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Introduction 

In the present work we determine the cohomology algebras modulo 2 of the 

compact simply connected exceptional Lie groups E6 and E7 • The results are 

stated in Theorems 2. 7 and 3. 13. 

For this purpose we compute the cohomology of loop spaces of the compact 

symmetric spa ces E6/ F 4 and E 7/ E6 x T' in lower degrees, using the method of 

Bott-Samelson [11]. On the course of this argument we see that all K-cycles [11] 

which describe the corresponding homology basis are orientable. This fact will 

be used elsewhere. 

As another tool we use the spectral sequence arguments. 

§ 1. Compact symmetric spaces. 

1.1. Let G be a compact connected Lie group and T be a maximal torus in G. 

Denote by g and ! the Lie algebras of G and T respectively. Using a positive 

definite invariant metric ( , ) in g we have the Cartan orthogonal decomposition 

(1. 1) 

where the summation runs over all positive roots a of g relative to ! with respect 

to a linear order in i* (dual space of i). Since we are concerned only with 

compact symmetric spa ces we mean by "roots" the angular parameters in the 

sence of E. Cartan. The space e"' is of dimension 2 and invariant under the adjoint 

action of T (or t). The adjoint action of tET on e"' is a rotation through the 

angle 2na(t). We put c"'=e"' by convention. 

We can choose an ortho-normal basis {U"', V"'} in e"' to satisfy the following 

structure equations: 

(1. 2) 

[H, U"'] = 2na(H) V"' 

[H, U,.] = -2na(H)U"' 

[U"', V"']= 2nH"' 

for any HE!, 

where Hœ E! is defined by (H"', H) =a(H) for all HE!. The frame {U"', V"'} is 

determined not uniquely, but up to rotations in e"'. Renee, in particular the 

orientation of e"' is determined uniquely by any choice of the ortho-normal frame 
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{U.,, V.,}. Any frame {Uœ, Va;} satisfying (1.2) is called a basic frame of the 

oriented plane e.,. If we put U~œ= U., and V~.,=- V.,, then the pair {U~a;, V~.,} 

satisfies the equations (1. 2) for the root -a. Renee the orientation of e~., given 

by a basic frame {U~.,, V~.,) is opposite to that of e., given by {Uœ, Vœ}. In this 

sense we can distinguish eœ from La; as oriented 2-planes. 

If we choose a basic frame { U.,, V.,} for each positive root a, we obtain an 

additive basis of il- (orthogonal complement of t in g). The so obtained basis 

is called a canonicat basis of (g, t). 

1. 2. Let G be a compact connected Lie group and K be a closed connected 

subgroup of G. If there exists an involutive automorphism a of G such that K 

is the e-component of the group K- consisting of ali fixed elements under a, then 

the pair (G, K) is called a symmetric pair and the homogeneous space G/K (KC 

KCK) is a compact Riemannian symmetric space ([11]). 

The symmetric space G/K can be canonically identified with a totally geodesie 

subspace M of G endowed with an invariant Riemannian metric. M is the diffeo­

morphic image of G 1 K under the map r;*: G / K -> G induced by a map r; : G---'> G 

defined by r;(g) = g·a(g~1). (Cf., [10]). 

In this work we are concerned only with the case G is simply connected, 

then K=K by [11, 12] so that G/K is identified with M by 'l'l*· 
For a subset L of M its centralizer in K is denoted by ZK(L). An element 

a of M such that ZK(a) =K is called a central element of M. Such an element 

is contained in every maximal torus of M. 

By f we denote the Lie algebra of K and let m be the orthogonal complement 

of f in g. Th en M =exp m as is weil known. 

The involution a of G induces an involutive automorphism of 11 denoted by 

the same letter a. fis the eigenspace of a with eigenvalue 1 and m is the eigen­

space with eigenvalue -1. 

1. 3. Let L be a Cartan subalgebra of m, i.e., T ~=exp (L) is a maximal torus 

of M. Let t be a Cartan subalgebra of g containing L. Put ±0 =in f, th en 

(1. 3) t = io + L (direct sum) . 

T=exp (t) is a maximal torus of G. Further we put To=exp Cio), then T= ToT~ 

and Ton T ~ is a fini te group. 

By (1. 3) we see that t is invariant by a, whence the transposed linear map 

at: t*·~> i* is induced. We put a*= -at. a*-images of roots are also roots. 

Let r denote the system of non-zero roots of 11 relative to i. By easy com­

putations we see that 

(1. 4) for all a Er, 

and 
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(1. 5) 

Further, we see immediately, 

(1. 6) if {Uœ, Vœ) is a basic frame of e,.,, then {O"V,.,, O"Uœ) is a basic frame of 

e"*"' for any a Er. 

For each pair (a, O"*œ) of roots we say that a basic frame {U,., V,.) of e,. is 

O"-related to a basic frame {U"*"'' VO".,) of e"*"' when the relations 

(1. 7) 

are satisfied. When {U,, V,.) is O"-related to {U"*"'' Va-*œ), then {U"*"'' V""'"') is O"­

related to {U,, Vœ) and {U_,, V_,.) is O"-related to {U-er*"'' V-a-*œ), where U-~=U~ 

and v_~=- v~ for fi=a or O"*œ. 

A canonical basis of (g, f) determines a basic frame {Uœ, V,) of e,. for each 

positive root œ. Let us use the convention that U_ 05 = Uœ and V-œ=- V,., then 

a canonical basis of (g, f) determines a basic frame {U,, V,.) of e, for each œEr. 

These basic frames are called the associated frames to the canonical basis. A 

canonical basis of (g, j) is said to be O"-normalized when the associated frame 

{Uœ, V,) is O"-related to the associated frame {U""*"'' Va-•œ) for any aEr. 

PROPOSITION 1. 1. Under the above choice of the Cartan subalgebra t of ÇJ (i.e., 

if t con tains a Cartan subalgebra L of m), there exists a O"-normalized basis of 

(g, t). 

(Proof) Two transformations, a-> -a and a->O"*a, of r generates a trans­

formation group r on r. Choose a positive root as a representative for each r­
orbit. For each representative positive root a we discuss three cases separatedly. 

Case i). O"*œ=\= ±a. In this case the orbit ra consists of 4 roots ±a, ±O"*a. 

Choose a basic frame {U,, Vœ) of e"' arbitrarily. By (1. 6) {O"V05 , O"U"') is a basic 

frame of e""". Rota te this frame by angle n/2, then we obtain a basic frame 

{O"Uœ, -O"Vœ) of eer*"'· We put Ua-,œ=O"U, and Ver*a:= -O"V,., then {Ua-*Ol' V".,) is a 

basic frame of Cer*"' and {U,., Vœ) is O"-related to {Uer*"' V,-.,.). When O"*a is a 

negative root, we put U-cr•œ= Uer*oo' V"*"'=- V--er*œ by our convention. 

