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I. Statement of results

It was proved in [ I ] that if there exists an element of 7T2„-i(S”) with Hopf 
invariant I, then n has to be a power of 2 . The existence of an element of 7r2„_i(5 ”) 
with Hopf invariant I is established for the case = 2 , 4 or 8  by the Hopf fibre 
mapping. [ 3 ] .

The purpose of this paper is to give a proof of the following theorem. 
T h e o r e m  (1 * 1 )  There exist no elements of with Hopf invariant I.

This theorem is equivalent to one of the following statements:
(1*2) the Whitehead product [t.15, 1̂5] of the class 71-̂ 5 (S^®) of the identity of 

is not zero;

(1*3) there are no mappings of type (a^s, .̂1 5) ;
(1*4) fo r  a complex the squaring operation Sq' is trivial for all /> 0 .

For the proof, see (3*49) and (3*72) of [ 9 ] and [ 5 ] .

2. Auxiliary results

To prove the theorem we apply the following results without proofs.
(2*1) ;r,(S”)= 0  fo r i< n . Ttn̂ iS'') = Z  which is generated by the class o f the 

identity o f  S ”.

(2 *2 ) TTs(S^)=Z wihch is generated by the class ^ 2  o f the Hopf fibre mapping.

;t„+i(S”)= Z 2 for n > 2 , the generator o f which is = (cf. [ 2 ]).
(2-3) 7t„.̂ 2(S^')=Z2 fo r  n ^ 2 . Generator: (cf. [ 1 0 ]).
(2 *4) ;r„+3(S”) =Z24 for n'^b. We denote by Vn a generator o f  7T„+3(S”) such that 

EVn=Vn^l- l2Vn = Vn°Vn- -̂t°Vn+2- (cf. [7]).
(2*5) ;r„+4 (5 ” ) = 0  fo r  n ^ 6  and 7T„+5 (5 ” ) = 0  for n '^ 1 . (cf. [7]).
(2 *6 ) itn+Q{S'')=Z2 fo r  n '^ 5 . Generator: Vn°Vn+̂ . (cf. [4]).
(2*7) ^Tia(SS)=Zeo, 7ru(S'^) = Z 120 and TCn+iiŜ ) =-Z2̂ o for n ^ 9 . (cf. [4]).
(2*8) (y„ v̂»+7^0 in ;r„^8(S”) for a generator o f 2 -component o f  ;r„+7(S”), n ^ 9 . 

(Cf. [I]).
(2-9) The following sequence of homotopy groups / 5  exact for i < 3n - l  [ 1 1 ] and 
exact mod. 2  for i<^n — Z (cf. [ 1 2 ]) ;

-  TtiiS”) J L  TtM CS”)



where E  is the Freudenthal suspension homomorphism, H  is the generaUzed Hopf 
homomorphism [9] [12] and J  is defined by

We shall use the following properties of the homomorphism H  from [9] 
(2-10). H(aoEj8) =HaoEjQ ,

HC(Ea) O/3) = (a^a) °H/3 ,
if n is even.

Let (78 be the class of the Hopf fibre mapping of onto 5^ then it is well 
known that
(2*11) the correspondence (a, /?) — > Ea+Os°/Q induces an isomorphism of 
+TT.+iCS’i )̂ onto

For the non-zero element of which is given in § 8 of [9] and here
denoted by r, we have from [6]
(2 * 1 2 ) Ĉ 8 » ^'8l~26J’8 — E z .

We denote that an+s = E''as, then E^r = since £'[ •̂•8, Since H (r)
= [9], the homomorphism H : = Z i 2o •— > ^  Z^ is onto. From
the exactness (2*9) of the sequence

^ 1 3 (S«) = Zeo = Z i20 7Tu(5«) = Z g ,

we have that E  is an isomorphism into and there exists an element v' of (S®) 
such that E t' = 2t. Also from the exactness (2*9) of the sequence

^ 1 2 (S®) =Zao ?Ti3(S«) = Zeo = Z^ ,

we have that H (v ')  =Vii°Vi2 •
Consequently,

(2*13) there are elements and such that
Ht = Vi3 y E^^h  = 2(T;h 9 ,
Hz' = ̂ 11° ̂ 12 , E^-^H = 4(7„+9 ,

and the order o f  , is 16k fo r  an odd integer k.
Consider the element . By (2*10), °^i4) °̂ 7i4+ ^ i 3

°^i4 = 0. From the exactness (2*9) of the sequence

7Tu(S«) ^  J L  ^16(5«),

we have that jE?Ti4(S®). Since i ?^( r ° = <̂9° (Z’/ie) = 0,
(»/7 ° (Ts+ r ° Vii) = ° <?io • Therefore 

(2*14) Vn°(y„+ti E " ^ for w ^9 .

