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Introduction 

A fundamental problem in algebraic topology, the calculation of homotopy 

groups rrr(S") of spheres, was initiated by studies of several authors; Brouwer's 

degree, Hopf's invariant and Freudenthal's suspension method. Recently, G. W. 
Whitehead [22] [23] I> generalized Hopf's invariant and Freudenthal's invariant 

to enumerate several non-trivial homotopy groups of spheres. It is reported 

that H. Cartan, P. Serre, G. W. Whitehead, and W. S. Massey2> have obtained a 

number of remarkable results2', applying Eilenberg-MacLane's cohomology theory 
of a group complex. 

Methods employed here by author, are rather intuitive. Making use of recent 

results due to S. Eilenberg and S. MacLane [7], he constructs an elementary 

CW -complex Kr .. the n-section K: of which is an n-sphere S", such that 
excepting rr,.(K,.)=Z, ail the other homotopy groups vanish. Ganerators in 

n:r(S"), which are essential in the (n+k-1)-skelton K:H-1 and inessential in 
K:H:, can be represented by the image of the boundary homomorphism : 

7r:r+I CK:Hc, K~H:-1 ) ...._. rrrCK:H-1 ). Thus, generators of rrr(S") can be realized 
by adequately chosen maps in virtue of the construction of the complex K ... 

Main results in this paper are stated as follows. 

Theorem i) rrn+3(S")=Z24 for n:2':5, the genraior of which is represented by 
(n-4)-fold suspension of the Hopf's fibre map: S 7_.S4• 

ii) 7rnH(S")=0 for n>6, 

iii) 7rn+s(S")=0 for n~7, 
iv) 7rn+6(S")=Z2 or Z2+Z2 for n28, 
v) rrn+7(S") is the direct sum of Z1s and a group of order 2!:(3:S:.k:S:.8) lor n~~9. 
vi) 7rt>+a (S") is a group of order 21c for n~lO. 

In Chapter 1 various kinds of notations are given and the excision theorem3> 
due to A. L. Blakers and W. S. Massey is stated in order to be available under 
the removal of the restriction in dimensions. In Chapter 2 Whitehead product 

1) Numbers in blackets refer to the references cited at the end of the paper. 
2) Cf. [4], [14], [15], [16] and Bull. Amer. Math. Soc. U.S.A. 57 (1951) abstruct 544. 
3) Theorem I of [3]. 
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is generalized to get certain types of products. called generalized Whitehead 

product4'. which have rouch to do with the Hopf construction of G. W. Whitehead. 

In Chapter 3 generalized Hopf invariant and Freudenthal invariant are systemat· 

ically discussed as a Hopf homomorphism of a triad n .. (S'~'; E:. E"-)· Generalizing 

this homomorphism to define a Hopf homomorphism of n,.(X*; é,.. X), we obtain 

that n,.(X*; é'~', X) bas a direct factor isomorphic to Trn-r+l(X, i;'~') (?) n,.(é", 13") in 

lower dimensional cases. In Chapter 4, essential elements in homotopy groups 

n,.(S'~') of spheres of special dimensions, are given and also their essentiality is 

shown by means of Hopf invariant. In Chapter 5, a homomorphism T: 2[n,.(X)}-4 

7tn+1(X)/2n .. +l(X) is introduced in order to consider the element of order four 

in Trn+s(S'~~)(n>3), which Barratt and Paecher obtained recently. In Chapter 6 

it is shown how the suspension homomorphism of Eilenberg-MacLanes> is 

intarpreted as homomorphisms of homology groups of K ... K .. +l by making use 

of their recent results. Chapter 7-8 involve our principal results. Making 

use of preparations in the previous chapters. we can compute automatically 

homotopy groups n .. (S") of spheres. We calculate homotopy groups of the n-fold 

suspended space yn+l of the projective plane, making use of T -homomorphism in 

Chapter 5. 

Chapter 1. Preliminaries 

i) In this Eection. we ehall describe severa! notations. which will be used 

throughout this paper. 

Symbols (X; xl •...• X ... Xo). (X; xl •...• x .. ). (X.A. Xo). (X.A) and (X.xo) 

indicate systems of topological spaces su ch that X~ X«. X 1 n ... n X,. 3 xo. 