Case ii). O"*a=a. In this case the orbit ra consists of 2 roots ±a. If we 

take a basic frame {U~, V~) of Cœ, then {O"V~, aU~) is also a basic frame of e"' by 

(1. 6). Renee the frames {U~, V~) and {aU~, O"V~) determine opposite orientation 

of e,, i.e., the restriction O"lc"' is a reflection in the plane e,. We have a unit 

vector U, of c"', which is invariant under O". Choose another vector V,. of e"' so 

as to make the pair {Uœ, V"') a basic frame of Cœ. Then O"V,.=- Vœ=- Ver*~· 

Renee {U051 V05 ) is a-related to itself. 
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Case iii). o'~a= -a. The orbit ra consists of 2 roots ±a. Let g' be the 

semi-simple part of g. g' is invariant und er a, and f' = f n g' is a Cartan subalgebra 

of g' satisfying the assumption of our proposition for g' and a'= a 1 g'. Let g~ and 

!~ be the complexification of g' and!' respectively. Let {E~; {3 Er) be a Weyl base 

of g~ relative to f~. The involution a' of g' is extended uniquely to an anti­

involution of g'. Under this situation the Lemma 5 of [17, Exp. 11] can be applied 

and we conclude that 

If we put Uœ=c(Eœ+E-œ) and V,.=J/=Ic(Eœ-E_,.), where c is a positive 

constant to normalize (U,., Ua,)=(V,., V,.)=1, then the pair {U,., V,.) is a basic 

frame of e,. as is easily seen. Then aU,.= U,. and aV,.= Vœ by (*). Renee {U,., V,.) 

is a-related to the basic frame {U-œ, V_,.) of e_,., where U-œ= Uœ and V-œ=- Vœ 

by our convention. 

The cases i)-iii) exhaust all possible cases. Therefore we have chosen a 

basic frame { U œ, V,.) for each positive root. The totality of these basic frames 

constitute a canonical basis of (g, t). By our construction it is clear that this 

canonical basis is a-normalized. Q.E.D. 

1. 4. Put 
r 0 = {aEr; a*a =-a). 

This is a closed subsystem of roots of r. The restriction of any root a E r- r 0 to 

L is a non-zero linear form on L, called a root of m relative to L [10, 11]. By 

t- we denote the totality of roots of m relative L. About the basic properties 

of roots and Weyl groups of symmetric spaces we refer to [10, 11, 12, 14]. 

We remark that the root system t- is slightly different from root system of 

reductive Lie algebras in the point that 2 times of a root of r_ may be a root 

of t-. However fundamental systems of roots of r- are isomorphic to sorne 

fundamental systems of roots of sorne reductive Lie algebras (Cf., Satake [14]). 

When G is simply-connected and r_ is isomorphic to a root system of sorne 

semi-simple Lie algebra, th en basic translations in r-, corresponding to simple 

roots of a fundamental system of roots of L, generate the unit lattice exp-1 (e) nL 

of M, as is easily seen from (6. 8) of Bott [10]. 

1. 5. Let a1 (L) be the centralizer of L in f. This is the Lie algebra of 

ZK(T_), and we see easily that 

(1. 8) 

In particular we have the 

PROPOSITION 1. 2. Let l, l0 and À be respective! y the ranks of G, ZK( T _) and 

G/K. Then 
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i) l0 =l~). and To is a maximal torus of Zx(T_), 

ii) r 0 , as the set of linear forms on i 0 , is the roof system of Zx(T_), 

1.6. A linear order in i* satisfying the property: "aEr~r0 , a>O" implies 

"a*a>O", is called a a-order. The usage of a-order is convenient to describe 

the relations between fundamental systems of r0 , r and L. Cf. Satake [14]. 

Let A be a fundamental system of r defined by a a-order, then A0 =Ar(Co is a 

fundamental system of roots r0 , and the subset A_ of c, which is obtained by 

restricting A~ Ao to L, is a fundamental system of roots of c [14]. 

Choose a a-order in f* and a a-normalized canonical basis of (g, '0. For each 

positive root of r~r0 such that a*acj=a, we put 

(1. 9) 

Then A.,, A~Ef and B.,, B~Em. For each aEr we put à=a[L and â=a[f0 • 

Then we have that 

(1. 10) 
[H, A.,] = 2rrà(H)B.,, [H, B.,]= ~2rrà(H)A.,, 

[H, An = 2rrà(H)B~, [H, B~] = ~2rrà(H)A~ 

for ali HE L. Further 

(1. 11) [H, A.,] = 2rrâ(H)A~, [H, A~]= ~2rrâ(H)Aœ 

for aU HE fo. Here we put 

(1. 12) c~ = 2-plane spanned by A., and A~ . 

When a*a=a we see that U., E f and Vœ E nt, which satisfy 

(1. 10') [H, U.,] = 2rrà(H) V.,, [H, Vœ] = ~2rrà(H) U., 

for all HEL. 

Let rEL and f~ denote the singular plane in L defined by r(H) =0 for HEL. 

Further we put T.2'=exp f~. 3r (f~) is the Lie algebra of Zx(T!.). 

Hereafter we shall make the following assumption: 

(1. *) c is isomorphic to a root system oj some semi-simple Lie algebra. 

If a positive root r of L have even multiplicity, then the set of roots 

tr= {aEr; a=r), is divided to pairs (a, a*a) such that a*a=\=a. (1.13) proves that 

(1. 13) Ôf (tY_) = Ôf (L) + '2.::: C,i, 

where the summation runs over ali pairs (a, a*a) such that a=r. 

By (1. 11) 1 (1. 13) and Pro p. 1. 2 we can see easily the 
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PROPOSITION 1. 3. When a root r or r_ has an even multiplicity, then, under the 

assumption (1. *), 

i) rank of a1 (f_l_) =rank of a1 (L) =l-l., and fo is a Cartan subalgebra of a1 (f_l_), 

ii) r0 uty is a root system of a1 (f::'_) relative to fo, where f'Y is the set of linear 

forms on fo obtained by restricting the roofs of ty to fo. 

If a positive root r of L have odd multiplicity, than r itself, extended as a 

linear form on f by rlfo=O, contained in ty, and ty- {r} is divided to pairs (a, o*a) 

such that o'~a=f=a. (1. 10) and (1. 10') proves that 

(1. 14) 

where m { Uy) denotes the 1-dimensional space generated by Uy and the summation 

runs over ali pairs (a, a*a) such that o*a=Fa and a=r. 
Since rlfo=O, Uy commutes with f0 • Further, if multiplicity of ris 1, then 

Uy commutes with a1 (L) because r±a is not a root for all aEro. Renee we 

obtain the 

PROPOSITION 1. 4. When a root r of r_ has an odd multiplicity, then, under the 

assumption (1. *), 

rank of a1 (!::'_)-rank of a1 (L) = 1. 

Further, if the multiplicity of r( Er_) is 1, then a1 (f::'_) is the direct sum of Lie 

algebras a1 (L) and m{Uy). 