32 Hirosi T oda

3. Proof of the Theorem

Applying theorem (4-6) of the previous paper [8] to the pairs ((T8,%), ( r ,r ') ,  
i, rO, (<̂ 8, t) , and {as, tfs), we have that



(3* I). i) Ê '9 , 9̂] =<5'9°%6 +  ̂ 9°<J'10 )
ii) [^12. l̂2]°^23°^24°^25=16(Tl2°Cri9 = 4E®(r^Ofri3) € E^2o(5®),

iii) r̂ l3> '̂13]°̂ 25°'̂ 26 =8(Ti3O6r20 = 2£''̂ (r'̂ O(̂ l3) € £'̂ 7T2o(5^),
iv) [^14, -̂14]°̂ 27 =4̂ ri4°(T21 = ̂ ^ ( r ' f̂Tia) €
v) Ĉ 15j ^isl = 2 (715° ̂722-

Now consider the element T°(yu. Since i/(r°fTi4) = ^ 1 3  Ofru=̂ Tis ° ̂ 20 is an element of 
order 2  by (2 *8 ), we have from the exactness (2«9) of the sequence

7r2o(S^) 7T2i(5 )̂

that
(3-2) T-°<ri4 has order 2 m od.£’;T2o(S®).

By (2 -1 1 ), ^ 22(S«)= (Tg=TTaaCSi=̂ )+ £ ;t2i(S^). By (2-9) the kernel o tE :
— >7t2s(S^) is J(7T24(S«))=J(£% 2i(5«)). Since iJ(r°2a) = 2 (%3 “%4)°« = 0 for 
« € t t 2i ( S “ ), we have r° 2a ^ £ 7X20(8 °) by (2*9). Then 2J C ia s° ^ 2z
(S^®) + E^Tt^aiS'^). Since A(,<3r7) = 2 <Js°<Ji5 — Er°cii5 and since rfis generates 
/ 2 ;r22(Si®),we have from (2-9) that 
(3*3) £^^r°tTi6 = 2 (79°(Ti8 has order 2 mod.£®;t2o(5 ®).

By (2*5), »/„°j'„+i = 0 for W ^  6 . By (3*1), i), //(i'i9°v22) =C '9 , ' 9] 0 U±q°P20~V9° 
<̂ io°î i7 °̂ 2̂o+<̂ 9 °^i6 °î i7 °î 2o = ̂ 9°crio°^i7°î 2o • T h cn b y  (2*14) and (2*9), the kernel 
of E :  7T23(5̂ ) — ^7T24(Si )̂ is in E^7Tt4:(S^) op^r^op^^ciE^7T2o(S^).

By (2*5), J(7r26(S^i)) =J(7T27(S23)) =0. Then the suspension homomorphisms 
E : 7124.(3^^)— ^7T25(S^^) and E : 7125(8 ^^)— > 7T2g(S^^) are isomorphisms into. 

Therefore
(3*5) 2 (7i2 °<ti9 has order 2 mod. ;̂ 2o(5 ®).

By (2*10), H  (J(v25)) H2] ° ^23 = 2/̂ 23 • If i  a is an image of E  lor a ^ 7C2s>
(5^5), then 2a = O since iJ°£ '=0. Then Etz2^{S^^) H A(jt2^{S^^)) is generated by J 
^25°^26°^27) = 4 £'®(r^°cri3) since (3 ‘I), ii). Therefore 
(3*6) 2 (Ti3 °(r2o has order 2 mod. £'^7T2o(5 )̂.

By (2*9) and by (3»1), iii), the kernel of E:  — >7128(5̂ "̂ ) is in E^

7T2o(5 ^). Then
(3«7) 2 (7i4 0 c;2i has order 2 mod. E^;t2o(S®).

Similarly, from (2*9) and (3*1), iv), we have that 
(3 ‘8) 2 (Ti5 °(r22 has order 2 mod. E^;^2o(5 ®).

Since 4 c;i5 0 (T22==^(4 (7i4 0(;2i) =£'([*•1 4 , ‘'i4]°^ 27) = 0 , we have from (3*1), v) that 
(3*9) [^15, ‘’15] = 2 (7150 f722 has order 2.
Consequently, [̂ -1 5 , ’̂15] ^  O and (2 »2 ) is proved. By (3*49) of [9] we have 
Theorem (1-1).
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