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Introduction: The Plancherel’s theorem which was established on an abelian
LC (locally compact) group by M. Krein, D. Raikov, H. Cartan and R. Godement,
etc., has been developed in recent years to the case that groups are unimodular
IC; F. I. Mautner? and I. E. Segal?® have constructed their theories under a
little restriction, that is, the separability condition on account of their method
of using von Neumann’s reduction theory.?> More recently, R. Godement#’ and
otherwise H. Sunouchi®’ have constructed their theories excepting such restriction
and availing themselves of Radon’s measure to the full.

Our object of this paper is, however, to pursue the same theme in a general
situation without both separability and unimodularity in refering to the theory
of functionals on B-algebras, established in the author’s pervious paper.s’

81. Let G be a general LC group with left-invariant Haar’s measure dx,
and L(G) the group algebra over G with respect to the measure dx in the sense
of I. E. Segal; L(G) is considered as an involutive Banach algebra (B-algebra)
over the complex field & with the norm [ fl| = Slf (x)|dx, multiplication

G

(L1 7g(x) = | £(3)g(ym%)dy (convotution),

(23
and conjugation f*(x) = F(x~1)-o(x), where o(x) is the Weil’s density of right-
invariant Haar’s measure, dx~! = o(x) dx.7”

We see easily that such x-operation is conjgate linear, involutely, anti-
automorphism on L(G); (af+g)t =afr+gt for ac®, frx = f, (fg)k = gtf*
and, in addition, || f*|l = | fll. If f=f* wecall f self-adjoint or hermitian and
the set of all hermitian elements the hermitian kernel of L(G), denoting by H(G).

H(G) is not necessarily a sub-algebra of L(G) but is a vector subspace of
it over the reals RN.®

1)~5) See the bibligraphy at the end of the paper.

6) The author’'s work; 2).

7) A. Weil, L’intégration dans les groupes topologiques et ses applications (Actual. Scient.
et Ind.), n°® 869, Paris, 1940, p. 40 and I. E. Segal 5) pp. 76-77.

8) H (G) forms a commutative, distributive, but non-associative normed algebra by the

1
product f o g = o (fg+fg); evidently fof =f2 for fe H(G).
In other words, H(G) is a special Jordan algebra with the operation -,
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Lemma 1. Denoting the collection of all such linear functionals ¢ as
satisfy the condition i) or ii)

D) o(fR)=0 and o(f*) = (f) for fe L(G),

i) 2|e([f, gD o(f2)+¢(g?) for f,g€ HG),

A ~
by II (L(G)) or II (H(G)) respectively, it holds that

@) 1l (K = 1T (G,

b) I (I{G)) is closed and convex in the conjugate space of L(G) as a
veclor space with respect to the weak topology as functionals, and so is I (H(GY)
in that of H(G).

Here [/, g] = %;(fg—gf ) (special Poisson’s product) for f,g¢ H(G) and
the sign = means the biunique topological correspondence between the both terms
in such a manner that each functional ¢ in the right has a unique extension g;
over the whole L(G) which coincides with the corresponding one in the left.

The unit sphere E, in the conjugate space of H(G) is weakly compact
owing to S. Kakutani-Dieudonné and convex,!”> so that the intersection

(1.1) Eo=EoN I (H(GY)

is also weakly compact and convex, and is moreover metrically bounded, <1,
that is, E, is regularly convex and hence has sufficiently many extreme points,
whose convex hull being weakly dense in E,, due to the noted theorem of Krein
and Milman. The totality of non-zero extreme points of E, is denoted by S(Ey)
and the origine (zero functional) by §; the closure V§ of Vo= S(E,) U (#) is
compact, so that Vo=Vg—(8) is locally compact. We call Vo the character
space of G (if G is abelian, Vs coincides with the dual group é).

Lemma 2. For every ¢ in /i (I(GY), the set of all such elements f that
o(g¥f) =0 for all g€ I(G) forms a closed left ideal '3, of I(G), for which
the quotient space L(G)/'3, forms a pre-Hilbert space with the inner product
defined by

1.2) Xy, Xo)o = ¢(g*f ).
where X, is the residue class of L(G)/'3J, containing fc L(G).