1.7. The groups ZK(T_) and ZK(T::'_), rEr-, are generally non-connected. 

PROPOSITION 1. 5. Let ZK:C T _) denote the e-component of ZK( T _). If G is 

simply connected, then we have the isomorphism 

ZK(L)/ZK(L) ~ Kn L/Ton L. 

Under the assumption of this proposition K = K [11, 12]. Renee 

(1. 15) KnT-= {tEL; t2 = e). 

The two groups Kn T_ and Ton T_ are computable by diagrams of G, G/K and 

ZK(L). 

(Proof) First we remark that the eentralizer of T _ in G, Z( T _) is o-closed 

and connected. Renee (Z(L), ZK:(T_)) is a symmetric pair with the induced 

involution. We see easily that T _ is a maximal torus of this symmetric pair. 

Each connected component of ZK(T_) is ZK:(T_) xZK:(T_) orbit and intersects 

witb T _ [11, p. 1024]. Therefore 

ZK(L)/ZK:(L) ~ ZK(L)n T-/ZK(L)n T_. 

It is clear that ZK(T_)nT-=KnT-. On the other hand: for each element 

aEZk(L)n T_ choose a maximal torus T 0 of ZK:CT-) such that aE TQ. Since 
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T0 is a maximal torus of ZK(T_) by Prop.1.2, there exists bEZK(T_) such that 

bTbb-'=T0 • Since aET- and bEZKCT-), bab-'=a. Renee aETonT-. There-

fore ZK:(L),L=TonL. Q.E.D. 

Similarly we have the 

PROPOSITION 1. 6. Let L be a subset of T _ and ZK:CL) be the e-component of 

ZK(L). If G is simply connected, then we have the isomorphism 

2.1. First we discuss the symmetric pair (G, K) with G=Es and K=F4 • The 

space Es/ F. is a compact, simply connected symmetric space of type EIV in E. 

Cartan's notation. This space is of rank 2 and has the root system isomorphic 

to that of the Lie algebra A 2 • The multiplicity of every root is 8 [12, p. 422]. 

ZK(T_) is of rank 4 by Prop. 1. 2 and of dimension 52-26+2=28 by [11], 

p. 1019, (2. 2) or [12], p. 353. Furthermore, every root of ZK( T _) has the same 

length sin ce the root system of ZK( T _) is a subsystem of the root system of Es. 

Renee 3r (L) =D4 • 

The a-fundamental system of roots of Es is described by the rule of Satake 

[14] as follows: 

!fJ1 !fJ2 (jJ3 !fJ 4 !fJs o-•-•-•--o 
1 • 

(/Js 

where a*!fJ,=!fJ,+2!fJ2+2!fJ3 +!fJ4 +!fJs and a*!fJs=!fJs+!fJ2+2!fJ3+2!fJ.+!fJs. Put fi;,=c/1, and 

ip5 = c/12. Th en the Schlafli figure of Es/ F4 is 

c/1, cP2 
0 0 

and the roots of r_ are ±e/1,, ±c/12, ±(c/J,+e/12). 

The groups ZKC T'!'_;) Ci= 1, 2, 3, e/13 =c/J, +e/12) are isomorphic, of rank 4 by Pro p. 

1. 3 and of dimension 28+8=36. The root system of these groups can be dis­

cussed by Pro p. 1. 3. 3r (f~;) =B., e.g., the Schlafli figure of 3r (f!'_,) is 

0~0--0--0 
1 2(!p.-!fJs) !fJs (jJ3 !fJ2 

where the arrow <:: directs from longer root to shorter one. 

The unit lattice exp-'(e) nt of Es in t is generated by basic translations 

<; (1<i<6), where <; is a vector perpendicular to the plane !fJ;=Ü such that 

!fJ;(<;) =2 [17]. Since <2 1 <31 <4 and <s generate exp-1(e) nfo, ZK:(T_) is simply 
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connected. Basic translations of L, corresponding to the roots <f;;, are denoted 

by 'f;, i = 1, 2. By (6. 8) of [10] and the fact that r_ is exactly isomorphic to the 

root system of Lie algebra Az, we see that 'f1 and 'f2 generate exp-1(e)nL. 'f1 

and 'f2 are expressed by basic translations of E6 in f as follows : 

'f1 = 2r1 +2rz+2r3 + !"4 + rs, 

fz = rz+2r3 +2r4+2r5 +r6. 

By (1.15), Kn y_ is generated by exp~ r;, i=1,2. Now 

1 __ 1(+) 1 __ 1(+) 2!"1 = 2 !"4 !"6 , 2-'rz = 2 "rz !"6 

modulo the unit lattice of E 6 in f. Renee 

exp~ 'f; E To for i = 1 and 2 . 

Therefore Kn T_= Ton T_. Then by Prop. 1. 5 we have the 

PROPOSITION 2. 1. ln the symmetric pair (E6, F 4), ZK( T _) is connected and 

simply-connected. ZK(T_) ~Spin (8). 

Further, Kn T_=ZK(T'!'_ï)n y_ for i=1,2, 3, whence by Prop. 1. 6 we have the 

PROPOSITION 2. 1'. ln the symmetric pair (Es, F 4), ZK( T'!'_;) is connected and 

for i = 1, 2, 3. 

2. 2. Since ZK(T'!.ï)/ZK(L) =Spin (9)/Spin (8) =S8 and Spin (8) operates 

on S 8 through S0(8), the K-cycles [11] to describe the homology basis mod 2 

of JJ(E6/ F 4) are all orientable iterated 8-sphere bundles over 8-spheres with cross­

sections. In particular, these K-cycles are orientable as is easily seen. Renee, 

by (11], 

PROPOSITION 2. 2. H*(S2(E6/ F.) ; Z) has no torsion. 

Let 
i1 = {XE L; <f;;(X) > 0, i = 1, 2} 

be a Weyl chamber in L. iY is subdivided in cells by singular planes in it. A 

subgraph of the 1-skeleton of the dual subdivision of iY in the sense of Bott­

Samelson [11], is described as follows: 

0 

/ 
v~o---a--0~ 

0 

wbere vg: is the dual vertex to the fundamental cell in U: and the singular planes 
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dual to edges a, b, c are respectively (cf;1 +c/Jz, 1), (cf;11 1), Cc/Jz, 1). By this we see 

immediately that 

(2.1) 

H;(J2(Es/F4 ); Z) ~ 0 
r:;;;;z 

r:;;;;Z+Z 

for i 3; 0 (mod 8) , 

for i = 0, 8, 

for i = 16, 

by discussing along the scheme of Bott-Samelson [11]. 

