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Introduction. This paper is devoted essentially to two main subjects lying in
the study of involutive Banach algebras ; the first is an investigation about the positive
boule of the dual space, while the second is the general Banach representation theory
of Banach algebras, the greater part of whose interest however might be found in
connection with the group algebra of a locally compact (abbrev. LC) group.

Here the positive boule is a regularly convex subset of the dual unit sphere
consisting of positive linear functionals; in the case of a real commutative algebra
possessing the unit of norm 1, it is well known that the positive boule coincides
with the weakly closed linear convex hull of all multiplicative linear functionals,
Propositions K and KPis,

In Chapter II, these circumstances are extensively investigated in more general
situations, where the algebras are assumed throughout to be over the complex field,
not necessarily commutative, and without unit but with the approximate indentity.
Thus Theorem 2 is the most general form of the above fact, Proposition K", and
under some additional conditions, &) and ) in §5, this result is made more precise
of in Theorem 3, while Theorem 4 determines the complete structure of the positive
boule.

Although these results have their own interests, one may easily and directly
reproduce them in the theory of topological groups, e.g. the representation theory or
the analysis of positive definite functions, without considering the underlying groups.
Therefore, our theorems would be considered as a generalization of the group repre-
sentation theorem.

Chapter I is a basic preliminary ; above all Theorem 1 plays an important rdle
in later discussions in respect of the real restriction method.

Chapter I. Preliminary study of the functionals

on B-algebras

1. Preliminaries about B-algebras. We shall recall some fundamental notions
and fix our notations at first. Let R or K be the real or complex number field

respectively.

A(S) is a Banach algebra (B-algebra) over the scalar field S which is either R
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or K; if A(S) has an algebraic unit 1 with norm 1, we say A(S) to be wunitary.
If A(S) has an approximate identity {¢*} such that av*-—a and v*a—a (uniformly)
in A(S), we call A(S) semi-unitary™®.

An involutive (or self-adjoint) B-algebra (By-algebra) over S is a B-algebra
which admits such a *-operation that is a conjugate linear, involutely, anti-automorph-
ism of A(S).® TFurther if a By-algebra A*(S) has the norm condition

1.1 Naa* | =1lall - lla¥ll,
A*(S) is called a B*-algebra over S: it has sometimes a stronger norm condition,
laa* || = lial|?; in the case, it must be ||all = |l a® || ®.

If A%(S) is commutative, it is easily proved that the latter norm condition is
equal to (1.1).

Throughout this paper, we shall assume A(S) or Ax(S) to be over K, i.e. S=K,
unless otherwise specified by adding the term “real”: then we abbreviate sometimes
A(S) (or Ax(S)) to A (or A*) only, if there is no confusion.

An element ¢ with a=a* is called hermitian (or self-adjoint) and the collection
of all hermitian elements in A is called the hermitian kernel of it, denoting by H(Ay).

It is easy to see H(A) being a B-algebra (necessarily over the reals R), if and
only if A is commutative; in other words, a commutative real B-algebra is charac-
terized by a By-algebra Ay with Axw=H(Ay), and if it forms moreover a B*-algebra,
it is essentially a continuous function algebra C(X) on a compact X,

If Ay is unitary, unit must be hermitian.

Proposition 1. Denoting by D(Ay) the subset of H(Ay) consisting of all such
elements as in the form K*h, h€ Ay, every product ab in Ay may be writien as follows ;

4
(1.2) ab = Elik‘ldk (G=y"=1)
k=

for dr€ D(Ay), and if Ay is semi-unitary, Ay is uniformly approximaled by the
complex linear envelope of D(Ay).

In fact, (1.2) is easily deduced, putting dr=/hz*hr and hkz—;—(f*4 (=) g)
for k=1, 2, 3, 4: the rest is somewhat manifest.

As mentioned above, H(Ay) is not always an algebra, but there exist two definable

manners of introducing products in it, that is,

Proposition 2. H(Ay) is a special Jordan and besides special Lie algebra with

respect to the products;

1) It should be noticed that the word “unitary” or “semi-unitary” is sometimes used in
different senses; e.g. see J. Diximer [2].

2) That is ; (aea+b)*=aa*+b*, a**=a, (ab)*=>b*a*,

3) For example, C. Rickart, Banach algebra with an adjoint operation, Ann. of Math., 47 (1946),
pp. 528-550 ; I Kaplansky, Normec algebra, Duke Math. J., vol. 16 (1949), pp. 339-418.

4) R. V. Kadison [4], Theorem 6.8; S. Matsushita, [6] Theorem 4,
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(1.3) acb= 1 (ab+ba)
and
(1.4 [a,b] = (ab--ba) (special Poisson’s product) respectively.

The former is always commutative, distributive, but not associative, while the

latter skew-symmetric, distributive, and satisfies the Jacobi’s equality
La, [0, c11+[0, [¢, all+[c [a, 811 =0.

Then H(Ay) is a non-associative real normed algebra with respect to the product

(1. 3), satisfying usual norm condition
(1.5) Nacbll < llall-11b]l

and geca=4a% If Ay is semi-unitary, it is clear that v*oca=aoc-o* - a for every
a€ H(Ay) no matter when the approximate identity {v*} is in H(A4) or not.

If an approximate identity is wholly contained in H(Ay), it is called an hermitian
approximate identity ; for example, this is the case when ||&*|l=1lal| for every a
of A¥

Proposition 3. In H(A*), every Jordan product a-b may be written in the form;
(1.6) fog =5 [di+d/~(d+dD],

d;, di € D(A%®), so that if Ay has an hermitian approximate identity, H(A*) is
uniformly approximated by the real linear envelope of D(A*).
According to the decomposition (1.2), assume now ab=> i*~'d, and ba=>i*"'d}’;
14 “k

then by simple calculation, we have

I friE ) (f+ (=R g) ik fr ik ) (f+ (—D)F T g) =0
for k=2n, so that
id,+(--1)d,/ =id/ +(—i)d, =0,
from which follows (1.6).