The proofs of Lemma 1 and 2 are not so much difficult and are omitted;
about the details, see 2).

Lemma 3. The set of all continuous positive definite (c. p. d.) functions on
G, (G), is one-to-one corresponding to ﬁ (L(GY) and so to i (HG); if ¢— &,
and £ — ¢z, where o, e € H(I(GY) and £, &, WG, it holds

D e, =@ Spe=§,

1) S.Kakutani, Proc, Imp. Acad., 16 (1940) and J. Dieudonng, Ann. Ec, norm. Sup. ,59 (1942),
Thr. 22,
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1) Qag 8ty = 305 +B0gys  Eapyrpy = 7, By,
i) o) =| & rwds, rere,

W (N = L@, a6,

and £,(x) is represented as follows;

V) ‘Sw(x) = (Xe 5 UzXe)lp ’
where U, is the unitary operator on the Hilbert space D, of the completion of
L(GY)'3,, defined by U, X,=X, , f,(-)=F(x"1) and X, is the strong limit
in D, of {X 2}, in which {eM being the approximate identity of L(G).

The same or analogical result as above has been obtained by the author and

and others.l?
Combining Lemma 1 and 3, we have a modified formular of ii) as follows,

1Y Gattpe, = Ay +B%e,  Eagy+p; = A€y +BEG,
where ¢ is an element of II (H(G)) with the extended ¢ in i (L(GY) and «, BER.

We see easily that 1€, =sup|&(x)|=2£&(e)<1 if and only if ¢¢€ Ey: more
2EG
precisely, we hold

Lemma 4. The following three conditions are mutually equivalent: i) §(x)
is an elementary c. p. d. function with |&l.=1 on G, ii) ¢ is an extreme
point of Ey, iii) Do is simple for the family of unitary operators U,, x€G.

Here the term “simple” means that there exists no proper closed sub-
manifold in §, which is invariant under {U,}, x€G.

$2. We shall begin with a preliminary lemma ;
Lemma 5. FEvery product fg, for f, g€ I(G), may be writien in the form
(2. 1) fg = hl*h]_ +ih2*h2 —<h3*h3 + Z.h4*h4> ,

so that, by means of the approximate identity, L(G) is strongly approximated
by the complex linear combinations of elements in B(G), the set of all such
elements as in the forms f*f, f¢ L(G).

In fact, we have only to put hk:%(f*+(—i)’“"1-g) for k=1,2,3,4. In
other words, B(G) forms a basis of L(G) as a vector space.

1) 2) Cf. the author’s 2); H. Cartan and R. Godement, Théorie de la dualité et analyse
harmonique sur les groups abeliens localement compacts, Ann. Ec. Norm., 3, LXIV (1946).
R. Godement, Les fonctions de type positif et la theorie des groupes, Trans. Amer. Math.
Soc. 6,3 (1948). H. Yoshizawa, Unitary representations of locally compact groups, Osaka
Math. Jour. 1, 1 (1949),
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Analogously, the set of all such elements as in the forms f*f for f€ I1,2(G)
= I(GYN L¥G) is denoted by BYG), then each product f¥g; f, g€ LH2(G), is
decomposed as in (2.1) and moreover is continuous on G, since so is every
element of V(G). (f*g is not necessarily € LL2(G)). Vo being the character
space of G, 7(¢) defined by

2.2 o)y =\ &) f(x)dx; ¢V,

Ry

is called the generalized Fourier transform (g.F.t.) of f¢ I(G), which is clearly
a continuous function on 170 (and equal to ¢(f) owing to V) in Lemma 3).
For every fe®,, the intersection B(G) N C(G),Y’ putting

(2.3) n(7) = r(e),
m is evidently a positive and additive functional on i‘c and is extensible to the
whole (%.)gq, the positiveness.?? 7 defines a Radon’s measure d¢ on Vo such
as

2.3y nH=| #erae,

Vo
which will be precisely proved in the later paragraph, $4.
Now, we consider the series of sub-pre-Hilbert spaces

{90}, 9% = L12(G)/'3, of L(G)/'S, for ¢ V.

