz 3. Finally we assume 
Q 1 D. If p ~ <1>, then we have proved the thorem. If p E <1>, then Q is 
ramified by [6], Theorem 2. 2. 

DEFINITION 11. Let o be the ideal in R generated by 1 S(a,a1) 1 where 
ais run through al! n elements in an arder A in ~ and [~: K]=n. We 
cal! o the discriminant of A. 

LEMMA 5. 3. Let (uu U 2 , ... , un) be a minimal basis of AP over RP, 
then o = 1 S(u,u1) 1. 

By Proposition 5. 1 and the proof of [4], p. 81, Satz 4, we have 

LEMMA 5. 4. Let A be a regular two-sided ideal of an h-arder AP over 
RP. lf we have, for minimal basis (w,), (a;) of AP and A over RP respective/y, 

(a,) = (w;)M, ME Kn 

then NA= IMIRP. 

THEOREM 5. 2. Let A be an h-arder over R. A prime ideal p in R 
divides o if and only if maximal normal two-sided ideal Q in A which 
divides p is either ramified or a second kind prime ideal. 

5) In h-arder A we have p=Qi1 ···Q~1 by Theorem 1. 4, where the Q/s are 
maximal normal two-sided ideals in A. If ei;>2, theo we call Qi is ramified. 
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Prooj. Let (u 1 , u2 , ···,un) be a minimal basis of AP over RP. Then 
it is well known that 

(ùu ù2, ••• , Un) = (uu U2 , ••• Un)(S(u;uj))- 1 

is a minimal basis of D={xl E};, S(xAp)CRp}. Since DCD, we obtain 
for a minimal basis (w,) of D over RP that (wu W2, ···, Wn)=(ùu il2, ···, 

ùn)(au), aijERP. Renee, (wu···, Wn)=(ul> U2 , ••• ,un)(S(u;uj))- 1(a;j). There­
fore, from Lemma 5.4 we have N(D;1)=ô-1 [a,j[, and hence N(Dp)= 

1 aij r-lô by the remark after Proposition 5.1. Let p be a factor of ô 

and Pa prime ideal in A such that PfiR=p. If P is unramified, then 
AP is a maximal order by [6], Theorem 2. 2. Renee P is second kind 
by [ 4], p. 88, satz 2. 
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