The set of all w such that w=[a, b] for all pairs @, b in H(A4) is denoted by
W(A¥).

2. Functionals on By-algebras. To study the functionals defined on By-algebras,
the following symbolical conventions are adopted:

I'(-)=the dual space of a normed vector space (-); I"(A) and I'(H(Ay)) are
mainly considered. 7I7(-) is over K or R, according to (-)’s circumstances; for
example I'(Ay) is over K, while 7'(H(Ay)) over R.

E(Ax)=the sub-space of I'(Ay), over R, whose elements are characterized by

(2.1) p(a@*) = p(a) for every a€Ay. s

II(Ay)=the convex subset of I'(Ay), whose elements called positive functionals,
are characterized by the property ;
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(2.2) o(a*a) =0, ie. ¢(d)=0 for every d€D(Ay).

O(Ay) =the set of all multiplicative linear functionals;

(2.3) @(ab) = ¢(a)p(d) .

ﬁ(A*):H(A*)ﬂE(A*), which is clearly a convex subset of 11(Ay).

B(A)=0(Ay) N E(Ay).

As immediate consequences of the definition, we hold
D (A CIT(Ay) (hence CII(Ay)), i) if ac H(Ay), then ¢(a?)==0 for every
@ € II(A%),

Lemma 1. (generalized Cauchy-Schwarz’s Lemma) If ¢ is in Zf (Ay), we have

(2.4 l@(a®d) |* =|e(b*a)|* < p(a*a)p(b*D) .

In fact, for an arbitrary « in K, we hold ¢(aa+b)*-(aa+d)) =|a|?¢p(a*a)
+ap (@*b) +ap (b%a) +o (b*0) =0: if ¢(a*a) =0 and ¢ (a*h)==0, we may put
a (real) < — (%) /2R (¢ (a*h)) and get a contradiction; if ¢ (a%*e)==0, putting
a=—p(b*a)/p(a*a), we can easily obtain (2.4).

Now denoting the zero functional by @, which is evidently contained in all the
classes enumerated above, we shall make use of 17, IAY o d/)\", etc. instead of I'--0,
ig A - #, etc. respectively.

Proposition 4. For any ¢ € I'(A), the set 'I,, 1/, or 1,, defined by

I, = {a; ¢(aa+%a) =0 for every x of A},

I'y = {a; p(aa+ax) =0 for every x of A},

I, = {a; ¢(aa+zxay) =0 for every x, y of A},
where « being an arbitrary number of S, forms a closed left, vight, or two-sided ideal
of A(S) respectively; further if ¢ is in E(Ay), then 'I,* =TI, and I, is self-adjoint,
i.e. I¥=I,.

If o€ I°(A), these ideals are proper.

o

Proposition 4P,  Analogously as above, ¢ being in I'(A), the set ’ip, IQ’(,,, or I,
defined by
’I:, = {a; ¢(xa) =0  for every x of A},
i’q, = {a; ¢lax) =0 for every x of A},
qu, = {a; ¢(xay) =0 for every x,y yof A},
forms respectively a closed left, right, or two-sided ideal of A, too. The assertions
mentioned in the latter half of Proposition 4 ave also valid for these ideals, except
the last assertion.
The proof follows immediately from the definitions themselves. As a matter of

course, ’I,,,C’}(,,, I’¢CI°’¢, L,,qu,; but we shall make a further remark:

Proposition 5. If A is semi-unitary, or especially unitary, these two kinds of
ideals must be identical ; that is, 'T,='I,, I'o=1, and I=I,.
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Proposition 6. For any goeﬁ(A*), the quotient B-space A*/’i¢ (or A*/f¢)
forms a pre-Hilberi space with the inner product;

(2.5) (Xe, Xp)p = (b¥a) (or =¢(ab®)),

where X, is an element of A*/’I°¢ (or A*/j’(,,) ‘which contains a of A. Completing
A*/”i,, (A*/h) by the norm || Xz o= (Xa, Xo)¥?, we have Hilbert space "H, which
contains the demse subspace A*/’f¢ (or resp. H',).

By the same reasoning, for a two-sided ideal I°¢,, the completion of A*/I°¢ with
respect to the norm || - |l, forms a Hilbert algebra. Owing to Proposition 5, if A
is semi-unitary, ’;(,, (I°’¢, or i,) may be replaced by "I, (Iy, or I,).

To prove this proposition, we have only to prove that || X,1l,=0 if and only if
aé’ip (or resp. Eiﬁ,); indeed, ae’j(,, implies ¢(a*a) =l X,112=0 and conversely if
¢(a*a)=0, ¢(b*a)=0 for all b in virtue of Lemma 1.

Proposition 7. For any ¢ € 0°(A), the set
(2.6) I, = {a; ¢(a) =0},

forms a maximal two-sided regular ideal, for which A/l, is isomorphic to the scalar
field S of A(S). If Ax(K) is considered, then Q"(A*):é"(A*).

Here, the notion of regularity in ideals follows a costomary manner ; that is, a
left (right, or two-sided) ideal is said to be regular if there exists such an element
u, called right (left, or resp. two-sided) identity modulo the ideal, that au—a (ua—a,
resp. aub—ab) in the ideal for every @, b in the algebra.

We shall now prove the above Proposition: but the first half is somewhat trivial,
and to prove (B"(A*):%"(A*), we need only to show @°(Ax) C E°(Ax). For this
purpose, we prepare

Lemma 2. If u is a (two-sided) identity modulo I,, then ¢(u)=¢(w*)=1.

