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1. Introduction 

Let M be a compact, connected differentiable n-manifold of class c=, with 

n > 1. According to M. Morse [2] there is a non-degenerate function f on M 

such that f has just one critical point of index 0 and just one critical point of 

index n, which is termed the polar function. The similar way to the proof of 

the existence of canonical functions proves that we can modify a polar function 

f so that it satisfies the following properties (see [3]) : 

a) fis a polar function, 

b) if P § (j = 1, · · · , n;) are aU critical points of index i, 

th en 

YJ; = /(Pf) = ··· = f(P~;), i = 0, ··· ,n, 
c) 

th en 

"f)o < "fJ1 < · · · < "fJn • 

For an arbitrary real number clet Vc= {PEMif(P)<c), V~= {PEMI/(P)~c}. 

Introduce a Riemannian metric on M, ane denote by L J the set of aU ortho-f-ares 

which are stretched to P], and denote by L}(c) the set of all points P on LJu P} 

at which c;;;;/(P) ~/CP}). Then L}(c) is diffeomorphic with an i-dimensional 

baU in a euclidean space Ri. 

By a regular cell in M we mean the image of the open unit bail under a 

regular imbedding map of its closure into M. 

Suppose that U is an arbitrary regular cell such that fJL}(c)c U and L}(c) 

is transversal to 8 U. Let ru be a c=-map of M into itself such that ruis regular 

1-1 in M-U and ru(Ü) =a point in M. Iffor every L}(c) (j=1, ···, n; i=1, ···, 

[n/2]) ruLj(c) is contained in a regular cell, we can show that Vc is contained 

in a regular cell. Similarly we can show that V~ is also contained in a regular 

cell. Renee Mis a sum of two cells and thus Mis a sphere. (Theorem 1). We 

see that if rr,(Mn) =0 Cn>4) then ruL~(c) is contained in a regular cell. Fur

thermore, when n=5, we can show that if rrz(M5) =0 for every L](c) and U then 

there is a cell containing ruL}(c), thus we conclude that if rr,(M5) =0 and 

rr2(M5) =0, then M 5 is homeomorphic to a sphere S5 (THEOREM 3). 

* Deceased Nov. 11, 1960. 
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2. The sets L~ and Lj(c) 

Let f be a canonical polar function as in ~ 1. We choose in a neighborhood 

U(Pj) of Pj a system of coordinates x,, ... , Xn so that fis represented in U(PJ) as 

f= a-xi-··· -x1+x1+,+ ···+x~. 

By the leve! manifold of f we mean the set of all points P at which f(P) = c, 

where c is an arbitrary real number. Riemann metric into M which is represented 

in every U(P]) as ds2='tdxi. Then the trajectories orthogonal to the level 
k=l 

manifolds of f are weil defined in M- 2:.? 5. These trajectories are called ortho· 

f-ares on M. The differentiai equations defining them in U(Pj) are 

where sk=-1 for l<k~i and sk=l for i<k<n. Renee the solution of these 

equations is 

We suppose that the direction of every ortho-f-are coïncides with that of increasing 

off. 
If we put ci-r-1= ··· =cn=O and make t-> +=, we have x->0. Therefore, by 

putting ci+,= ··· =cn=O and by considering that c1 , ···,ci are variables, we get 

all ortho-f-ares stretched into the critical point Pj. Therefore the set L) of all 

points which are in UCPD and on the ortho-f-ares stretched into the critical 

point Pj is an i-dinensional space: 

Lj = {x[xi+, = ··· = Xn = 0, x=[=O), 

and the set of points P on Lju Pj at which c<j(P) <::;f(Pj) is written as 

L)(c) = {x[xi+, = ··· = Xn = 0, c <::;f(x) <::;f(Pj)). 

3. Uhe transformation -ru,s and the varieties 'ruL(c). 

By a regular cel! in M we mean the image of the open unit ball Br under 

a regular imbedding of B~+a into MClJ>O). Denote by Vc.c' the subset of points 

Pat which c<::;f(P)<c'. Then we have 

LEMMA 1. Assume that al! critical points in Vc,c' are of index i and that 

~ Lj(c) u Vc is contained in a regular cel!. Then Vc' is also contained in a regular 
j 

cel!. 

Proof. For simplicity we assume that f(P j) = 0, c = - e and c' =s. Then, in 

terms of a certain coordinates x in a neighborhood U(Pj) of P], fis written as 
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Renee in U(PJ) we have 

V±e = {xl-xi- ... -x1+x1H+ ... +x;~ ±e}, 

Lj( -e) = {x lx;+,= ... = Xn = 0, -e ~f(x) < 0} . 

Let !f'(r) be a function of one variable r such that 

!f'(r)=e+~ for O<r<e, 

= r for r::2':.e+d, 

o~d~~) < 1, 

3 

where rJ>O is sufficiently small in comparison with e>O. Consider the set V-e,s 

defined as follows : 

V-e,snCM-L: U(P))) = V-en(M-L: U(Pj)), 

V-a,snU(Pj) = {(x,, .. ·,xn)l-!f'(Xt+ ... +xD+x~+,+ ... +x~<-e} · 

Then âtf_,,sn U(PJ) is represented as 

(1) 

and we have V-a,s cV. As we have already seen, the ortho-f-are passing through 

a given point Q on âV,n U(PJ) is given by 

(2) k = 1, ··· ,n, 

where x(Q) =a. Renee the intersection of the ortho-f-are with â V-e,S n U(Pj) is 

obtained by solving the equations (1) and (2). From (1) and (2) we have 

( 3) 

Put 

The we have 

g(O) =-![!(ar+ ... +aD+a1+1+ ... +a~ 

2: -ai- ... -ahatH+ ... +a~= e. 