The set of central elements of the pair (Es, F 4 ) form a group of order 3 

which coïncides with the center of Es. Renee we have a central element a of 

the pair (Es, F.) whieh is not identical with the neutral element e. Sin ce a 

minimal geodesie segment from e to a in T _ is contained exactly in a singular 

plane, the set of minimal geodesie segments in f2e,a(M), M=r;*(Es/F4), is a 

homeomorphic image of the space F 4/Spin (9) = W, the projective plane of Cayley­

Graves octanions, by Prop. 2. 2 and [10]. Using the method of Bott [10], we 

have a cellular space decomposition: 

f2e, aCEs/ F.) =wu e1s u ··· 

where .. · denotes higher dimensional cells. The cohomology of W implies the 

LEMMA 2. 3. Let Us denote the generator of H 8 (J2(Es/ F 4 ) ; Z) ; then (us) 2 is not 

divisible by any integer larger than 1. 

Discussing the spectral sequence associated with the standard fibre space of 

loop spa ces of Es/ F 4 , we see easily the 

LEMMA 2.4. Hi(Es/F4 ; Z) r:;;;;O for O<i<9 and 9<i<17, 
r:;;;; Z for i = 0, 9 and 17. 

Further, let z9 and z17 denote the generators of H 9 and H 17, then 

where Sq8 is the Steenrod squaring operation. 

The later half of this lemma is concluded from Lemma 2. 3 and (us) 2 =Sq"us. 

Since dim Es/ F 4 =26 we can now apply the Poincaré duality, then we have the 

PROPOSITION 2. 5. H*(Es/ F 4 ; Z) has no torsion and 

H*(Es/ F.; Z) = 1\z(Zg, Z11) , 

where 1\z denotes an exterior algebra over Z with generators described in parentheses. 

2. 3. Let us discuss the cohomology spectral sequence E~·q mod 2 associated 

with the fibration (Es, Es/ F 4 , F 4 , q). 

(2. 2) 

by Borel [5], p. 330, Théo. 19.2 (c), where degx;=i, x,=Sq2x3 • These generators 

a;re müversally trans~ressiv~. Ilenc~ they ar~ transgressiv~ i:n. the spectral se-
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quence considered here. By Prop. 2. 6, Ef41 •0 =0 for i=3, 5, 15 and 23. Renee all 

generators of Eg·* must be parmanent, i.e., remains up to Eoo·terms unkilled, and 

the spectral sequence considered here is collapsed, whence we obtain the 

LEMMA 2. 6. F. is total! y non homologous zero mod 2 in Es. 

By this Lemma we have the additive isomorphism 

(2. 3) 

in H*(Es; Zz), where i: F. __,Es is the inclusion, which in tern concludes that the 

isomorphism is a multiplicative one. 

By Bott-Samelson [11], p. 995, Theo. V, 

rri(Es) ~ 0 

=Z 
for 4< i ~8, 

for i = 3 and 9. 

We have a map /:Es-> K(Z, 3) such that f*u 3 =X3 , a generator of H 3 (Es; Z), 

where u, is the fundamental class of H 3 (Z, 3; Z). f* mod p i<> bijective in 

degrees.:S:S and injective in degree 9 for any prime p. The cohomology mod 2 

of K(Z, 3) is computed in Serre [16]. From these we see that f*H 9 (Z, 3; Zz) is 

2-dimensional with genera tors (x3)3 and Sq4Sq2X3 • On the other hand H 9 (Es; Zz) 

is 2-dimensional with genera tors (x3) 3 and q*z9 • Renee we can use Sq4Sq2X3 as 

the generator of deg 9 instead of q*z9 , and Sq8Sq4Sq2x3 as the generator of deg 17 

instead of q*z17 =Sq8q*z9 • (Note that every element of deg 9 and deg 17 of 

H*(Es; Zz), has square zero by (2. 3)). 

Renee we obtain the 

THEOREM 2. 7. H*(Es; Zz) =Zz[x3]/CxVc>9!\z(Xs, Xg, X,s, x17, Xz3) 
where deg X;= i, and 1\z denotes an exterior algebra over Zz with generators described 

in parentheses. Further we have the following relations of generators with Steenrod 

squarings: 

2. 4. Consider the cohomology spectral sequence E~·q mod p associated with 

the fibration (Es, Es/ F., F 4 , q) for any odd prime. Cohomology mod p of Es and 

F. is determined for every odd prime in Borel [7] Cor. to Théo. 1, [6] Théo. 2. 2 

and 2. 3, [5] Théo. 19.2 (a), (b). These results of Borel, combined with Prop. 2. 5, 

proves that 

Poincaré polynomial of E~·q =Poincaré polynomial of E"::oq 

for every odd prime. Renee the considered spectral sequences are collapsed. 

Then, combinec1 with Lemma 2. 6, we bave the 
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PROPOSITION 2. 8. F. is total! y non-homologous zero mod p in E, for any prime 

p>2. 
This proposition completes a partial result of [1], p. 256, Prop. 1. 

About the loop spaces, JJF. is totally non-homologous zero in JJE, for any 

coefficients. The proof is easy. Cf., also the final proposition of [2]. 

~3. H*(E7 ; Z2). 

3.1. Let us consider the symmetric pair (G, K) with G=E7 and K=E6 • T', 

where K is not the direct of direct of E 6 and T' in the strict sense but a 3-fold 

covering group of K is the direct product, or equivalently E 6 n T'=Z3 • However 

we shall write K=E,x T' according to the usual description. The space E 7/E6 

x T' is a compact, simply connected symmetric space of type EVII in E. Cartan's 

notation, of rank 3 and has the root system isomorphic to that of Lie algebra C3 • 

The multiplicities of long roots are 1 and those of short roots are 8 [12, p. 423]. 

By the same reason as in 2. 1, a1 (L) =D.. The 11-fundamental system of roots 

of E 7 is described by the rule of [14] as follows : 

!f't !f'z !f's ({J4 !f's (jJ, 

0---•---•---•---o---o 

1 • 
where 11*(/J, = (jJ, + 2!f'z + 2!f's + !f'4 + !f'1, 11*!f's= !f's + !f'z + 2!f's + 2!f'• + !f'1 and 11*(/J, = (jJ,. Put 

i/J,=cp1 , {jj,=cpz and {jj,=cp3 • Then the Schlafti figure of E 7/E,x T' is 

For all short roots cp of L the groups ZK(T'fl_) are isomorphic, of rank 4 by 

Prop. 1. 3 and of dimension 36. The root system of these groups can discussed 

by Prop. 1. 3, and we obtain that a1 (t!) =B. for every short root cp of L, e.g., 

the Schlafti figure of a1 ( J</1_,) is 

For all long roots cp' of L the groups ZK( T'!.') are isomorphic, of rank 5, and 

a1 (t!') =D. x T' by Prop. 1. 4. 