Then, the direct sum 9L =>IDD;, ¢ € Vo, is also a pre-Hilbert space with the
inner product

(2.4) D TS T N R AL
17() lN’O
for /= 31X, f,€ [L2%G). Consequently, we have
(2.5) 17z =
=[x = | oreryae = rescer,
o Vo

and, on the other hand,

@6) e = | ) faydx = | 171 dx,
that is, ‘ ‘

2.7 W7 o = 11 Fllsacay -

1) C(G) means the B-space of all complex-valued bounded continuous functions on G.

2) ()R, ()N, ()R means the linear envelope of the space (-) over the positive nembers,
the reals R, or the complex field § respectively.

3) X means the collection of all g. F. £. of fe X, X L(G).

4) 7 (g*f) is reasonable for f, g L1»2(G) owing to Lemma 5, since (‘l*o)g‘vc (Bedgy -
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Thus, the correspondence f— f give rise to a norm-preserving linear operator
P from I1,2(G) onto &i)%o, and 97, being the completion of @%0 with respect to
the norm (2.5), P comes up to the isometrical isomorphism from L2(G) onto
o7y, since L1,2(G) is dense in I2(G). Thus, we hold

Theorem 1. (An extension formula of Plancherel’s theorem) Let G be a
general LC group with left-invariant Haar’s measure dx; with the same defi-
nitions as above, two Hilbert spaces LXG) and v, are mutually isomelrically
isomor phic.

$3. Since (V) is dense in L, = I(G) N C(G), if f— fo strongly in L(G),
fo€ L, and Fe (Vg , then f(e)— fi(e) (both f and f; being continuous) and
7 — Fo uniformly on V, by means of || 7 |lo < |l Fl|, where || f i, is the uniform
norm on Vo, 7. e. |l 7 lle = sup| 7()l.

Vo
If fe L., then f, is also in L. and

(3.1 (@) = fom(e) = S Fami(@dde;  putting (%) = Faer(@)/F(¢)  for
To
F(@)=}-0, otherwise ¢,(x) =1, we have always
(3.2) Fomi(@) = ¢(x) F(¢) for all x in G,
since f(¢) =0 implies 7,-1(¢) =0 for all x€ G.»

Summerizing these, we can formulate

Theorem 2. (Inversion formula of Fourier transform) Zet f(¢) be the g.F.1.
of FELLG), i.e.
7o) = | &) (2)dw,
G

then f(x) is vrepresentable in the form;

3.3 @) = | o) o) do.
7o
Theorem 3. Lei Q be the inverse operator of P as in Theorem 1. Then,
Pf=17 and QF = f for F€ L¥XG) and, for f f in LAG),

o) =1.i.m. S E,(x) M x)dx,

G

&) = Li.m. S o) FN¢)d .
Vo

where*l.i.m.” (limit in the mean) should be taken as the sense of strong con-
vergence in the respective Hilbert spaces. (See Appendix I1).

1) In f 3/3¢, then (er),- fof,c’Jy since /Iy is closed.
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§4. Now we shall investigate a Radon’s measure defined on Vo: Denoting
the set of all positive continuous functions on 170 with compact supports by
L+(I70), every éeL*(f/"o) is confined by some element of (2&)%; in fact, suppose
K being the compact support of & in V, and let ¢ be an arbitarily given positive
number, then there exists a function f, of B, such that ¢(f,)>2¢ for each ¢
in Vo VY so that K is covered by finite numbers of U,,(f;; ¢), fi = f,, and
i =1.2,.--,7; consequently, we see that g\zjkif,, where k; is a suitable
positive number. For every &¢I, the real Vector lattice generated from
(% U L+*(V o))y, putting

4.1 a(&)=inf (/) for Fe(DVoyp, (See Appendix I)
Fr=f

and #(—8)=7n(g), 7 is definable on M on which it is surely a subadditive
positive-domogeneous function, 7. e.

(8 +&) <n(g)+n(g2)-

4.2
“.2) 2(a) = af(Z) for a=0,

where &, &1, &€, and 7 <7 on (%C)gﬁ. Owing to Hahn-Banach’s extension
theorem, there exists an additive functional #® on 9 such that 7 =1° on (%c)ﬂﬁl
we can always assume tnat =0 is positive on L+(Vo); if this were not so, we

may put again

| ) =m(F—m(— )
4.3 ~ \
| mi(fo) = sup 7%(%), for F,Eem.