If t < 0 is sufficiently small we have 

g(t) =-(ai+··· +aDe-21 -l-(a1+1 + ... +a~)e21 

<(a~+'+ ... +a:De21 < e. 

Since ft g(t) >O the equation (3) has the unique solution t=t(a)<O. Therefore, 

for a given Q E âV, n 2::; U(Pj) the intersection of (1) and (2) is a unique point 

which we denote by Q. Furthermore, for Q E âV,- L: U(Pj) the ortho-f-are pas

sing through Q intersects with âV_, at a unique point which we denote by Q. 
Now we have a correspondence âV,->âV given by Q-->-Q, This is regular 1-1. 

Let KQ be the ortho-f-are connecting two points Q and Q, and let d(Q, Q') 

denote the length of KQ between Q and Q' ( Q' E KQ). 
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Take a c=-function c/J(r) such that 

à' 
c/J(r) = 1-o'r 

=1 

dc/Jd(r) > 0. 
r -

for 0 < r < 1-à', 

for r > 1, 

for r >O. 

Define a c=-transformation 6a': Q' ~ Q" as follows: 

6a' = identity 

d(Q", Q)- d(Q', Q) 
d(Q, Q) - cP d(Q, Q) 

for M- (V,- V-a,a), 

for v.- V-,,a. 

From the definition of (f and (1) we see that the point xE V-a,anUCP§) always 

satisfy 

or 

x7+, + ... +x~= -x- ... -x1+e:. 

On the other hand, since :EL}( -e) uv_, is contained in a regular cell U, we have 
J 

for sufficiently small o > 0 . 

Furthermore, since lim6a'V•I2= V_, a, if o'>O is sufficiently small we have 
01~0 ' 

6a'V,;zC U and hence V,.;zCoi''U. Thus the lemma is proved. 

LEMMA 2. Suppose that YJi-1 < c< "YJi and Vc is contained in a regular cel!. Then 

we can choose a regular cel! U such that VeCU and L;L)(c) is transversal to âU. 
j 

Proof. Let f be a regular imbedding map of B~+ô Co>O) into M such that 

fB~= U. Let { WMl, { W ~) be two sufficiently fine open coverings of âB~ such that 

WM=:JW~. Consider ali sets WM such that :EL}(c) is transversal to âU in JW~; 

we arrange these in a sequence Wi, WL ···, W~. We shall say that a map 

f': WM~M is an approximation of (f, W,, ()if the following is satisfied: 

For any uE W, 

1/p(u)- ff,(u) 1< ( and Il âfp(u)- âff,(u) j < ( 
ôuk 8uk 

p, k = 1, ···, n, 

where (/,, ··· .fn), CIL···,/~) are representations off, f' in terms of local coor

dinates x,,···,xninM. Letf' beanapproximationof (/, Wv+ 1 ,(). Put g(x1 ,···, 

Xn)= 1/'-'(x) 12• Then, from lul 2 =ui+ ··· +u;';=1 and x=f'(u), we have 

(4) g(x1 , ••· ,Xn) = 1. 

The tangent space of (4) at x=a is 
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2: (~g) (x-a)= O. 
k uXk x=a 

Now we choose a system of local coordinates x so that Lj(c) is represented as 

x;+,= ··· =xn=O. If Lj(c) is not transversal in f'(Wv+ 1) to the submanifold defined 

by (4), there is a point x=a= (a,,···, a;, 0, ···, 0) such that g(a) =0 and the 

tangent space of Lj(c) at a is contained in that of (4) at a. Sine the tangent 

space of Lj(c) at a contains i vectors (a, 0, ···, 0), (0, a, 0, ···, 0), ···, (0, ···, 0, a, 

···, 0) for an arbitrary real number a, we have 

g(a) = 1 , a = (a,, · · · , a;, 0, · · · , 0) , 

( ag) (ag) - (a-aj)- 2: --- ap = 0 
axp X=a p,q axp x=a ' 

j = 1, ... 'i. 

Since a is a variable, it follows that 

(5) 

g(a, · · · , a;, 0, · · · , 0) = 1, 
ag 
~ (a,, · · · , a;, 0, · · · , 0) = 0, 
uXj 

j = 1, ... 'i. 

Obviously for a given (>O there is an approximation f' of (/, Wv+1, () for 

which the equations (5) have not solution. Let J.(u) be a c=-function which takes 

1 on w~+l and 0 on B~+ô- WH!• Put 

and take a map F such that 

F = l" on w~+I• 
= f on B1+a- Wv+1. 

For a given ( >O we choose a so that F approxima tes (/, B~+ô, ('). If ( is 

sufficiently small it holds that Fis regular imbedding of B~+ô into M and l:Lj(c) 
v j 

is transversal to F(âBV in F( U W~) and further F(B~):=YVc. Renee 2: Lj(c) 
>+1 ~=1 J 

is transversal to F(aB~nC U W~)). By repreating this process we have the re-
~=' 

quired result. 