3. 2. The unit lattice exp-'(e) nf of E 7 in t is generated by basic translations 

r:; corresponding to simple roots !f'; for 1~i<7. Since r:2 , r:3 , r:4 and r:7 generate 

exp-'(e)nlo, ZK:(T_) is simply connected. Basic translations of L, corresponding 

to the simple roots cp;, are denoted by 't';, 1~i~3. 't';, 1~i~3, generate exp-'(e) 
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n L by the same reason as in No. 2. 1, w hich are expressed by ";, 1 < i < 7 as 

follows: 

i'1 = 2'l'1 +2Tz+2T3 +'l'4 +T7 , 

ï'z = 'l'z+2Ts + 2T4 + 2Ts+ 'l'7 , 

By (1.15), Kn y_ is generated by exp~ ï';, 1<i<3. Now 

modulo the unit lattice of E 7 in f. Renee 

(3.1) for i = 1 and 2 , 

h 1 1 . t'd' Y W ereas exp z'l's=exp zï'6 lS not COn ame 1ll o. Therefore 

Kn Y-/Yon y_~ Zz 

generated by exp~ "s· Renee ZK(Y_) has two components by Prop. 1. 5. 

The center of E 7 is a group of order 2. Let c' be an element of the central 

lattice [17] of E 7 defined by 

rp;(c') = 0 

=1 
for i =1= 6, 

for i = 6. 

Then c=expc' is the generator of the center of E 7 , i.e., c=\=e and c2 =e. c' is 

expressed as a linear combination of basic translations ";, 1 < i :S:: 7, as follows: 

Th en 

modulo the unit lattice in f. Renee 

c·( exp~ 'l's) =exp~ (Td-T7) E Yo, 

which implies that c belongs to the component of ZK(Y_) not containing e. 

Therefore we obtain the 

PROPOSITION 3.1. ln the symmetric pair (E7 , E 6 X T 1), 

ZK(T_) = ZK:(L) +c·ZKCL) ~Spin (8) xz2' 

where c is the central element of E 7 , not identical with the neutra! element. 

3. 3. Let rf; be a short root of X-. ZK:C Y_)~ Spin (9) as is easily seen from 

the above discussions. In the inclusion Spin (8) cSpin (9), the center of the 
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latter is contained in the center of the former. Renee the center of ZK:( T!) is 

contained in the center of ZK:( T -), which does not con tain c by Prop. 3. 1. 

Therefore 

(3.2) 

(3. 2), Prop. 1. 6 and Pro p. 3. 1 conclude easily that 

ZKCTJ:)JZK:CT!) ~zz, 

ZK(To/) = ZK(T!)+c·ZK:CT~). 

Renee we obtain the 

PROPOSITION 3. 2. For any short root r/J of r-, 

ZK(T!) = ZK(T!) +c·ZK:(T'!.) ""'Spin (9) x Z 2 • 

Let r/J' be a positive long root of L. Let s~/ be the 3-sphere in E7 tangential 

to ct'+ ll1 {'ft'}, where lll {'ro/'} is 1-dimensional subspaee of g, generated by the basic 

translation 'rt' corresponding to r/J', and r/J' is also considered as a root of r such 

that r/J'IL=r/J'. exp~ 't'Vis the antipode of e in the 3-sphere S~'· Let (Ut', Vt 1) 

be a Œ-related basic frame of Ct'. Ut' is in f and genera tes a Cartan subalgebra 

of S~', whose exponential (a circle) passes through the antipode of e in S~'. Renee 

there is a real number a such that exp aUt'=exp ~ 'ft', which means in particular, 

th at 

exp ~ 'ft' E ZK:( T!') . 

r/J' is one of the following three roots of L : 

r/Jg, 21/Jz + r/Jg, 21/Jl + 21/Jz + r/Jg . 

The unique root of r, which gives r/J' restricted to L, is : 

ifJ6' ipz + 21fJ3 + 21fJ4 + 2Y?s + ifJ6 + ip7 or 21fJà 31{Jz + 41{J3 + 3q>4 + 21fJs + ifJ6 + 21fJ7 . 

Renee 'ft' is the one of the following three vectors : 

'1"6, 'rz + 2-rg + 2-r4 + 2-rs + !"6 + !"7, 2-rl +3-rz + 4-rg + 3-r4 + 2-rs-l-!"6 + 2-r7. 

Then we see easily that 

(exp-} 't'V) (exp ~ r-6) E ToC ZK:( T'!.') . 

Therefore 

(3.3) exp-} -r6 E ZK( T!') 

for any long root r/J' of L. By (3. 1), (3. 3) and Pro p. 1. 6 we obtain the 

PROPOSITION 3. 3. For any long roof !/J' of L, ZK( T'fl_') is connected, and 

ZK( T'fl_') ~Spin (8) x T 1 

in the sense that the semi-simple part is Spin (8) and the connected center is T 1• 
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3. 4. Let us discuss K-cycles [11] to describe the additive homology basis 

mod 2 of Q(E7/E6 X T'). They are iterated fibre bundle with cross sections with 

base spaces and successive fibres ZK(T'!'_)/ZK(T_)=Zk(T!!.)/ZK.CT-)=8 8 (8-sphere) 

by Props. 3.1 and 3.2 when cf; is a short root of t-, and ZK(T'!!.')!ZKCT-)=S' 

(a circle) by Props. 3. 1 and 3. 3 when cf;' is a long root of r_. 

When cf;isashort root, the non-trivial central element c(EZK(T_)-Zk(T_)) 

of E 7 operates as the identity transformation on ZK(T'!.)/ZK(T-)=88 from the 

left, whence ZK(T_) operates through SO (8)cSO (9) on the 8-sphere. 

When cf;' is a long root, ZK(T_) is a normal subgroup of ZK(T!'-'), whence 

ZK(T_) operates trivially on ZK(T'!.')!ZKCT-)=S'. 

Renee we obtain the 

PROPOSITION 3. 4. Every K-cycle to describe the additive homo/ogy basis mod 2 

of Q(E7/E6 X T') is an iterated orientable sphere bundle with cross-sections whose 

base space and successive fibres are 8-spheres or 1-spheres. Every K-cycle is an 

orientable manifold. 

The later half of this proposition is proved easily by computing Gysin sequence 

of an orientable sphere bundle with an orientable manifold as the base space. 

3. 5. By Prop. 3. 4, and [11] we see that H,!.(Q(E7/ Es x T') ; Z) has no torsion. 

An additive basis of H*(Q(E7/EsX T'); Z) in low degrees can be obtained follow­

ing the scheme of Bott-Samelson [11]. 

Let u be a Weyl chamber in L defined by 

u = {XEL; cf;;(X) >O for i = 1, 2, 3} . 

u is subdivided in cells by singular planes in it. A subgraph of the 1-skeleton 

of the dual subdivision of ~' which is sufficient to describe an additive basis of 

H*(Q(E7/Esx T'); Z) in degrees<27 is described as follows: 
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The roots corresponding to the edges a; (or b;) are long roots (or short roots). 