In fact, w*u—u€ I, implies that (w*u—u*)*=u*u—uc I,¥*=1I,, so that w*—ucl,
or equivalently ¢(#*)=¢(u), which must be equal to 1 from A/I,~K.

Proof of @°(Ax) C E°(Ax): Putting z2=¢(a) (€K), zu—a is in I,, and so
(2u—a)* = Zu* —a*, from which it holds ¢(a*) =Zp(u*) =Z=¢(a). This completes
the proof of Proposition 7.

Remark I: The iverse problem of Proposition 7, which will estimate profoundly
the existence of non-trivial (i.e. ==) multiplicative functionals, is solved in such a
manner that if I, is a two-sided regular ideal which is maximal as a left as well as
right ideal, then ¢ € @°(A).

Remark II: Owing to the latter half of Proposition 7, in the case of By-algebras
there needs no distinction between @ and (/D\ at all.

3. Functional on H(Ay). We shall begin with some notations: I'(H(Ax))
is the same as mentioned above, §2.
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Ir (H(A*)B:the convex subset of I'(H(Ax)) consisting of all such functionals ¢
defined on H(Ay):

CRY 2le([a, 0D | = ¢(@) + ¢ ().

O(H(Ay))=all of multiplicative linear functionals with respect to the product
(1.3), i.e. p(acb)=¢(a)-¢(b), vanishing on W(Ay).
Then we can establish;

Theorem 1. i) In a By—algebra Ax(K), any functional of I'(Ax) is entirvely
determined on H(Ay). 1ii) Especially, we have

@) E(Ax) ~T'(H(A) ,
B II(A*) ~ IT(H(A%)) ,
7 O(As) ~ 0(H(A) ,

where 4(Ay) ~A(H(Ay)) means that 4 and 4 are lopologically isomorphic one another
withe respect to the weak iopologies (w*-topology) as functionals in respective dual
spaces, I'(A*) and I'(H(Ay)), in such a fashion that if $< ¢ for 97562, g €d, then

. a+a*) .~(a—a*)
3.2) ola) = 5(%% o
Proof of i) is immediate; if ¢ coincides with ¢¢ on H(Ay), both of which being
- - - gk
in T'(Ay), then o(@)=(s) +ip(H)=0(5) +ig()=¢(a), where s=2>T and =27

Proof of ii): «). Since ¢, ¢ € E(A%), is real on H(Ay), the restricted @ of ¢
on H(Ay) is in I'(H(Ay)); conversely, any extended ¢ of @, €1 (H(Ay)) by the
relation (3.2), is clearly contained in Z(Ay). The algebraic isomorphism between
them is somewhat trivial, but the topological one shall be proved afterwards in a lump.

B). We shall first prove that each functional of ﬁ (Ay) becomes an element of
i (H(Ay)). For the decomposition a=s+if as above, we have

a¥a = a*+ PP+ 2[s,t]
aa* = s>+ 12--2[s,1],

(3.3) {

so that if ¢ is in ﬁ(A*), o(s)+o(t?) =2¢([s, t]) and —2¢([s, 1), from which the
inequality (3.1). The converse assertion is also clear on account of (3.3).

7). For ¢ € @°(Ay), it is easy to see that the restricted ¢ is also in @(H(Ay)),
since ¢([a, b]):%(q)(ac)--go(ba)):o. Thus, it is sufficient to prove that every
P € 0(H(Ay)) is extensible to the whole Ay preserving its multiplicativity.

Let ¢ be the extension of @ as in the form (3.2), them

o(st)—o(ts) = 2i( LD — g [, 1) = 2i-3([s, 1]) =0,

for every a, b in H(Ay); putting a=s,+it, and b=s,+it,, a, b€ Ay, s, S, b,
t,€ H(Ay), it holds
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{ ab = s;8,—tt,+i- (Sl + 1S,)
ba = s,8,— t,t,+ 1 (1,8 + Soty)
and
p(ab) —o(ba) = [o(s:8;) — (8,5 1[0 (tts) — (48]
+i[@(sit,) — (s 1+ @(t1s) - w(st,) ] =0,

that is, ¢(ab)=¢(ba). Therefore, we can conclude the multiplicativity as follows ;
) 1
p(ab) = 5 (¢(ab) +¢(ba))
1 1
=g Le(ss) +e(ss)]-5Loht) +o(tt)]

5 Lo (sit) + (1) ] 5 [0 () + 0 (s8]
= @(s108) —§(hoty) +i(P(si0t) +P(H08,))
= §(sD@(82) ~§(1)P(t:) +i(F(5)F(E,) +P(£)F(s2))
= (§(s0) +ig(8))(F(s,) +i(8)) = ¢(a (b)) .
iii) Finally, it remains only to prove the topological equivalency of ~ in a),
B), 7): but the continuity 4—4 is evident: in fact, for a w¥*-nighborhood of ¢, in

4, Us(ay, - , an; ), ar€ Ay, e >0, we see easily that the w*-neighborhood
U(Zo(sl, ------ , Spy by, e v ta:e/y/2) of @, in 4 is mapped into Ue,, sirce we have
evidently

lolar) —olar) | = (§(sk) +ig(1r)) — (Po(sk) +iPo(te)) |
= (1@Csw) = @o(sk) |7+ | §(te) = Po(£6) )2
<VERTez =

for k=1, ----- ,n. The inverse continuity 4-—>4 is clear, since H(A4)CAy and
consequently the wy—topology of 4 is stronger than that of 4.

Thus Theorem 1 is completely proved.

In a commutative Ay, (3.1) is naturally replaced by @(aca)=g(a?) <0 for
a€ H(Ay), and @(H (Ay4)) is characterized by the singule condition of multiplicativity.