THEOREM 1. Let U be a regular cet! such that 2: aLJ(c)cU and 2: Lj(c) is 
j j 

is transversal to au. Let ru be a c=-map of M into itself such that ruis a dijfeo-

morphism on M-0 and ru((J) is a point. Assume that every ruLj(c), i<[n/2], is 

contained in a regular cel!. Then M is a sphere. 

Proof. Suppose that YJ;-,< c;_,< r;;<c;< YJi+,, and that Vc;_, is contained in 

a regular cell U. Then by lemma 2 we may suppose that 2: L~(c;-1) is transversal 
k 

to aU. Let f be a regular imbedding of B~ into M su ch as fBV= U. Take a 

c=-function cp(r) such that 

cp(r) =a 

=1 
for 0 < r-:::; 1, 

for r 2-': 3/2, 
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d~~) > 0 for 0 < r < 3/2 , 

and clefine a Coo·transformation râ on B~ by 

râu = \O(Iui)u. 

Define a map r 8 of M into itself as follows: 

on f(Bn3!2) , 

on M-f(Bn3!2). 

Then we see that r8 (o>O) are C00-transformations on M. Put r0 =ru, then 

ru is a diffeomorphism on M- 0 and r uU is a point. By the hypothesis there 

is a regular eell U' which contains ru(I;L~(c;~,)uVc;_)cru(L:;L~(c;~1)uU)= 
" k 

ru(I; L%(c;~1)). Sinee lim r8 =ru, if o>O is sufficiently small we have 
k 8->0 

and so 

2.::; L~(c;~1) u Vc;_1 c r&'U'. 
k 

Renee, by lemma 1, Vc; is contained in a regular eell. Obviously Vc0 is a regular 

cell and so induction proves that Vccn/2) is contained in a regular eell. 

Now consider the function - f(P) instead of f(P). Then it is obvions that 

pr;-i are the critical points of - f(P) with index i. Renee, putting P'J~; = P'5 

and - YJn~i = r;;, we see that - f(P'j~i) = r;j and YJÔ < r;j_ < · · · < YJ~. Renee - f(P) 

is also a canonical polar function on M. Furthermore, putting - Cn~;~1 =cf~, we 

have 

v~Cn/2) = {PIJ(P) > CCn/2) = {Pl- f(P) < -Ccn/2)} • 

= {Pi-/(P) < C~~Cn/2H} C {Pi- f(P) < c'cn!d . 

Therefore V~cnhl is also contained in a regular eell. Thus Mis the sum of two 

cells. Thus Mis the sum of two cells, and according to [1] it is homeomorphic 

with a sphere. 

By a singular k-sphere in M we shall mean the image under a C0-map of Sk 

into M, where Sk is the unit k-sphere in Rk+'. 

THEOREM 2. lf any singular k-sphere (k<[n/2]) in Mis contained in a cel! 

then M is a sphere. 

Proof. We can modify the canonical polar function f so that /CPD<JCP~+') 

for j= 1, ···, n;, k= 1, ···, n;+1 , and /(Pj) < f (Pj+,) for j= 1, ·· · , n;-1. We arrange 

JCPD in the sequence ( 1<C2< ···,and we put Pj=P~-', Lj(c)=L~-'(c) if/(Pj)=(". 

Suppose that (~-'~' < c~-' < (~-' < c"+' < ("+' and Vc~-' is contained in a eell. Then there 

are two cells U', U" and real number c(r;"~1 <c<c") such that Vc"cU', O'c U" 

and âL"(c) cU'. Let \0 be a homeomorphism of U" onto B'î. Then we have 
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~pâLfL(c) c ~pU' c ~pU' c B~, 

so that there is B~ Cr< 1) which contains <pU'. Denote by (0, <pÔLfL(c)) the set 

of ali points which are on segments connecting the origin 0 to points of <pÔLfL(c). 

This is a cone in B, and is a continuous image of a hall whose dimension is 

equal to dim LfL(c). Renee LfL(c) u<p-1(0, <pÔLfL(c)) is a simgular sphere in M. 

Define a transformation as on B~ as follows : 

( 6) 
as(u) = (;=i(lul-1)+1)u 

=au 
for r < 1 u 1 < 1 , 

for 0 :::::_ 1 u 1 < r. 

ao is not a transformation in B'l, but it is a continuous map of B'l onto itself. 

From LfL(c/}.)cLfL(c) and VeiJ.C U', we have 

LfL(cfL) u VeiL c L~"(c) u U'. 

Since as=identity on ÔB1 , it follows that <p-1as<p=identity on âU". Renee we 

may consider that <p-1a 8 <p (a=f=O) is a transformation on M and that <p-1a 0<p is a 

continuous map of M into itself. N ow we see 

and 

so that 

(7) 

<p-1a 0<p(LfL(c!L) u VeiL) C <p-1ao<p(LfL(c) u U') 

= <p-1aolfJLIJ.(c) u <p-1ao<pU' 

C <p-1ao<pLfL(c) u <p-1aoBr 

= <p-1aolfJL!L(c) u <p-1(0) ' 

<p-1a 0<p(LfL(c) u <p-1 (0, <pÔLfL(c))) 

= <p-1a 0<pLfL(c) u <p-1ao(O, âLfL(c)) 

= <p-1ao<pLfL(c) u 10-1 (0) , 

By the hypothesis, if dim LfL(c~") < [ ~], the singular sphere <p-1a0q>(L~"(c) u 

<p-1(0, <pÔLfL(c))) is contained in a cell. Renee it follows from (6) and (7) that 

if a >O is sufficiently small <p-1asq>(LfL(cfL) u VeiL) is contained in in a cell and so 

LfL(cfL) u VeiL' is in a cell. Therefore, by Lemma 1, VefL+l is in a cell. Clearly Ve1 

is in a cell, and hence induction proves that Vev is in a cell, where Pv is the 

critical point of index [ ~ J and Pv+ 1 is that of index [ ~ J + 1. If we consider - f 
instead of /, the same way as in the proof of Theorem 1 proves that V~v= 

{Pif(P)>cv} is also in a cell. Thus Mis the sum of two cells, and consequently 

M is a sphere. 