If we express the singular planes dual to edges a; and b; by at and bt, then 

we have 

a'[= (2<J;,+2</Jz-l-i/J3 , 1), b'[ = (if;1 +2</Jz+i/J3 , 1), 

af =at= at= a~= (2<Pz-l-i/J3 , 1), 

hf= bt = (<J;,+i/Jz-1-i/Js, 1), bt = bt = (i/Jz+i/Js, 1), 

at= at= a~= (2<Ps+2</Jz-l-i/J3 , 2), a:)'= C<Ps, 1) 

bt = b:j' = (if;1 +</Jz, 1). 

Since the multiplicities of at (or bt) are 1 (or 8), we see by [11] that 

H;(S2(E7/E6x T'); Z) ~ Z for i = 0, 1, 9, 10, 17, 19, 

~ Z + Z for i = 18, 26 , 

~ Z+Z+Z for i = 27 

~ 0 otherwise for i < 27 , 

Since H*(S2(E7/E6X T')) is a Hopf algebra, the aboves and the Borel-Hopf 

structure theo rem of Hopf al ge bras [ 4] conclude the 

PROPOSITION 3. 5. H*(S2(E7/E6 x T'); Z) has no torsion. 

in degrees< 27, where deg u;= i for each generators. 

3. 6. The central elements of the symmetric pair (E7 , E6 x T') form a group 

of order 2. Let b be the generator of this group. Let b' be an element of the 

central lattice in L defined by 

i/Jr (b') = i/Jz(b') = 0, i/Js(b') = 1. 

Then b=exp b'. 

A minimal geodesie segment in S2e,b(M), M=YJ*(E7/E6x T'), is given by 

exp tb', O~t< 1, whose index is zero. A geodesie segment in S2e,b(M), whose 

index has a positive minimal value, is given by 

exp t(b' -l-f1), O<t<1, 

of which the index is 18, calculated by the rule of Bott [10], § 6. 

Renee, by [10], we have a cellular space decomposition 

(3. 4) 

w here · · · denotes higher dimensional cells and 

N = ZK(b)/ZK(exp tb', 0 ~ t < 1) 

is homeomorphic to the set of minimal geodesies in S2e,b(M). 

ZK(b)=E6xT'. Since {exptb', O<t~1)=T'1'_rr;T'!'_z, we see that 

L = af (t!r) +at (t!z) +a1 (t!r+'i'z) 
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where L is the Lie algebra of ZK(exp tb', 0 < t < 1). L is of rank 4 and of dimen­

sion 52. fo is a Cartan subalgebra of L and the root system of L relative to io 

is the union of root systems of 3t (t'!'.t), 3t (t'!'.2) and ar (t!_,+t2), From these we see 

that L=F4 • Renee 

ZK-(exp tb', 0 < t < 1) = F 4 • 

Discussing similarly with Prop. 3. 2, we see that 

ZK(exp tb', 0 < t < 1) 

= ZK-(exp tb', 0 < t < 1) +c·ZK(tb', 0 < t < 1) = F 4 XZ2 • 

Renee 

where Z 2 CT'. 

Putting T'= T'/Z2 , consider the principal bundle 

(E6X T', E6x T'/Es, Es) 

where Es x T' /Es=S' a circle. Since fibre E6 is connected and the base space is 

a circle, this bundle has a cross-section. Renee the associated bundle 

(N, S', Es/ F4) 

is a product bundle, and N ~S'x Es/ F 4 (the product spa ce). Th en by Pro p. 2. 5 

and Lemma 2. 4 we have the 

LEMMA 3.6. 

H*(N; Z) = Az(z,, Zg, z11) 

and Z11=Sq8Zg mod 2. 
By (3. 4) the cohomology maps induced by the inclusion Ne S2e,b(M) are 

isomorphic in degrees< 16 and injective in degree 17. Then Lemma 3. 6 prove the 

LEMMA 3. 7. We have the relation 

in generators of Prop. 3. 5. 

3.7. Considera fibre bundle (E7/Es, E1/EsXT 1, EsXT'/Es, q), and we put 

A=E7/Es, B=E7/EsX T'and F=E6x T'/E6, then F=S' a circle and T' is a 3 

fold covering of S'. 

Let bEF and S2F,b(A) denote the space of paths in A from F to b. Let 

S2q: S2F,b(A) --+ S2s 

be the induced map by q. Then, as is weil known, 

!Jq*: rri(S2F,b(A)) ~ rr;(S2B) 

for ail i>O, namely S2q is a weak homotopy equivalence. Renee 
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for any coefficients. 

Let 

r: S2F,b(A) -> F =S' 

be a mapping defined so as to map each path of S2F,b(A) to its starting point. 

This is a fibration in the sense of Serre [15], with fibre SJA. Since the base 

space of the fibration r is a circle, the associated spectral sequence collapses for 

any coefficient. In particular 

E"!·*(Z),..., H*(S\ H*(S2A; Z)). 

Since rr, (A) ~ 0 as is easily seen from the homotopy sequence of the bundle 

(E7 , E 7/E6, E6), rr,(S') operates trivially on the local coefficients H*(S2A) and 

we have the isomorphism 

E!·*(Z) ~ H*(S'; Z) @ H*(S2A; Z) . 

Now consider the exact sequence 

0 -> E!·*(Z) ___,. H*(S2B; Z) -> E:!·*(Z) -> 0, 

where E~*(Z) =E~*~ H*(.f2A; Z). H*C.f2A; Z) is isomorphic to a subgroup of 

H*(S2B; Z), which has no torsion by Prop. 3. 5, whence H*(S2A; Z) has no 

torsion. 

H*(.f2A; Z) = H*(.fJB; Z)# H*(S'; Z) 

using a notation ff of Milnor-Moore [13], where H*(S'; Z), identified with a 

subalgebra of H*(S2B; Z) by (ro.fJq)*, is a normal Hopf subalgebra of H*(.fJA; Z) 

in the sense of [13]. 

Finally, by applying Prop. 3. 5 and Lemma 3. 7, we obtain the 

PROPOSITION 3. 8. H*(.f2(E7/ E6); Z) has no torsion, and 

H'~<(S2(E1/E6); Z) = 1\z(ug, u11) @Z[u,s, U26] 

in degrees< 26. Furthermore 

3. 8. Let us consider the spectral sequence mod 2 associated with the standard 

fibre spa ce of loop spaces on E 7/ Eo. By Pro p. 3. 8 and the well known properties 

of suspension (e.g., use [15], p. 468, Prop. 5) we see immediately the 

(3.5) Ug, u,7 is transgressive. H'(E7/Es;Z2)~0 for O<i<lO and 10<i<18. 

H 10 ~ H 18 = z2' whose generators z!O and z,s are transgression images of 

Ug and u,7 respective! y. Further z18 = Sq8z10 • 

About the behavior of u,s of Prop. 3. 8 in the considered spectral sequence 

there are two possibilities : 
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pos. (a) U18 is dr·cocycles for i < 9, and 

d1o~>YoCU1s) = KioCZ10@ Ug) , i<l 

or 

pas. (b) u1s is transgressive. 