0= =7
and see immediately that such 7: satisties the all conditions mentioned above.
Then, 7 defines a Radon’s measure on V, and every element of (,)g is inte-
grable with respect to such ;?\; T=1a%=7on it.
Thus the integrations in (2.3), (2.4), (3.3), etc. should be considered in the
sense of Radon.

§5. Finally, we shall make a slight survey of the case that G is abelian,
from which we might recognize that our extension is a natural one of abelian

cases.
Let G be LC abelian; then, Vo S(Ey) and the character group G of G
coincides with Vo, so that (8.2) is representable as follows

5.1 Tl = 2() F0) -

1) This comes from the fact: 0, is dense in L(G) and forms a basis of it, since B+ the
collection of such elements in the forms f*f, fc L+(G), is a basis of L(G), i.e. (V+ )@
is dense in L(G) and P+ Be.

2) In abelian cases, V), itself is compact in ET(,; hence, 170=Vo—6 is locally compact.
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in which x(x) = x,(x) is independent of the choice of f such that 7O =R0,
since f,-& = f-&, = (f- g),, and hence such x(x) as in (5.1) is always definitive.
Moreover, we hold

o = S TG 7(9) 2(ay=r) dxdy

G

=JOO-FOO =170 12,

from which it follows

(5.2) I f‘u;:S | FGO)2dy;

this is the modified formula of (2.5).

From this, we have @éCB(é) and, by means of the Pontrjagin’s duality
theorem, De=L2(G).

Appendix I. To define (4.1) in §4, we prepare a Lemma;

Lemma 6. If f(¢)=20 for all 9V, f€ L., then it holds f(e)=0.

Suppase that f(e) < 0 and let W be a neighborhood of e such that R(f)(x)<{0
for x € W ; take further a neighborhood U of e such that UU-1CW : then

£0(0) = | Colay) Cul9Ddy

G
is in P(G)YV, and 7(¢) -0 on V, implies that ¢(f)==0 for all ¢ in HI(H(G)),
so that

06, (1) = | el s (dx

I

Co(D) S Cy(s~)F(Is)dtds == 0.

U U—1l
These are contradictory, from which the Lemma.
Appendix II. We have another formulation of (3.4) in Thr. 3 as follows;
for a suitable series {K,} of compact sets K, in G,

(3.4 Py =tLim. | £ F(wddx;

since (L*(G))g is dense in L2(G) (see A. Weil, loc. cit. p. 32), for a given & >0,
there exists /0 with compact carrier K such that [ f-f0ll ;)= F—Fou Vo
< ¢/2, and

J 1rroran = e porpan + | 17 pran<ea,

G K G—-K
where fx(x) = /F(x), x€ K, and otherwise =0, so that fo_fOHLz(G)<5/2
and || f—-fix L2(G) = HF=Fall T/('< <.

1) C, means a characteristic function of U; see A. Weil, loc. cit.



70

i)
2)
3)

LY
5)

6)

P

Shin-ichi MATSUSHITA

Bibliography

R. Godement, Mémoire sur la théorie des caracteres dans les groupes localement
compacts unimodulaires, Journ. de Liouville, 30 (1951). )

S. Matsushita, Positive Linear Functionals on Salf-Adjoint B-Algebras, Proc. Acad.,
29 (1953). Pricise arguments will appear elsewhere in near future.

F. I. Mautner, Unitary representations of locally compact groups, I, II, Ann. of
Math., 51 52 (1950).

J. von Neumann, On rings of operators, Reduction theory, Ann. of Math., 50 (1949).
1. E. Segal, The group algebra of a locally compact group, Trans. Amer. Math.,
Soc., 61 (1947). .

1. E. Segal, An extension of Plancherel’s formula to separable unimodular groups,
Ann. of Math. 52 (1950).

H. Sunouchi, An extension of the Plancherel formula to unimodular groups, T¢hoku
Math. Jour. 4, 3 (1952).