4. Diffeomorphical deformations 

Let No be a closed c= -submanifold of M, and let N'= No x I be the product of 
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No and l, where l denote the closed interval [0,1]. N' is a C"'-manifold. Let f 
be a C"'-map of N' into M such that each Pt is a regular 1-1 map of No into M 

and No=Po(No),whereweputPt(P)=/(P,t) for PENo and tEl. Then N1=P1CNo) 

is a C"'-submanifold in M. In this section we say that the set of maps Pt, tEl, 

forms a diffeomorphical deformation of No onto N1. We say also that Pt is a 

diffeomorphical deformation of No to the points PfL (,u= 1, ··· , k) if each Pt (0 < t<1) 

is a regular 1-1 and 2..: PfL=P1(No) is a finite sum of points. 

LEM MA 3. lf Pt is a diffeomorphical deformation of No to N1 , then there is a 

C"'-transjormation on M which maps No onto N1 • 

Proof. To prove this lemma it is sufficient to show that there is a C"'-trans
formation which maps Na onto Nb when b-a >O is sufficiently small. 

Choose two coverings { W;) and {U;) of Na u Nb and a system of local coordi

nates xi in a neighborhood of 0; so that W; cU; and Na is represented as 

x;+1= ··· =x~=O. Then Nb is written as 

x~=ffL(xj,···,x;,b), ,u=P+1,···,n, 

ffL(xL···,x;,b)--+0 (b--+a). 

W e suppose that 

Take a c=-function cJ;(xi) such that cJ;(xi)=O for lxii:S1, and =1 for lxil>-2. 

Put 

(8) 

Then we see that if lffL 1 are sufficiently small then the map defined by (8) is a 

C"'-transformation on U1 which is the identity on &U1. Denote it by r1, and 

extend it over M by setting r 1=identity for M-U1. Then we have 

Cl earl y r 1Na is represented as 

x~ = fh (xL .. · , x~ ; b), for ,u = P+1, ... ,n 

where 

/~(xL ... ,x;; b)--+ 0 (b--+ a) 

and f~(xi, ···,x;; b) = 0 for (xi, .. · , x;,) E W1 • 

Let r 2 be a map represented by 

Y~ =x~' for ,u = 1, ... , p 

=x~+ fMxL ... ,xf,, b)cJ;(x), for ,u = P+ 1, ... , n. 

Then r2 is a c=-transformation such as 

r2Nb =Na in W1 u. W2. 

By applying the above process for W 1 , W 2 , .. • , W m, we have 
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Thus the lemma is proved. 

5. Regular sphares Sk in M. 

LEMMA 4. Suppose that rck(M) =0 and 2k+ 1<n. Then for given regular spheres 

Sk there is a diffeomorphical deformation r/Jt of Sk to the sum of points. 

Proof. We shall divide the proof into the following three parts. 

a) Let <p be the regular 1-1 map of âBi+' onto Sk, and re be the projection 

of Bi+'-0 onto âBi+' by the radii of Bi+'. For an arbitrary point Pin Bk+'1; 4, 1 

we define <pP to be <prcP. Then it follows from the hypothesis that there is a 

continuons extension of <p over Bi+t. We denote it by the same notation <p. 

We choose two coverings {U;}, {U;) (i=1, ···,p.) of Bk+',14 such that U;=:J(J;, 

u U;C Bk+',12 and each <pU; is contained in neighborhood for which a system of 

local coordinates is defined. Let ui+ ... +u~-r,=1 and t(P) be the distance between 

P and the origin. Then we can take u,(rcP), ... , uk(rcP), t(P) as coordinates of P 

in U,. Let x,··· Xn be a system of coordinates in a neighborhood of <pU1 • Then 

<p is written in U, as 

Xi= fj(u, t), u = (u,, ... , uk); j = 1, ... , n. 

Let jj(u, t) be a c=-functions which approximates (/; U,, C:) where c:>O is suf

ficiently small. Let J.(u, t) be a c~-function which takes 1 on Vi and 0 on 

U,-Uj_', where U,=:JUi', Ui'=:JU{. Put 

and define <p' as 

if1 = f" 
=ip 

where f" is the map defined by 

Xi= /j'Cu, t). 

Then <p1 is a c=-map in Ui and if1 =if on Bi+'-U,. Applying the above process 

to <p1, U2 and Uf instead of <p, U, and Ui, we have <p2 such that <p2 is a c=-map 

in UiuUf and <p 2 =<p on Bi+l-(U,uUz). By repeating these, we have <p1, <p2, ... , 

~pM; ~pM is a c=-map of Bi+' into M such that <pM= if in Bk+',12,t· Thus the map <p 

of Bk+',12 1 is extended to a c=-map of Bi+' into M. The extended map will be 
' 

denoted by the same notation <p. It is written in U as 

Xj = gj(U, t) 

where gi are c=-functions of u, t. We remark that ~pM is regular 1-1 on every 

âB~+' (1/2<t<1) (see the construction of <p"'). We write simply <p instead 
of ~pM. 
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b) Consider the equations 

a(xl> 000 ,Xk-1,Xp) = O, 
a(u,, ... , Uk-1, Uk) 

(p = 1, 2, .. 0 
, n-k + 1) . 