Moreover if A is real and commutative, i.e. A=Ay with Ay=H(A,), the both
sides of =~ in Theorem 1 must be identical and of course I'(A)=E(A), so that the
sign A would be unnecessary.

In passing, we shall touch on the *-operation definrcd in 77(Ay) : putting

(¢, a) = ¢(a),

we may consider it as a bilinear functional defined on the direct space 7'(Ay) X Ax:
there exists in 77(Ay) such an element ¢* that (¢*, @) =(g¢, a)(=¢(a¥)), for which
the following properties are verified ; i) (a@,+ @,)*=ap*+¢.¥, ii) ¢**=¢, iii) ¢*=¢
for p € 2(A,).

Thus we comprehend that Z(Ay) is the hermitian kernel of 7'(Ay) with respect
to such x-operation and (¢, @) is real on the product of both hermitian kernels
E(Ay) xH(Ay.
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Chapter II. Structure of positive boule

In the preceding Chapter, we have investigated the space of functionals defined
on a B- (or particularly By—) algebra, but we shall now pursure the further investiga-
tion about it, correlating with ideals of the algebra or with the reducibility of
quotient spaces (or algebras) relative to the ideals; from such a standpoint, the
following well-known assertion plays a fundamental role in the case of a real

commutative unitary B-algebra A, i.e. unitary A with Ay=H(Ay):

Proposition K. Denoting the unit sphere (boule) of I'(A) and its surface by E
and S(E) respectively, S(l?):II(A)ﬂS(E) is a w*-compact convex subset of I'(A)
and if S(EA‘) is non-null, each of its extrveme points, whose set shall be denoted by

extr. S(é\) is multiplicative and vice versa, that is,
(K) extr. S(E) = 0°(4)

so that ¢7*(0) is a maximal ideal of A for every extreme ¢ of S(é). (See R. V.
Kadison [9], pp. 23-24).

We should remark that ¢€S(l§‘) if and only if ¢ € II(A) with ¢(1)=1 (1 being
the unit of A).

In this Chapter, this result shall be extended to the case that A is a non-
commutative, non-unitary (but semi-unitary), complex By-algebra A=A4(K) in a

certain situation. We shall begin with some preparatory discussions.

4. Extremity and irreducibility.
Denoting the unit sphere of I'(H(Ay)) by E,, which is a w*-compact convex
set, due to S. Kakutani and J. Dieudonné, the intersection (called the positive boule)

(4.1) E,=E,N II(HA)

is also w*-compact and convex, i.e. regularly convex in the sense of M. Krein-V.
Smulian ; since E, is bounded, the Krein-Milman’s theorem is also applicable to it,
from which it follows that F, has sufficiently many extreme points whose convex hull
is w*-dense in E.®

As we have seen before, for each closed one-sided (two-sided) ideal I, the quotient
space A/l turns to be a Banach or Hilbera space (algebra) by suitable norming
and, if necessary, completing; then it is easy to see that A/I (completion of A/I,
or =A/I if it is complete in itself) admits the left, right or two-sided translation

operator L,, R, or T, respectively according as I is a left, right or two-sided ideal;

L, X = {ax; x€ X}, R, X = {xa; x€ X}
and T,X=L,X=R,X for XcAJ/I acA.

Obviously, L.Xx:= Xar and R,Xy = Xi, so that "(A)r= {L,; ac A}, (A)r

5) See N, Bourbaki [1], Chap. II, §4.
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={R,; ac A} or (A);={T,; a€ A} forms a bounded, continuous Banach or Hilbert

representation of A on A/I according to I's kind, with respect to the usual operator
norming. Then we arrange

Definition 1. Let I be a closed left ideal of A such that H=A/I forms a Hilbert
space. If there exists no such projective operator P on H relative to any closed
proper subspace of H, as reduces (or equivalently ‘commutes with) every element
L, of Hilbert representation ‘(A)z, then H=A/T is said to be irreducible, otherwise

reducible. In right or two-sided cases, these notions are analogously defined.

Proposition 8. L *=Lax, R,;* =Rax and T;* = Tox, where S* is the conjugate
operator of S on H=A/I; therefore, for each a€ H(Ay), La, Ry and T, ave hermitian
operators.

A bounded hermitian operator A is reduced by the projective operator P relative
to a closed sub-space M if and only if AMCM ; then decomposing every L, as in
the form

(4.2) Lo=Ls+i-L;,

where s:%(aﬂz*) and t:%(d—a*), both Ls and L; are hermitian and hence we

see directly

Proposition 9. H=A/I is irreducible if and only if there is no closed linear
manifold which is invariant under {L,}, {R.} or {T.t according to I's kind.

It is easy to see that [ is never maximal but A/I is irreducible, while the con-
verse is not necessarily true. We appreciate however that the converse is also true

in the case of unitary commutative By—algebras Ay;

Lemma 3. If Ay is unitary and commutative, the following four conditions are
mutually equivalent; i) H,=Ay/I, is irreducible, ii) Hy, is simple, iii) I, is maximal,
iv) ¢ is multiplicative.

The equivalency of ii) iii) and iv) is clear, so that we have only to show that of i)
and ii): in fact, if Hilbert algebra H is supposed not to be simple, then there would
exist an ideal [, such that ICI,, for which [,/I is a proper ideal of H and so
contained in a maximal ideal M of H which is invariant under {7,}. This yields
the reducibility of H,, that is, i)—ii). Next if H, is simple, then I, is maximal,
so that H is irreducible from Theorem 3 mentioned Ilater, since A satisfies the
conditions «) and ) in $5.