In No. 3. 9 we will prove that pas. (b) is impossible. 

We shall determine Hi(E,/E6; Z2 ) for 19<i~26. Consider 

(3.6) E i o LcJ_,-_ Ei-r r-1 r' ~- r • 

for 2~r~i and 19-s=:i~26. By Prop. 3.8 and (3.5) E~-r,r-1 =0 if r:S:17 and 

r=l=lO, or if O<i-r<18 and i-r=t=10. Renee dr of (3.6) may be non-trivial 

only if i) r=10 and i=20, or ii) i=r=19. In particular, regarding E1+01 =0, we 

have the 

(3. 7) E?:" = 0 for 21 ~ i < 26 . 

About the remaining two cases, the two possibilities (a) and (b) are related. 

When pos. (a) occurs: B}8·9 is generated by KÎo(Z1o@Ug), which is a dwimage. 

Renee d10 of (3. 6) is trivial for the case i), and E~0• 0 =--O. On the other band 

for the case ii), E~t}8 =0, whenee d19 of (3. 6) is trivial, and E}9•0 ~O. 

When pas. (b) occurs: Ei8·9 is generated by Ky0 (z1o@ug), which is not a d1o· 

image and E~~· 9 =0. Renee d10 of (3. 6) is non-travial for the case i), and E~0• 0 

~ Z2 generated by Cz10) 2 • For the case ii), E~;p is generated by Kyg(U1s) since 

u18 is transgressive. E~Ô·0 ~ 0 implies that d19 is isomorphic, and E}9 •0 ~ Z2 with 

genera tor z19 which is a transgression image of u1s. 

Summarizing the above we have the 

LEMMA 3. 9. lf pas. (a) occur, then 

H*(E,/ E6; Zz) = /\ 2 (Z1o, Z1s) 

in degrees<26. lf pas. (b) occur, then 

H*(E,/E6; Z2) = Z2 [Z1o, Z1s, Z19] 

in degrees ~26, where Z1g is a transgression image of u18 . In any case 

3. 9. Let us discuss the spectral sequence mod 2 associated with the fibration 

(E,, E,/E6, p, E6). 

By [11], p. 995, Theo. V, n:;(E7) ~ 0 for 4 < i < 10. Renee 

(3. 8) H*(E,; Z2) = H*(Z, 3 ; Z2) in degrees < 10 , 

= Zz [x3, Sq2X3, Sq4Sq2X 3] in degrees <;:: 10 

* ~<s' is the na tura! projection of a subgroup of Era,b consisting of d,-cocyles for r ;;Si:;:;: s-1, onto 
Es"·b. Cf. [4]. 
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by [16]. 

By Theo. 2. 7, we know that 

H*(Es; Zz) = Zz[ya]/(y~) Q9 A~Cy5, yg, Y15, Y11• y23) 

with relations: y5=Sq2ya, yg=Sq'Sq2y3 , y11 =Sq"Sq4Sq2y3 • 

In the spectral sequence considered here, y 3 =i*(x3 ) is parmanent, i.e., remains 

up to the E= term, where i*: H*(E7 ; Z2 ) -> H*(E6 ; Z2 ) is induced by the inclusion 

EsCE1. Renee y5, yg and y17 are also parmanent, and 

(3. 9) Sq8Sq4Sq2x3 =l= 0 and indecomposable 

in H*CE1 ; Z 2 ). Sin ce the remaining genera tors of fibre cohomology are y15 and 

Yzs, the elements Z1o and Z1s of base cohomology remain unkilled up to Eoo by the 

reason of degrees. Therefore 

(3. 10) 

Th en 

(3. 11) 

N ow we state the 

(3. 12) ln any system of generators of type M ([ 4]) of H*(E7 ; Z 2), the generators 

of degrees S 9 are X3 , X5 and X9 • x3 and x5 are unique, x5= Sq2X3 • Xg­

Sq4Sq2x3 modulo the decomposable elements. The heights of these generators 

are all >4. 

The first statement of (3. 12) and the uniqueness of X3 and X5 follows from 

(3. 8). (3. 8) also proves that the heights of X3 and x5 are 2:4. Since H 9 (E1 ; Zz) 

~ Z 2 +Z2 with genera tors Sq4Sq2X3 and (x3)S, Xs = Sq4Sq2Xa or = Sq4Sq2Xs + Cxs) 3• 

(Sq4Sq2X 3 ) 2 =\=0 by (3. 11). And (Sq4Sq2X3 + (x3) 3) 2 = (Sq4Sq2X3 ) 2 + (x3) 6• If (Xs) 6 =\=Ü, 

then this element is not primitive, whereas (Sq4Sq2x3) 2 is primitive about the 

coproduct of H*(E7; Z2), whence (Sq'Sq2x3) 2 =\= (x3) 6 • Therefore (xg) 2 =\=0 in any 

case, and the height of x9 is :?':4. Therefore (3. 12) is proved. 

We remark that, when we use the generator Xg only to the exponent<3, we 

can use Sq4Sq2x3 as the generator of degree 9. For example, we can conclude 

(Sq2xs) 2 (Sq4Sq2x3) 3 =\=0 from (3.12) and the structure theorem of Hopf algebras [4]. 

We shall determine the behavior of the generator y15 in the present spectral 

sequence. Y15 is dr·cocycles for rs9. If d10!i:Yo(Y15)=\=0, then dJoKto(Y15)=ti:Io(z10Q9 

(ya) 2), which implies that P*z!o(x3) 2 = (x3) 2 (Sq2xs)2 represent zero in E~0•6 • But 

p~04 ;·6-i=Q for 1:$i:$6. Renee (x3) 2 (Sq2x3) 2 =0, which cop.traqicts to (3.12). 
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Therefore y 15 is d10-cocycle. Then y 15 is parmanent by the reason of Ef·a=O for 

11 <i< 16. 

We have an element xfs E H'5(E7; Z2 ) such that i*(xfs) = Y1s· Since Y1s is 

indecomposable in H*(E6; Z2), xf5 is also indecomposable in H*(E7; Z2). 

The above argument, combined with (3. 9), conclude the 

(3.12') In any system of generators of type M of H*(E7 ; Z2), the generators of 

degrees>10 and <17 are x,s and X11· X1s~Xis and X 17 =Sq8Sq'Sq2Xa 

modulo the decomposable elements. 

LEMMA 3. 10. pas. (b) does not occur. 

(Proof) Assume that pas. (b) occurs. Then 

P*(z,o) 2 =F 0 and P*(z,g) =i= 0 

by the reason of their degrees. Then the genera tor X5 of H*(E7; Z2) has height 

>8 since Cxs) 4 = P*(z10) 2 =FO. Remark that the spectral sequence considered in 

this No. collapses in total degrees< 22 by the above discussions. Then, since 

P*(z19) cau not be a square of sorne other element, it is indecomposable, and any 

system of generators of type M of H*(E7 ; Z2 ) contains a generator X19 of degree 

19 such that x,g~P*(z19) modulo decomposable elements. Now 

modulo a subalgebra of H'~'(E7 ; Z 2 ) generated by the elements of degrees< 18. 