Since n-k+1>k+1 it follows that the number of the the equations is greater 

than that of the unknowns. Renee, for an arbitrary (>0, we can take gj(u, t) 

so that lgj-g}l<( and there is Po satisfying 

Let À(u, t) be a c=-fnnction in U, which takes 1 on tJi and 0 on U1 - Ui', where 

U,~Ui', Ui' ~tJi. Put 

and define rp1 by 

rp' = g" 

=rp 

where g" is the map defined by 

in U,, 

in Bi+'- U1 , 

Xj = gj'(u, t). 

Then rp1 is regular on every aB}+'n U,. Applying the above process to ( 1, rp' 

and u2' we have rp2 su ch that rp2 is regular on aB i+' n ( u i u u D and rp2 = rp on 
B1+'~ (U, u U2 ). By repeating this process we have rp', ({J2, ... , rp~'; rp~' is regular 

on every a Bi+' and is equal to rp on Bk+',f2, 1 • For an arbitrary ( 1 >O we can 

choose (, ( 1, ( 2 , 000 so that rp~" approximates (rp, Bi+',() and hence from the fact 

that rp is regular 1-1 on every aBt+' ( i <t ~ 1), if (' is suffi.ciently smal it is 

hold that rp~' is regular 1-1 on every aBi+' ( ~ <t< 1 ). This is shown as follows. 

Suppose that for t>C> 000 -> 0 there is a sequence rp', rp", which approximate 

(rp, Bk+',12,,, ('), (rp, Bk+',;2,,, ('), 000 and are not regular 1-1 on sorne aB;+' 

( ~ < t < 1). Th en there is a sequence t 1 , t2 , .. 0 -> a ( ~ ~ t; < 1, ~ < a < 1) su ch 

that rp', rp", ... are not regular 1-1 on aBit', aB;;', ... , respectively. By nm denote 

the projection of aB~+' on aBt:n' by radii of Bi+'. Then, in terms of the local 

coordinates u,, ... ,uk, nm is written as ui=u;, i=1, .. o ,k. Renee rp'n,, rp"n2, ... 

approximate (rp, 8Bi+', (), (rp, âB1+', ('), 000 respectively and they are not regular 

1-1 on aB~+'. On the other hand rp is regular 1-1 on aB~+', and hence it follows 

that rpCmlnm is regular 1-1 on âB~+' if (Cml is suffi.ciently small. We write simply 

rp instead of rp~'. 

c) Let { U;} , { U;} be two open coverings of B k-1- 11; 2 ; we choose them so tha t 

U;~O;, uo;cBk-1 ' 3; 4 and if Ü; and ûk have common points then q; is 1-1 on 

aB i+' n ( U; u Uk). Consider ali sets U; u U k with Ü; n tJ k = 0, and arrange them in 
a sequence W 1 , W2, .. o, Take ( so small that any approximation map rp' of (rp, 
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Bi+',() is regular and 1-1 on each ôB~+'nCO;uOk) for which U;nVF{=O. Let 

u, t and u', t be coordinates in U; and in Uk respectively, and let x, ... Xn be 

coordinates in a neighborhood containing <p(U;uOk). Then cp(ôBt+'nU;) and 

cp(ôB;+'nUk) are written as 

Xj = fj(u, t), Xj = gj(u', t) 

respectively. Consider the equations 

(9) fj(u, t) = gj(u', t), j = 1, ... ,n. 

Since n >2k + 1, it follows that the number of the equations is grea ter than that 

of the unknowns. Renee, for ;:t given (', O<C:'<C: there are c=-functions f), gj 

such that Jj approxima tes ( fj, W,, (') and g j approxima tes (gj, W,, ('), and 

f;(u, t)=gj(u', t) have no solution. Let J.(u, t) be a c=-function which takes 1 

on Oi and 0 on U;- Ui', where U;~Ui', Vi'~ Vi. Let J.'(u', t) be a c=-function 

which takes 1_ on 0~ and 0 on Uk-U~', where Uk~O~', U~'~O~. Suppose 

W,=U;uuk, and put 

Define cp' by 

Wi = Oi u OL 

f)' = fj+J.(fj- fj)' 

gj' = gj+J.'(g}-gj). 

= f" in U;, 

= g" in uk' 

= cp in B~+'- U;- Uk, 

where f" and g" are the maps defined by Xj=fj(u, t) and Xj=gj(u, t) respectively. 

Then cp' is regular 1-1 on every ôB;+'n W1 and 

cp' = cp on Bi+'- W,. 

Applying this process to cp', W2 instead of cp, W,, we have cp2 which is regular 

1-1 on every ôB ~+' n ( Wi u Wü and satisfies 

By repeating such process, we have an approximation cp' of (cp, Bi+',(') which 

is regular 1-1 on every ôB;+l, O<t:S:-~·-, and =cp on Bk·-1-1314 , 1 , Since cp is regular 

1-1 on every ôB;-u, ~ <t:::=:;1, and cp' approximates (cp, B;+', (), it follows that 

cp' is regular 1-1 on every ôB;·tl,O:::=;t<l. 