13

Thus we can replace, in beforesaid Propcsition K, the terms “¢~*(0) is maximal”

by those of “A/I, is irreducible”, and get

Proposition K"s. Under the same conditions as in Propositon K, H,=A/I,,
A

¢ €S(E), is irreducible, if and only if ¢ is extreme of S(E/“\) or equivalently I, is
maximal,
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In the following, we shall extend this assertion to more general cases, as is
already announced at the outset of this Chapter. To begin with, some conventions

and notation for later use;

1) For ¢ I'(H(Ay)), ¢ means the extend functional of ¢ over the whole A*,

. ata®\ . (a—a* . - _ .
ie. p(a)=¢ 5 +igp 5 ) while for ¢ € £(Ay), @ the restricted one of ¢ to

H(Ay) ; these are really reasonable owing to Theorem 1.

We often use, however, the same ¢ instead of & or of @, if there exists no
confusion.

2) I,/ I,), ¢ €E,, is the ideal ‘I3(I’;, I}) defined by the extended ¢ of ¢.

3) If ’I:,,:’i;, for ¢, ¢€E,, we call such ¢ and ¢ (left) equivalent, writing
¢ ~¢; it is easily possible to define 7ight, or two-sided equivalency in an analogical

manner.

Although we are going to consider mainly about the case of left ideals (and
hence of left equivalency) hereafter, the other cases are still well treated by analogy ;
then we abbreviate “left equivalent” to the term “equivalent” merely, unless other-

wise specified,

Definition 2. If ¢ € E, is equivalent to no linear convex combination of ¢; and
¢,, each of which is in E, and not equivalent to ¢, then ¢ is said to be weakly
extreme (or abbrev. w. extr.) in E,.

From the definition itself, it follows immediately :

i) ¢ ~¢ implies ¢ ~(ap+B¢) for a, >0 with e+ =1,

ii) if ¢ is w. extr. in E, and ¢ ~¢, then ¢ is also w. extr. in it,
iii) ‘I, 'fy ="Tpsey for a, >0 with a+8=1.
It should be noticed that the collection of all mutually equivalent elements in E, is
not always w*-closed: for a counter-example, it is sufficient to consider ’Io(,, and ’i(,
such that ’f¢C’f¢ properly ; indeed, agp+p¢p ~¢ for &« >0 but ap+ B¢ ~¢ for a=0.

The theorem enlarging Proposition KPbis is:

Theorem 2. For a semi-unitary By-algebrva Ay, a mnecessary and sufficient
condition '"H =Ay/'I,, ¢ €E,, would be irreducible is that ¢ is w. extr. in Eq; thus
if ‘I, is maximal, ¢ is w. extr. in E,.

Proof. Suppose first ¢ not to be w. extr. in E,, then there exists such ¢,€E,
that ¢ ~¢, and 400:%(gol+¢2), where "Ie,=='Iv,, ¢, ¢, € E,. By iii) above, we have
‘IeyN'Ie,="I¢,. Denoting the completion of M°="I¢,/'Is, by M, we see that M is a
closed proper sub-space of ‘H,='He,, which is evidently invariant under {L,}; in
fact, if M° were dense in “H,, there would exist for each given ¢>>0 an element X,
lying in M° such that || Xp—X, |lo<e, v* being an arbitrarily fixed element of the
approximate identity {v*}, then since || Xe |le; =0 by the assumption, it holds
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e (V2 = || Xon Loy =] 1| Xon lley — 1| X; 110y
<HXU>\—~X Ny <V 2 - 1 Xn=Xc llo<W 2 €,

and hence ¢,(v*v*) -0 along with ¢—0, so that every »* would be contained in "I,
where X means the corresponding element of Ay/’Ie; to X€’H . This is absurd
and hence M is proper, or in other words, ‘H, is reducible, which complets the proof
of necessity.

To prove the sufficiency, we employ the orthogonal decomposition of ‘Hy: assume
that H='"H, is reducible, then H=M,® M,, both of which are invariant under {L,},
whence each X of H is also decomposed into X'+ X? for Xie€ M;(i=1, 2).

Then putting ¢;(b%a) = (X¢, X§),, both ¢, and ¢, are well defined on Ay by
virtue of the approyimate identity ; in fact,

(X, Xik)e = (X, TaxX})e = (Xix, T*. X}
= (TaXn, XDo = (Xinn, Xo,

so that ¢i(b*a) _—hm i (b*ar) = (X X1y and hence ¢; is uniquely determined for
i=1, 2. Clearly, (ol and ¢, are in II(A*) and, from (X, Y)e=(X", X+ (X? X?),,

it follows
(4.3) 0 =3+,
As is easily seen, both || @, |l and || @1l are <|l¢ ]| <1 and hence setting
(4.4) ¢, = aP,+Pp, for a,f >0 with a+p =1,

we see that ¢ ~g, and ¢,€E,, since || ¢,|| <a+B=1. This completes the proof of

Theorem 2 entirely.

5. Extremity and irreducibility, cont. One may make precise of Theorem 2 in
some special cases : the first is the case when Ay is semi-unitary again and, more-
over, satisfies the following two conditions ;

a) lla*a||<llal|® for every a€ Ay,

B) llorll =1 for each element of the approximate identity {o*}.

The condition «) is fulfiled in the case of a B*-algebra with stronger norm
condition || a*a || = || a|* (e.g. C*-algebra) or of the group-algebra L(G) on a
locally compact group G, while the latter ) is so in the case of every unitary
B-algebra or L(G) again. The algebra discussed in Proposition K and KPis is
also the one which satisfies these two conditions, so that the following Theorem 3 is
applicable to it.