X~ A 3 xo and X 3 xo . A mapping f: X-+ X' is a continuons function of X to 

X', and if /(X,)~X/ and f(xo)=xo'• the mapping fis indicated by /:(X; X 1 • 

...• x ... xo)-+(X';X{, ...• x .. '.xo'). A homotopy ft 6>:(X;Xl ..... x ... xo)-+ 

(X'; X {, ... , x,.'. xo') means that the homotopy ft : X -• X' carias the subsets X, 

and xo to X/ and xo' respective! y. If /: X-+ Y and g: Y _,.z are mappings, a 

composite map go/: X-+Z is given by (gof)(x)=g(f(x)) for x EX. 

x=(x1 • ... , x .. ) indicates a point of the real Cartesian space C of infinite 

dimension having the i-th coordinate x .. for i<n and 0 for ï>n. thus (x1 , •.. , x,.) 
::nd (x1 • ·-·.x ... 0, ... ,0) indicate the same point of C.7> Define eubspaces of 
c by 

4) Products of this sort are also provided by A. L. Biakers and W. S. Massey; cf. Bull. Amer. 
Math. Soc. U.S.A. 57 (1951) abstruct 165. 

5) Cf. [7]. 
6) The homotopy is indicated by symbol: fo"""'h· 
7) The n-dimensional cartesian space is denoted by C". 
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E" = iCxr• ··· 'x,)\:L: x~< li, S" = {Cxr• ···, Xn+I)\:L: x~= 1(, 

E~.= ~(xr, ··· , Xn+l) ES"\ Xt > 0 l , E~ = E~<n+l), 

E':..ï= {Cxr•···•Xn+l)ES"\xï<o}. E':..= E':..<n+r)' 

S~ = {Cxr• ···, Xn+l) ES"\Xi = 0}, y*= (1,0, ... ,0): 

(1.1) r = {Cxr, ... ,x,)\O.::Ç_x;<l}. Ï"={Cxr•···•Xn)Er\llx;(l-xi)=O}. 

1~ = {cxr •...• x .. ) El" \x .. ;;;;;-H. 1':.. = {cxr, ... , x .. ) El" \x .. ~-n, 

1~ = {Cxr•···•Xn+I)Ezn+ 1\xï=O}. J?=Cl(i"+L1n. 

n = 1~ n 1~, r = J~+l. 1~ = cl(i~+1-zn-r). 

K~J = J~nrJ, K" = K~,n+r and 0* = (0, ... ,0). 

Thus E"+ 1~E"~S"-1~E~~~~s~-r, E"+L-Int.E"+1 = S" = E'.;.i u E':..ï' Er;.inE;• 

=S~-1, J"~Ï"~fr-l~K~jl?J 0* and J"-Int.1"=Ï"=J~-ru zr-l=K~1-ru zr-ru r_;-1. 

Let 

(1. 2) 

and 

Pn: Cr. i", 0*) ~ (J", i". 0*) 

p,.': (K"; r-r, J~-r, 0*) ~ (l"; r-r, r-r, 0*) 

be projections from the points (1/2 •... ,1/2,-l)EC"+l and (1/2, ... ,1/2,0,-1) 

E C"+l respectively, then Pn and P,/ are homeomorphisms. 

Let Pn(O): (E"+ 1, S") ~ (E"+r, S") be the rotation through {} given by 

(1. 3) p,.((J)(Xr• · ·., Xn+r)=(Xr• · ··, Xn-1• COS{}· Xn- sin{}· Xn+l• sin{} • Xn +COS{}· Xn+l) 

Define a mapping d,.: (S" x E 1, S" x sou y* x El)---> (S"+r, y*) by 

(1. 4) 

d,.(x, t)=(t+(l-t)xr. (1-t)xz, ... , (1- t)xn+l• (2t(l--t)(l---x1 )~) O<tsl. 

=( -t+(l+t)xr,(l+t)xz, ... ,(l+t)xn+r• -(2--t(l+t)(l-x1)!) -l:::=:ts_O, 

then dn maps S"xE 1 -(S"xS0 uy*xE 1 ) homeomorphically onto Sn+l_y*, and 

(1.4 )' d,(E H x E 1 ) = E':-!1 for l<i~n + 1. 

Define a mapping q;,: (J", i") ~ (S", y*) inductive! y by setting 

(1. 5) 

and 

1/Jr(xr) = pr(2rrxr)(y*) 

1/J,(Xr• ... , Xn) = dn-r(l/Jn-r(Xr• ···, Xn-r), 2x,.--1) for n >: 2, 

then 1/J,. maps Int. J" homeomorphcally onto S"-- y*. 

Let Sr: (i2,0,1J--•(S1, y*) be a homeomorphism given by sr(xr.O) c=,o(rrxr)(y*), 

and for xE ]1 by et(x)~~.or(rr)orPr(x). 