Put Pt=cp'ntôB;-l-', where TCt is the projection of ôBt-1- 1 onto ôB;+' by the 

radii of the baU Bi+'. Then r/Jt is the required deformation. 

LEMMA 5. If nk(Mn) =0 (2k+ 1<n), then for given disjoint regular spheres 

s~ (.u= 1, ... 'v) there is a diffeomorphical deformation of 2:.: s ~ ta the sum of points 

l::Pp,. 
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Proof. In virtue of lemma 4, for every S ~ there is a diffeomorphical defor

mation r/Jp.,t of S~ to Pp.. Let Sk= {ulur+ ··· +u~+1 =1} be the unit sphere in Rk+\ 

and let cf; p. be a diffeomorphism of Sk onto S~. Let { U;) be a sufficiently fine 

open coverings of Sk. If r/Jp.,tS~nr/Jp.'tS~~d,=O the equation 

r/Jp.,tc/Jp.(u) = r/Jp.',tc/Jp.'(u') , u E U;, u' E Uk 

has a solution for sorne i and k. In therms of local coordinates x in M, the above 

equation is written as 

(10) 
fj(U, f) = gj(U', f), j = 1, ··· , n 

1 u 1 = 1 u' 1 = 1. 

It follows from the hypothesis that the equations (10) have no solution when 

t (t > 0) is sufficiently small. Since the number of these equations is grea ter 

than that of unknowns, by the similar way to (c) in the proof of lemma 4 we 

can modify r/Jp.,t so that r/Jp.,tS~nr/Jp.',tS~~=O if wi= p.'. Put r/Jt=r/J(tx), xE âBi+t. Then 

r/1 1 is a desired diffeomorphical deformation. 

By making use of lemma 3 we have immediately 

LEMMA 6. If rck(Mn) =0 (n >2k+ 1), then arbitrary disjoint regular spheres 

S ~Cf.!= 1, · .. , 11) in M are contained in a regular cel! in M. 

LEMMA 7. Suppose that rc,(Mn) =0 and that n?5. Then, for a given regular 

cel! u and disjoint arcs 0'-p. (p.= 1, ... 'v) such that every 0'-p. is transversal to au and 
v 

âap. c U, there is a re gu! ar cel! containing uu ( U ap.). 
P.=l 

Proof. Put I: ap.- U = 2: {3;, every {3; being a connected component of I: ap.- U. 

Take a point P in U, and connect the two points â/3; by a certain regular arc Ïi 

such that ï;C U, PEï;. We can take ï; so that /3;uÏ; is a regular circle in M 

and (/3;uï;) ({3k urk) =Pif id,=k. Moreover we see that for a given neighborhood 

W of uï; there is a transformation a in M such that aU c W and a 2: ({3; ur;)= 
; 

I: ({3;ur;). Renee if there is a cell U' which contains I: ({3;ur;), then we have 
i i 

a(I: a; u U) = a(I; /3; u U) c Lj [3; Wc U' 
; 

and hence 

The existence of the cell containing I: ({3; ur;) is shown as follows. Accord~ 
' 

ing to lemma 6, every /3; uÏ; is in a regular cell. Renee there is a regular disk 

D such as âD={3;uï;. Since n2.5, it is easy to see that D; has no self-intersection 

and that D; Dk = P (id,= k) if I: D; is in a general position. Th en for a given 

cell U' containing P there is a transformation -r such that -rI: D; cU'. Renee 

2: Dcc'U' and it follows that I: ({3;uï;) c-r-'U'. Thus the lemma is proved. 
' ' 
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LEMMA 8. If dim M?:_ 5 and if c< 112, then Vc is contained in a regular cel!. 

Proof. Consider L}(co) u Vc0 , r;o< co< r;,. Then, since Vc0 is in a regular cell, 
it follows from lemma 6 that L: L(co) u Vc0 is in a regular cell. Renee by lemma 1 
we get the required result. 

LEMMA 9. Suppose that n=2k+1 and that rrk(Mn)=O. Then for given disjoint 

regular spheres s~ (p= 1, ... 'v) there is a deformation r/Jt of L: s~ ta the sum of 
v-

points L: P0 such that 

1) r/JtC:L: S~) has no self-intersection if t=Ft; (i = 1, ···, m), 
0 

2) for every t;, r/Jt-CL: S~) has only one self-intersection Point. 
' v-

PROOF. This is proved in the same way as in the proof of lemmas 4 and 5. 

Clearly (a) and (b) hold in this case. Now the equations (9) and (10) in (c) 

becomes 

(11) 
fj(u, t) = gj(u', t), j = 1, ···, 2k+ 1 

u=(u,,···,uk), u' = (u, ···, u). 

Since in (11) the number of the equations is equal to that of the unknowns, it 

follows that for a given c>o there are approximations fj and gj of (fj, w,, () 
and (gh W,, () such that the number of the solutions of the equations Jj(u, t) = 

g(u', t) are finite in W1 • Now the same way as in (c) proves the required result. 

LEMMA 10. Tf n=2k+ 1, rr1(Mn) =0 and rrk(Mn) =0, then arbitrary disjoint 

regular spheres S~ (p=1, ···,v) in Mare contained in a regular cel!. 