In such cases, each element X,=X,\, being contained in Ay/'l, for a fixed
¢ €FE,, is bounded and (X,, X,)e=0(v"*a) converges to ¢(a); since Xy, a € Ay, is
dense in ‘Hy,, we see consequently that {X,} converges weakly to a certain element
X, in "H,.
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Proposition 10. Under the above conditions «) and (), it holds that |||l =113 |
for ¢ € I/I\(A*) with restricted @€ IT(H(Ay).
In fact, by Lemma 1 we have
lp(a*M)|* < p(@*a)p(™ ) < g(a*a) ll¢ll,
from which |¢(@)|?=@(a*a)|l¢]] and hence, for a€ Ay with llell=1, ll¢ll?®
<g@)llell <Nl -llell, e llell<1I@1. On the other hand, it is clear that
1@1l< 1l ¢ll, which proves the Proposition.
This shows that, in such cases, it holds
(5.1 E,~ENI(AY,
(5.2) S(E) ~S(E),
where the sign =~ designates the same equivalency as is mentioned in Theorem 1,
and S(E,) means the surface of E,, that is, =S(E)NII(H(Ay)), while S(EA):S(E)
ﬂﬁ (Ay) ; about S(E), refer also to the outset of this Chapter.
Now, we define the subset EO of E, as the collection of such functionals lying
in E, that (Xy, X¢)e=1. We call E, normalized positiue boule.

Proposition 11. The following three conditions are mutually equivalent ;
) ¢ck,
A
ii) @ €Ill(Ay) and (X, X3)e =1 for ¢’s extended {,
~ A
iii) @ €S(E,) or its extended ® € S(E), owing to (5.2).

Proof. We shall prove this in rotation; iii) <—i)<—ii) <—iii). At first, i) —iii).
Since (M) =(X3, X))o — (X3, X3)s=1 and [¢(™) |11 @I L1 for € Eo, it follows
1Z1@lI£L1, that is, || @1l =1 and hence &€ S(E\) or equivalently ¢ € S(E)).

ii)—>1i). For every a with |ja|| <1, we have by Schwarz’s inequality that

[9(a)]* =|(Xa, X5)5|* < (X5, X$)3+(Xa, Xa)g = ¢(@¥a) <112 1]

from which 1/¢11°<11¢ 1l and so |¢[|<1. This shows that ¢ € B,.

iii) »ii). Clearly [(Xy,X3)s|=|0(")[<ZIl¢ll=1, from which (X5, X3)s
=a<1: suppose now a<_1, then putting ¢/ = ¢,, we see immediately ‘J3, =I5 ,
Xéy=Xp and Q‘DOEIAT (Ay), then ii) and hence successively i) and iii) are valid for
such @,, so that ||&,ll=1 and ||¢|| =a <1, which is contradictory with the
assumption @ € S(E). Hence (X,, Xy)p, =1, which make sure of ii).

Corollary P. 11. llell=11¢ |l = (X3, X3)3.

Thus we conclude that E is nothing but a w*-closed convex subset of i (H(Ay))
with the property (X,, Xo)o =1, which coincides with the surface S(E,) of E,
entirely ; indeed, the fact that E, is w*-closed and convex is easily verified. These
make us confirm the

Theorem 3. Provided that Ay satisfies the conditions «) and B) above, 'H, is
irreducible if and only if ¢ is an extreme point of E,.
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Proof. Assume that “H, is reducible, then in the same manner as in the proof
of Theorem 2, we get two functionals ¢, and ¢,, cf. (4.3), both of which belong to
AN
II(Ay). As is easily varified, (Xe;, Xo;)o;=(X}, X5), for =1, 2, and we have

(5.3) (Xoy, Xeo,+(Xey, Xop)o, = (Xp, Xp)e =1:

putting (Xe;, Xe;)e; = a; >0 and @i/a; = ;€ ﬁ(A*) for i =1,2, we see that
g Il = 1l @i || Ja = (Xez, Xei)es/a; =1, so that ¢;€E, for i =1,2. On the other
hand, it holds

¢=a,{, +a,g,, where a,+a,=1 by (5.3), which shows ¢ being a midpoint of a
segment in E, This proves the sufficiency.

Conversely, let ’H¢ be irreducible ; if go:—l-(galJrgoz) for suitable ¢, and <p2€§),
then ¢,=—- ; ¢, is in E0 and (X,, X,)e,= goo(a*a) (L( X4, Xo)o for every a € Ay) defines
an hermitian form in “H, and hence an hermitian operator A such that

(AX, X))y = (X, X)e, for all X¢€’Hy,.

As is easily seen, A is commutative with every L, and, since ‘H, is irreducible,
it must be in the form (AX, X),=a(X, X), for a fixed number «; from ¢, %EE,,
it f(;lilows a:% and so ¢0:¢1/2i¢2/2, that is, ¢,=¢,=2¢. This shows ¢ is extreme
in E,.

Thus, Theorem 3 is completely proved.

Summerizing all these arguments, we can determine the complete structure of E|:

Theorem 4. If Ay satzsﬁes the condition ) and B), the set of extreme points,
extr. E,, consists of that of EO, extr. Eo, and the origin (zero functional) 0. Every
w. extr. ¢ of E, is either extreme of it or a inner point of a segment combining the
origin 0 with an element of extr. Eo, @, say, i.e.

(5.4) ¢ = ag, for 0<a<1.

In fact, an exreme ¢, is either of norm 1 or identical with #, since ¢, with
1 @o 1l <1, >0 is necessarily a midpoint of a segment. Let ¢ be w. extr. in E, and
lell==0, then ¢,=¢/|| ¢ |l lies on ﬁ) and A./’I, is irreducible by Theorem 2; ¢,
is hence extreme by Theorem 3, ¢ =ag, for a=|/¢,|| which is >0. If |l¢]|
=1, ¢ itself is extreme. Thus Theorem 4 is completely proved.

