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1. Statement of results

It was proved in [ 1] that if there exists an element of 7,, 1(S") with Hopf
invariant 1, then » has to be a power of 2. The existence of an element of 7,,_3(S")
with Hopf invariant 1 is established for the case # =2, 4 or 8 by the Hopf fibre
mapping. [ 3.

The purpose of this paper is to give a proof of the following theorem.

THEOREM (1:1) There exist no elements of 73(S®) with Hopf invariant 1.

This theorem is equivalent to one of the following statements:

(1+2) the W hitehead product [ i15, t15] of the class i5€ 715 (S8) of the identity of
S15 is not zero;

(1+3) there are no mappings S¥B5x S¥B—->S515 of type (15, t15);

(1+4) for a complex S"Ue"™18 the squaring operation Sq' is trivial for all i>0.

For the proof, see (3:49) and (3:72) of [9] and [5].

2. Auxiliary results

To prove the theorem we apply the following results without proofs.
2:1) 7 (S =0 for i<n. 7m,(S")=Z which is generated by the class ¢, of the
identity of S™.
(2-2) m3(S2=Z wihch is generated by the class ms of the Hopf fibre mapping.
H(ny) =t3. 7,.4(S™) =Z, for n>2, the generator of which is 1,=E"25,. (cf.[2]).
(2+3) 7z,,+2(S”)‘=Zz for n=2. Generator: 1n,°1,.4+ (cf. [10]).
(2+4) 7,.3(S")Y=Zy for n=5. We denote by v, a genérator of m,.3(S") such that
Ev,=vyi1. 120,=7,°7u1°2. (cf. [7TD.
(2+5) 7, a(S™)=0 for n=6 and 7,.5(S") =0 for n=7. (cf. [7]).
(2+6) 7, 6(S®)=Z, for n=5. Generator: v,ov,s. (cf. [4]).
(27 7m1e(SD=Zso, 71a(ST)=Z120 and m,2(S") =Z2 for n=9. (cf. [4D.
(2+8) 0,°7,.70 in 71,,5(S™) for a generator o, of 2-component of 7,.7(S"), n=09.
(cf. [1D.
(2-9) The following sequence of homotopy groups is exact for i<3n—1 [11] and

exact mod. 2 for i<4n-—3 (cf. [12]);
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where E is the Freudenthal suspension homomorphism, H is the generalized Hopf
homomorphism [9] [12] and 4 is defined by
A(E2a)=[t,, ty]oa.
We shall use the following properties of the homomorphism H from [9]
(2-10). H(a-ER)=Ha°ER,
H((Ea)op)=(axa) Hf,
H ey, en]) =2¢9,1 if n is even.
Let o5 be the class of the Hopf fibre mapping of S35 onto S8 then it is well
known that
(2+11) the correspondence (a, B) —> Ea+og°/ induces an isomorphism of 7;(S%)
+7:,.1(S15) onto 7;,1(S%).
For the non-zero element of 74,4(S7), which is given in §8 of [9] and here
denoted by 7, we have from [6]
(2+12) [eg, tg]l=203—Er.
We denote that o¢,,s=FE"s, then E?r=20, since E[:s, ¢s]=0. Since H(r)
=730 [9], the homomorphism H: 7,(S7) =219 —> 714(S13) =7, is onto. From
the exactness (2:9) of the sequence

T13(SD = Zso Eo 140(ST) = Z1go L 1, (S9) = Z,,

we have that £ is an isomorphism into and there exists an element ¢’ of 713(S®)
such that Etr’=2¢. Also from the exactness (2-9) of the sequence

712(S%) =Zso Lo 113(S9) = Zgo T ymsa(S1) = 23,
we have that H (z") =941°%1s.

Consequently,
(2+13) there ave elements v’ € 1m13(S®) and v € 11, (S7) such that
Hr =13, E"™2r=20,.9,
He'=ny10715, E"3c=40,,,

and the order of 0,.9=0, is 16k for an odd integer k.
Consider the element 7go03+7o7n,. By (2:10), H(5zoog+7°714) =713°714+ 713
on14=0. From the exactness (2-9) of the sequence

714(S€) -£> 715(S7) i 715 (S13),

we have that #go0s+7o714€ Emi,(S®). Since FE2(ro714) = 2092715 = 69° (274¢) = 0,
E2(n005+T0m1,) =790019. Therefore
(2+14) Nyo0,1 € E"871,(S8) for n=0.

3. Proof of the Theorem

Applying theorem (4:6) of the previous paper [8] to the pairs (s, 72), (r,7’),
(o5, '), (08, 7), and (s, 03), we have that
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G-D. D [0, eo] =09°716+79°010 ,
ii) Letz. e12]0723°724° 725 =16 0150019 = 4 E(t" 0 015) € E®7(S®),
iii) [us, e1s]o%osoMes =80130000=2E"(c"0043) € E™720(S),
iv) Césa, t1a 1072 =4014000=FE8 (v 0013) € E8720(S9),
V) [e15, e1s] =2015°02.

Now consider the element reoy,. Since H(roo1) =713001a= 013072 is an element of
order 2 by (2:8), we have from the exactness (2:9) of the sequence

o0 (S%) £ mo(51) 7 (S19)

that
(3:2) rtoogyy has order 2 mod. Emyy(S8).

By (2:11), 720(S®) = 050755 (S1) + E70; (S7). By (2:9) the kernel of E: 7 (S®)
—> To3(S?) i A(m24(SY)) = A(E370,(S™)). Since H(ro2a)=2(713°714) ca=0 for
a €75 (S™), we have to2a € Emy(S% by (2:9). Then 24 (724(SY)) C 4ogo7ee
(815) + E?7,,(S¢). Since 4(o17) =205°015— Erooys and since oy generates 7 (S™®)
/2725 (S%5),we have from (2-9) that
(3+3) E2rogig=209°015 has order 2 mod. E37,,(S%).

By (2+5), %,°v,1=0 for # = 6. By (3-1), 1), 4(visovss) =L¢o, tolovizovao="s°
010° 1170 Vag+ 0907160 V170 Wag =190 010 V17°Weg . "Lhen by (2-14) and (2-9), the kernel
of E: 753(S?) —> 7, (S10) is in E3744(S8) o w70 w90 C E3700(SE).

By (2:5), d(m(S21)) =4(7;(S23))=0. Then the suspension homomorphisms
E: 754(S10) — 7155(S1) and  E: 7.5(S1) —> m4(S*2) are isomorphisms into.

Therefore
(3+5) 20120019 has order 2 mod. E° 75, (S®).

By (2:10), H (4(vas)) =H [ t12, t12] ovag=21p5. If da is an image of E for a € 7z
(S25), then 2a =0 since HoE=0. Then Em,s(S1) N 4(r5(S%5)) is generated by 4
72507269 7a7) = 4ES(t’0gy3) since (3+1), ii). Therefore
(3+6) 20130000 has order 2 mod. E77rs(S6).

By (2:9) and by (3-1), iii), the kernel of E: 7o7(S13) —> 7m55(S™) is in E7
720(S®). Then
(3+7) 20140091 has ovder 2 mod. E8r(S®).

Similarly, from (2:9) and (3-1), iv), we have that
(3:8) 20450090 has order 2 mod. E%7,(S6).

Since 4015°090=FE(4014°021) = E ([ ¢14, ¢14]°%27) =0, we have from (3-1), v) that
(3+9) [t15, ¢15]1=2015°00 has order 2.

Consequently, [c5,6¢5]0 and (2-2) is proved. By (3:49) of [9] we have
Theorem (1-1).
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