Proof. According to lemma 8, there is a deformation r/J 1 of L; S~ to L; Pp. 
v- v-

such that r/Jt L: S~ is regular except for t=t1 , ···,ft, and r/J1 . L: S~ has only one 
f1. ' 

self-intersection point P;. Renee, in virtue of lemma 1, in arder to prove lemma 9 

it is sufficient to verify that if r/J 1 L: S ~ is contained in a regular cell for every 
v- 1 

t< t;, then r/Jt; L: S ~ is also contained in a regular cell. Choose local coordinates 
v-

x such that x(P;) =0 in a neighborhood of P. Then we may consider that in 

this neighborhood r/Jt L: s~ is the sum of the following two k-planes : 
v-

k 

(12) 
Xj = aj(f-t;) + L: b'jxp, 

P=l 

k 

Xj = Cj(t-t;)+L;d'jXp, 
P=l 

where j=k+ 1, ···, n and the determinant of the matrix of the coefficients in the 

equations 

j = 1, 2, ···, n 

is not O. Choose coordinates axis y,, · · · , Yn so that y1 , • · · , Yk are on the plane 
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k k 
X;=~ b)xp (j=k+ 1, ···, n) and Yk+1, ···, Y2k àre on the plane Xj= ~ d)xp (j=k+ 1, 

P~1 P~1 

···, n). Then (12) becomes 

Yn = a(t-t;) , Yk+1 = ··· = Y2k = 0, 

Yn = c(t-t;), Y1 = ··· = Yk = 0. 

Suppose that lal<icl, and considera segment defined by Jj=O (j=1, ··· ,n-1) 

and IYnl<olcl. By lemma 7 there is a regular eell U containing rfit;-a~SA and 
the segment. Therefore if c>o is sufficiently small the set W of point y for 
which YI+ ··· + y;-1 < ( and 1 Yn 1 < o 1 c 1 is contained in U. Now take a function 
cf;(r) such that 

cf;(r) = -a+c for 0 <r < ~, 
= 0 for r?: ( 

0 < cf;(r) S: -a+c (or 0:::=:: cf;(r) >- -a+c). 

Consider the set of varieties N, t;- o < t < t;, which coïncides with 9t ~SA 

in M- W and is the sum of two submanifolds 

Yn = a(t-t;) + (t-t;)cf;(yy+ ··· + Y~-1), 
Yk+t = · · · = Yzk = 0 

and 

Yn = c(t-t;), Y1 = ··· = Yk = 0 

in W. Obviously every N 1 has only one self-intersection point y=O, and in the 

neighborhood W'= {y1 lyi+···+y;;._l< ~, lynl<olcl} we have Ntn W'=Nt;n W'. 

Renee by the same way as in the proof of lemma 3, we see that there is a trans

formation -r such as rN1,._8 =N1, .• On the other hand, sinee 9t·~SA=Nt· and 
z l' ' 

Nt;-acC9t·-a~SA)uWcU, we have 9t;~SAcrU. 
' l' 

6. Poincaré conjecture for M. 

LEMMA 11. For given circles a;, (3; (i=1, 2, ... ,p) on âBî which do not intersect 

each others, there is a transformation -r on Bî-a,1+a such that ra;={3;, râBf=âBî and 

r=identity on âBî-a,t+a. 

Proof. Obviously there is a deformation 91 of ~a; to ~ (3; such as 9t ~a; 

c ô B î. Renee by the same way as in the proof of !emma 5, we can modify 91 

so that 9t is a diffeomorphical deformation of ~a; to ~(3; and 9t~ a;câBî. 
' 

To prove the lemma it is sufficient to show that there is a transformation -r such 

that -rrpb ~ a;=ifJa ~a; where a, bEI aud b-a>O is sufficiently small. Choose a 

covering {Wk) of 9a~a;urfJ6 ~a; in Bî-a,1+a and coordinates xk so that Wk= 

{xk 1 1 xk 1 < 2}. Suppose that 9a ~a; and â B î are written in Wk as 9a ~a;= 

{xklx~=x~=x~=xg=O) and âBî= {xklxg=O) respectively. Then 96 ~a; is written 

in w1 as 
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x} = /3CxL b), j = 2, 3, 4, 

xg = 0, 
f](x, b) _, O(b -• a). 

Put 
y]= x] for j = 1, 5, 

=x]+ !]CxL b)<J!(x1), for j = 2, 3, 4, 

where <J!(x1) is a c=-function which takes 0 on wl and 1 on w i = {X1 i 1 X1 1 < 1}. 

Then it induces a c=-transformation in Bî-a,1+a when b-a >O is sufficiently small. 

Denoting it by -r, we see that -r,=identity of Bî-a,H-a- W, and -r,r/Jb 2:: ai=rPa 2:: ai 
' ' 

on Wi. We suppose that {W~} is an open covering of rPaL:ai where W~= 

{xk 1 1 xk 1 < 1}. Similarly to the proof in lemma 3, repeating of the above process 

for Wz, W f, W 3 , W L · · · , yield the required transformation. 

THEOREM 3. lf we have rr1 (M5)=rr2 (M5)=0 for a compact C'-manifold M, then 

Mis homeomorphic with a sphere S'. 

Proof. Since any cr-manifold (r > 1) is cr -homeomorphic with a analytic 

manifold, we may assume that M 5 is c=-manifold. 