Next we shall define another notion: in our present considerations, we need not
the assumptions a) and f), which are assumed in the preceding arguments for A,.

Assume that an element ¢ of I'(H(A,)) has the following properties ;

1°) I, (I'y, I,) is a closed regular ideal,
2°) @(j)=1 for an identity j modulo the corresponding ideal cited in 1°) above.
Then ¢ (or ¢) is called left (right, tow-sided) regular; there need however

only two regularities of ¢, one-sided and itwo-sided, since ¢ is also Tight regular,
having 7% modulo I’,=("I,)*, for each left regular ¢.
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The set intersection of E, and of all one-sided (or two-sided) regular functionals
is denoted by Eo (or resp. Eo); which is evidently w*-closed and convex. Eo(l%o) is
called one-sided (tow-sided) rvegular positive boule.

Lemma 4. Let ¢ € II(H( Ay)) be one-sided regular; then it holds that ¢(a)*Z¢(a*)
and hence || ¢ || <1, where a€ H(Ay).

Indeed, in the inequality (2.4) we have only to put b=j and get ¢(a)*=¢(a)?
=0(aj *=0(a®) ¢(j*j)=¢(a®)=¢(a*) for a€ H(Ay), since ¢(j*j)=¢(j)=1. The
proof of the latter is immediate, hence shall be omitted. Then we assert

Proposition 12. The following two conditions are wmutually equivalent; 1)
¢€E‘O(ﬁ‘o), i) ¢ € II(H(AY) and it is one-sided (two-sidbd) regular.

Theorem 5. For (oéEo(éo), if Hy=Ay/1.(Ay/1,) is veducible, then there exists
a segment of E‘o(ﬁ‘o) just in which ¢ is an inner point.

Proof. As is easily verified, an identity j modulo ‘I, is also the one both modulo “I¢,
and modulo ‘Ie,, where ¢, and ¢, are just the same as in (4.3), i.e. ¢=¢,+¢,. As
¢i()=0:(j%j)=0 and ¢(j)=¢,(j)+¢.(j)=1, we see that 1=¢;(j)>0 for i=1, 2;
putting a;=¢;(j) and ¢;=@;/a;, we see that

(5.5) e(+) = a9, () +a@,(-) .

Since ga,( 7)=1 and "Ie;="I¢;, ¢; is one-sided regular and clearly ¢; eIl (H(Ay)),
from which results qo,-EEO by Proposition 12. This shows that ¢ is an inner point.

Corollary T.5.1. For an extreme ¢ in E, '(or Eo“j, each of Ay/'I, and Ay/Ip (or
resp. Ay/ly) is irvreducible.

Corollary T. 5.2. Every extreme point of E‘o (or, if the algebra is unitary, of
E) is w. exter. in E,.

As in Proposition 7, §2, every ¢ in @#°(A,) causes a maximal two-sided regular
ideal I, and clearly ¢(j)=1 for an identity j modulo I,. Moreover by the multipli-
cativity of ¢, it must be |l¢||<1 (if Ay is unitary, =1). All these make us
confident that

(5.6) G(H(A)) CE,.
More precisely we have

Theorem 6. Every ¢ in @°(H(Ay)) is an extreme point of E, and hence that
of EO and of ]_%(,.

Proof. Suppose that ¢=y (¢1+¢2) for ¢,, ¢, €E,: we have ¢(a?) = o [ga1 a*)
+@,(a®)]=(¢(a))?= 4[g01(a)2+2 ¢.(a)-¢,(a)+¢,(a)?]; therefore it follows that
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0 =4[¢p(a®) —¢(a)*] = [¢:(a®) —¢:(a)*]+[¢.(a*) — ¢,(a)*]
+ [@,(a®) —2¢,(a)¢,(a) + ¢,(@*) ] = ¢,(a*) —2¢,(@) @,(a) + ¢,(a?)
>[e(@a)—¢,(@)P=0 (owing to Lemma 3).

Consequently, ¢,(a)=¢,(a) and so ¢ is never a midpoint of any segment in E,.
This completes the proof. This skilful way of proving Theorem 6 is essentially due
to R. V. Kadison [3], Lemma 3.1.

6. Summerizing and group algebra. We now summerize the considerations of
the preceding paragraph and realize those results to the special case of group-algebra
on a locally compact group.

First we present a convenient proposition :

Proposition 13. If Ay is Semi-unitary, satisfying the conditions ) and B), then
it holds for each goEEo (or E‘o) Xo=X; as elements of "Hy, (resp. Hy,), where j is
an identity modulo ‘1, (vesp. 1,). Therefore, E‘OCE.OCE.

In fact, we have (X,, X3)p=0(a)=0(aj)=(X,, X;)¢ for <p€E0 and for every
a€ Ay, so that Xo=X;=2Xj; since (Xj, X;)s=0(5*j)=0¢(j)=1, we obtain (X3, X3)3
=1 and so gDEEo, i.e. EOCEO.

Then, in the case of such Ay as is semi-unitary and satisfies @) and B), we
establish the following “inclusion schema,” in which we write OVO. 'VO,QVO or V, for
extr. 121,, extr. E,, extr. E extr. E, respectively and “X—Y” reads “X is the set
of all extreme points of Y ”:

F(H(A) C V,C V, C Ve CV,=0U7,
(6.1) ! y ! ! ’
EOC Eoc E):S(Eo> CEO s
and if Ay is unitary,
é0<H<A*>> C fyo — Vo = 70 C Vo =0U 70
(6.2) y Voo |
E,=E,=E,=S(E,) CE, .
Moreover, if Ay is commutative, then
(6.3) G (H(A) = Vy = Vo = Vo = extr. S(E,).