The later is non-zero by the above discussions, (3. 12) and the structure theorem 

of Hopf al ge bras [ 4]. Renee 

P*((z10) 2Z,sZ,g) -=1= 0 and (z10) 2Z,sZ,g =F 0. 

But this is impossible because 

deg (z10) 2Z,sZ,g = 57> 55 = dim E 7/ E6. 

Therefore pas. (b) does not occur. 

3. 10. By Lemmas 3. 9 and 3. 10 H*(E7 / E6 ; Z 2 ) is determined in degrees< 26. 

Now 

P*(z,o)P*(z,,) = (Sq2Za) 2(Sq4Sq2xa)" =F 0 

by (3. 10)-(3. 12) and the structure theorem of Hopf algebras [4]. Renee 

(3. 13) 

in H 28 (E7/ E6; Z 2 ). 

Let us discuss the behavior of the generator u26 of H 26 (S2(E7/ E 6 ) ; Z2 ) in the 

spectral sequence considered in No. 3. 8. u26 is dr-cocycles for r < 9. If d,0 r.:y0 (u26 ) 

=FO, then d,or.:io(Uz6) =r.:io(z,o@u,7) which is also a d1o-image of u9u 17 • Renee, by 

replacing u"6 by Uz6+ugu 17 if necessary, we cau choose the generator u26 such that 
L _ , _ , ' - • , .,,. o ,, ___, _ • - ' 
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it is also d10-cocycle. Then, u2, is dr·cocycles for r ~ 17. If d,sKÏ8 (u"s) =t~O, then 

d18 K'i_8 (u2s)=Kf8 (z,s@ug), which implies that Z10Z 1s=O in H*CE1/Es; Z2). This con­

tradicts to (3. 13). Renee u2, is d,s·cocycle. Then U2s is transgressive sin ce E~·0 = 0 

for 19<a~26 by Lemmas 3. 9 and 3.10. Therefore we proved the 

(3. 14) U 2s can be chosen to be transgressive. H 2s(E7/ Es; Z2) ~ Z2 with generator 

Z 27 , which is a transgression image of U 2s. 

Lemmas 3. 9, 3. 10 and (3. 14) determines H*(E7/ Es; Z2) in degrees< 27. 

Then, by Poincaré duality and dim (E7/Es) =55, we can determine Hi<(E7/Es; Z2) 

additively as follows : 

Hi(E7/Es; Zz) ~ Zz 

~o 

for i = 0, 10, 18, 27, 28, 37, 45, 55 

for other degrees i . 

By (3.13), Z10Z,s generates H 28 (E7/Es; Z2). Then Z1oZ,sZ27 generates H 55 (E7/Es; Zz) 

by Poincaré duality. Renee z,oZ,sZ27 =i=O, Z10Z27 =i=O and z,sZ21=i=O. z,oZ21 and z,sZz7 

generates H 37 and H 45 respectively. Renee we obtained the 

PROPOSITION 3. 11. H*(E7/Es; Z2) = /\z(z10 , Z 1a, Z 21), 

3.11. We shall continue the discussion of the spectral sequence discussed in 

No. 3. 9. The only thing to be discussed is the behavior of the generator y 23 of 

fibre cohomology since all other generators of fibre cohomology are parmanent. 

Yza is dr·Cocycles for r < 9. Sinee H"(Es; Z2) ~ Zz + Zz, generated by ( Ys) 3Ys 

and YsJg, 

with a, bE Zz, which implies that Z1o@ (a(y3) 3Ys+bysy9) represents zero in E;.0 •1\ 

namely 

a(x3)'(Sq2X3) 3 -I-b(Sq2X3) 3X9 ==' 0 

modulo the elements of filtration> 10. On the other hand, E;.o+;,l<-i ~ 0 for 

1<i<14 expect for i=8 by Prop. 3.11. And, if d10Kt0 (y23)=[=0, then E;.8 •6 ~Zz 

generated by K~(z1s@ (y3) 2). Renee 

a(x3)'(Sq2X3) 3 -I-b(Sq2X3) 3x9 -f-c(x3)2(Sq4Sq2X3) 2 = 0 

with cE Zz. Th en (3. 12) and the structure theorem of Hopf algebras [ 4] conclude 

that a=b=c=O. Consequently, Yza is d10-cocycle. 

Next Yzs is dr·cocycles for 11 < r < 17 by Prop. 3. 11. A discussion similar as 

above concludes that Yzs is also d1s·cocycle. Then, by Prop. 3. 11 Ef·0 =0 for 

19 < i ::S:24, which implies that y23 is parmanent. 

Consequently, the spectral sequence discussed here collapses. Therefore 

PROPOSITION 3. 12. Es is totally non-homologous zero mod 2 in E 1 • 

And we have the additive isomorphism 
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(3. 15) H*(E7; Zz) ~ H*(E7/E6; Z 2) (gi H*(E6; Zz) 

~ /\lp*zz7) (gi Zz[Xa, Xs, x,]/(xL xt x~) (gi /\z(Xts, X17> Xza) 

by (3.10)-(3.12), where i*(xz3)=yz3 • Since H 12 (E7 ; Z 1) is generated by an im­

primitive element X3X9 about the coproduct of H*(E7 ; Zz) and Cxa) 4 must be 

primitive, (x3) 4 =0. By Prop. 3. 11, (z10) 2 = (z1s) 2 =0. Renee, (Sq2x3) 4 = (p*zto) 2 =0 

and (Sq4Sq2x3 ) 4 =0, i.e., Sq2x3 and Sq4Sq2x3 have heights 4. Therefore we can 

choose the genera tor of degree 9 as x,= Sq4Sq2x 3 • p'~'zz7 is indecomposable in 

H*(E7; Zz) since it can not be a square of any other element and (3. 15) indicates 

this. Renee H*(E7; Z 2 ) contains a generator x 27 . Czz7) 2 =0 (by Prop. 3. 12) im­

plies that we can choose the generator of degree 27 as Xz1 =P*z21 with height 2. 

Finally X 1s, x 17 and Xz3 have height 2, and 

(SqsSq'Sqzxa)z = Sq16(Sq•Sqzxa)z 

= P*(Sq16Z,s) = 0 , 

for H 34 (E7/ E 6 ; Z2 ) ~ 0 by Pro p. 3. 11. Renee, by (3. 9), we can choose the gene­

ra tor of degree 17 as x 17 =Sq8Sq4Sq2x3 • 

In the above we determined a system of generators of type M of H*(E7 ; Zz), 

and by the structure theorem of Hopf algebras [ 4] we obtain the 

THEOREM 3. 13. The cohomology ring H*(E7; Z 2) is described as 
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