In virtue of lemma 2 we can choose a regular cell U such that Vcc U (r;,< 

c<r;2) and L:L](c) is transversal to âU. Then L:L](c)nâU is 1-dimensional 

submanifold, and it consists of finite regular circles which are denoted by a~" 

(,u=1,···,li). Renee L:L](c)-U is the sum of 2-dimensional domains whose 

boundaries are circles a 0 • 

Let 11t and "rt be maps of M into itself such that 

1) ot and -rt are c=-transformations if t>O, 
2) lim t1t=t1o and lim "rt='ro are regular 1-1 in M-U, 

t-+0 t_.,.O 

3) -roo0a 0 =P0 and -r0o0Ü = 2:: OP0 , where P0 (,u= 1, ···,li) are points on âU and 
fL 

0 is a point in U. 

Then the boundaries of every domain are mapped to points by -roao. Renee 

-rooo(I: L]- U) is the sum of spheres which are regular excepf for points 2:: PfL. 
j 

W e suppose that 

4) -rooo(I: L-U) is the sum of disjoint regular spheres. 
j 

For the moment we shall assume the existence of such maps o t and -r t. 

Then it follows from lemma 9 that there is a regular cell W containing these 

spheres and point O. Apply lemma 7 for W and 2:: OP0 • Then we get a cell W' 
fL 

containing wui: OP0 , and it follows 
p. 

'rot1o(l:: L] u Vc) C 'rot1o(l:: L]- U) u 'rot1oU C W'. 

Renee if t< 0 is sufficiently small we have 

"~"ta tC~ L] u Vc) c W', 
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namely 

Consequintly, according to theorem 1, M 5 is a sphere. 

N ow we shall show the existence of such dt and -r t. 

Let 1fJ be a regular 1-1 map of the bali .B~ into M such as ~pBî=O. We can 

consider that u is a coordinate system in ~pB~, and that U is a baU of radius 1 

and center O. From now on, we put U,= {ullul<rl, Ur/= {ulr<lul<r'l. 

Take distinct points P"' (,u=1, ... ,v) on âU and coordinates u~' in ~pB1 such 

as u"'= Tp,u, where T~' is an element of rotation group in R 5 such as t(O, 0, 0, 0, 1) 

= T"'tu(P"') where t(O, 0, 0, 0, 1) and tu(P"') are transposed vectors of (0, 0, 0, 0, 1) 

and u(Pp,) respectively. Put 

Ap,(() = {u"'; lu~l/lu~-'1<2(, 1= 1,2,3,4}. 

If c>o is sufficiently small we have 

(.u =F .u') . 

By lemma 10 we may suppose ap,CAp,((/2). Furthermore if à(o>O) is suffici

ently small we have 

L.; L](c) n 01-a,1+a cL.; A~' n 01-B,1+1J. 

Take a c=-function <f;8(y) of one variable auch thrt 

</la(y) = 1 for y>1, 

=à for 0 <y< 1-à, 

d 
dy</Js(y) ~o. 

and define a c=-map da of u into itself by 

daU = </la(lul)u. 

Clearly da is a c=-transformation in U for o>O. Furthermore, take three c=

functions f(y), g(y) and h(y) satisfying following conditions: 

f(y) = 1-+ if O<y<1, 

ify<O, 

{ ~ 
if y< 1+e, 

~~<0, g(y) = 
if y> 1+2e, 

{ ~ 
if y>(, 

dh<o h(y) = 
if y>3/2·(' dy= ' 

where eisa sufficiently small positive number. For simplicity, we write u instead 

of u~'. Now we use u1, Uz, u3 , u4 , lui as coordinates in U-0. Considera c=-map 

'1' f ; u ___,. (ui), t > 0, of A"' into itself defined by 



On Poincaré conjecture for M 5 17 

4 

u; = (f(iul-l+t)-l)g(lul)h(L:;u/lul 2)u;-l-u;, (i=l, 2, 3, 4) 
(13) t=l 

lu'l =lui. 

4 2 Obviously if t >O is sufficiently small then Tt is c~-transformations. If 2.:; uj 
1·=! 

!u! 2 <( and lul<l+e, (13) is written as 

(14) 
u' - - u; 
t- log (iul-l+t)' (i = 1,2,3,4). 

lu'l = 1 ui. 

By lemma 11 we may assume that a~< is written as ur+u~=C\ u3 =u4 =0, lui =1. 

Then 2.:; L}nA~< is represented as 

(15) 
U3 = C!ul-1)/3Cut, Uz, lui), 

U4 = (iul-1)/4(ul, Uz, lui), 

where ur+ u~ = ( 2 and /3' /4 are c~ -functions with respect to Ut' Uz' 1 u 1. From 

ur+u~=(2 and (14) we have 

(16) 1 u 1 -1-1- t = exp (- C/1/ u'i -1- u'V · 

Renee -ro(L:: L]nA~<) is represented as 

u'k = 1/u'i+u'YCexp (-C/vu'i+u'D 

Xfk((ui/1/ u'y -1-u'~, Cu~/Vu'i -1-u'~, l-i-exp ( -C/1/ u'y-1-u'D) 

(k = 3, 4). 

Renee uL u4 and 1 u 1 are c~-functions of ui and u~. Th us -r0 (2.:; L](c)- U) is the 

sum of regular spheres S~ which do not intersect each other. Renee tJt and Tt 

satisfy (1), (2), (3) and (4). This completes the proof of Theorem 3. 
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