When Ay is unitary in addition, (6.3) comes from Proposition 3 and Theorem 3
as is mentioned before.

In non-unitary case, Ay can be immedded as a maximal ideal of a unitary
Ay={(a, a); a€ K, ac Ay}, having the product, norm, involution as follows;
(&, @) (B, b) = (aB, a+ab+ab), || (a, @) |l =|a| + llall, (a, a)* = (7, a*). Putting
¢o(a, a) =a+¢(a) for gaES(EA), it is easily seen that aéé\lzthe unit sphere of
T'(AONI(Ay) and moreover 1171l =1, that is, 7 €S(E), since el <Ial,
¢(1,0) =1 and
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(@, )% (a, @) = |a|*+2R(ag(a)) +¢(a*a) =0.©®

Conversely, putting ¢(a) =¢(0, @) for FpéS(l@,), we see that wéé\ and g‘o:ﬂZ
for &,@ES(E%, implies ¢=F¢ because @(1, 0):@(1, 0) =1. Then, suppose that
TP:%(@;@ for g € extr. S(Ey) and @, %,€S(E,) with flzi:@, thein it follows
that ¢:7(¢1+¢2) with $,==,, both of which lying in E,, so that @ cannot be
extreme in £, and so in S(E), which is impossible. Therefore ¢ € extr. S(E,) implies
@ €extr. S(E,) and, by above argument concerning about unitary Ay, it concludes

that @ € @°(H(Ay)), so that ¢ € B°(H(Ay)). This proves (6.3) completely.

Proposition 14. If ¢ €S(E,) and As/'I, (or Ay/I'y) is finite dimensional as a
quotient Banach space, then ¢ is in Eo.

If the assumption is held, owing to a noted theorem of Riesz, the unit sphere of
Ay/'I, (or Ay/I'y) is compact and hence a suitable sub-family {Xu} of {X,n}, which
is entirely contained in the unit sphere, converges to a certain X, for which X,X,
—- X, X,=X, (resp. X.X,—~X,X,=2X,), so that each element u€ X, is a let (resp.
right) identity modulo "I, (resp. I’y).

Now we know that there exist two intersting and important objects to which we
could realize the foregoing considerations ; one is the C*-algebra, in which ¢ €S(E)
is called a “state”, while ¢ € extr. S(E,) a “ pure” one™, and another is the group
algebra, in which every ¢ ¢ S(E,) corresponds to a continuous positive definite func-
tion, while ¢ € extr. S(E,) to a

The following is devoted exclusively to study of the latter, i.e. the group algebra.
Let G be a locally compact (LC) group with the unit ¢, and L(G) the group algebra
of G with respect to the left-invariant Haar mesure dx, with elements f, g, -~ and

@

elementary” one®.

the approximate identity {o*}.

L(G) forms a By-algebra with respect to the involution

(6.4) @) =@ fx™) ,-

where p(x) is the density of right-invariant Haar measure, dx*=p(x)dx.
In the case, every v* is helmitian and of norm 1 and || f*I| =Ifll for every
fFEL(G), so that L(G) satisfies the conditions &) and B) of §5.

Lemma 5. Putting fx(-)=7F(x"t-) (left translation), we have

(6.5) (fo)*-g :f*' (8x-1) .

Proof. By a direct calculation as follows;

6) Consuliting the Cauchy-Schwarz’s lemma (2.4), the second term =|a|2—2|a|-v ¢(a*a)
+o(a*a) = (|a| - V' ¢(a%a) 2 =0.
7) Cf. L E. Segal [7].
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(Feg() = [ 7D o) g dy
= [ FE Do gty = {_fE 0@ gt de
= [ @ gz dz =5 (g ().

We can arrange this Lemma in the following manner, using the operator U, on
the Hilbert space 'H =L(G)/T,, ¢ € E,=S(E,), defined by U.Xys =Xrx;

(UXy, Xg>¢ = (Xf, Ux"IXg>¢ .

Thus, we see that U, is unitary and {U,; x€ G} forms a continuous unitary
representation of G on ‘Hy. Then (X, U,X), is a continuous positive definite
(c. p.d.) function on G. Denoting the collection of all c. p.d. functions with norms
less than 1 by P(G) and that of those with norms =1 by P,(G), we see that
Eo(x)=(X,, UsXy)y for ¢ €E, (or EE) is an element of P(G) (resp. of Py(G)).
Conversely, for each § € P(G) (or € P,(G)) the functional on L(G) defined by

®.7) o) = Esndr.
is clearly contained in é (resp. in S(EA)) and moreover
(6.8) &E(x) = (Xog, UrXeg)ot .
Thus we can establish:
Proposition 15.% E, (or E;,:S(EO)) is one-to-one corresponding to P(G) (resp.
to P(G)) by ¢—~> &, and §— ¢¢ as defined above, where
D ¢ro=¢, Sog=¢,
i) @utiepts = (7¢£1+E§0§2 , SapriBer = 475“’14’[—;5‘/’2 ,
i) HEN=lleell, Nell=1&ll,
) o) = E@rwar, e = EDrmwas.

In fact iii) comes from || &1l =&(e) = (Xog, Xog)rg =] ¢ 1l by Corollary P. 11.

Proposition 16. A continuous positive definite function & is elementary if and
only if ¢z € V= exter. S(E,).

From (6.3) above, in the case where G is commutative (and so is L(G)), 70
coincides with Q°(H(A*)) from which it follows 1mmed1ately that &, ¢ € extr. S(E)),

is a continuous character of G and vice versa; VO——G

8) See e.g. L. H. Loomis [5], R. Godement [3].
Additional : The summary of this paper was published in the Proceedings of the Japan
Academy, Vol. 29 (1953); the present full note has been completed in 1953 but is late in
publishing for some reasons.
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