Define homeomorphisms e,.: (i"+ 1,0~J--•(S",y*) and s,: (l",i")--•(E",s"- 1 ) 

. d t" 1 b t. - (l+t(2xr-1) l+t(2x,-l)) ( , ') f 1n uc 1Ve Y y se tmg e,. -- 2 --- , ... , ---- 2 =~ tx1 , .•. , txn or 
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(x/ •... , x,.' )=e,.( x1 , ..• , x .. ) and tE / 1, and by setting e,.(x )= P: 1(ë,.(x )) and 

e,.(P,.(x))=P-;. 1(ë,.(x)) for x El"'. where P+: E~~ E"' and P-: E'!!..~ E"' are pro­

jections given by P+(Xl• ...• x .. +l)=(xl• ... • x,.,O). Note that (for n>l) 

(1.6) e,.(l"') = E':_, e,.(]") = E'.; and e,.\i" = e,.-1 • 

The calles and their boundaries ]"', i". ]", E"', S"-1, Er;. and Er:.. are orientable 

such that cJ!,., e,. and P- preserve the orientations and p,. and P+ reverse the 

orientations. 
Denote a subspace S" x y* u y* x Sq of S 11 x Sq by S 11 v Sq, and define a mapping 

rp,.: (S"; E~. Er:_. y*) ~CS" vS"; S" x y*, y* x S", y* x y*) by (xE S"-1, tE E 1 ) 

(1. 7) rp,.(drH(x, t)) = (p,.(rr/2) o dn-l(X, 2t-l), y*) 

=(y*, p,.( -rr/2) o dn-l(x, 2t+1)) 

O<t::=;:1, 

-l<t<O. 

rp,. maps Int. E~ and Int. E':.. homeomorphically onto (S"- y*) x y* and y* 

x(S"- y*) preserving orientations, and rp,.(E:,.)=E~ v Er_ and rp,.(E~ .. )=Er__ v E~. 

Let a,.: (S"xS", S"' V S")~(S"xS", S"' VS") be a homeomorphism given by 

(1. 8) a,.(x. y)= (y, x), x. y ES"', 

then we have 

(1.9) a,. o (/in = (/in o pn( rr) . 

(1.10) 

c/Jpoq rnapS lnt. ]PH =Jl'H- jPH horneomorphically OntO S 11 X Sq- S 11 V Sq, bence 

there is unique mapping if>p•q: (S11 xsq. S 11 v Sq) ~ (S»H, y*) such that 

(1.11) 

(1.12) 0p,q(x. y, t) = CC1-t)xl •...• (1-t)xp+l• Y1· ...• Jq+l) o_:::::::_t<l, 

= (Xl• ··· •XP+l• (l+t)Yl• ··· ,(l+t)Yq+1) --l<t~O, 

where x=(x1 , ..• ,Xp+!)Ef»H,y=(Yl•···•Yq+l)EfHl and tEE 1, th~n if>v•q\f1'H 

xfH1xint. El is a homeomorphism. 

ii) homotopy groups 

Define a sum f+,g:(r.i")---+(X,xo) of 1 and g:(l"',i")(X.xo) on the 

Xt-axis (l<i:5".n) by 

and also define an inverse - d: (1", i")-+ (X, xo) of f by 
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(1.13)2 

It is easily seen that the sums f +tg on different two axes are homotopie to 

each other, and the homotopy classes of f form the (absolute) homotopy group 

rr:.-.(X, xo) with respect to to the above addition. 

A mapping /: (S",y*)-(X.xo) is called a representative of aErr:,.(X.xo) 

if the homotopy class of the composite map fa cp,.: (l", Ï")- (X, xo) is a. Define 

a sum f + g of f and g: (S", y*)____,. (X. xo) and an inverse - f of f by 

(1.14) (/ + g) (dn-1(x, t)) = f (dn-lx. 2t+1)) -1<t<O, 

= g(dn-1(x, 2t-1)) O~t~1. 

and (-/) (dn-1(x.t)) = f(dn-lr;, -t)) • 

then q;.,( f + g) = cp,.( f) +,.cp,.( g ), cp,.( - f) = - ,.<J;,.( 1) and cp,.( f )=cp .. (g) implies 

f =g. Tharefore rr:,.(X. xo) may be regarded as the set of the homotopy classes 

of/: (S", y*)- (X, xo) with addition in (1.14). 

A mapping /: (Ï"+ 1 ,0*)__,.(X,x) is called a representative of rJ.Err .. (X.xo) 

if there is a mapping f':(Ï"+ 1,0)-(X.xo) such that f=f',f'(J")=xo and 

the class Of f' \J" : (l", jn) ----> (X, Xo) is a. lt is not SO difficult to show that 

(1.15) 1/ f: (S", y*)____,. (X. xo) is a representative of a, then the composite 

map f 0 e,.: (i"+l, 0*) ____,.ex. xo) is also a representative of (/.. 

The relative homotopy group rrn(X, A. xo) i3 a set of homotopy classes of 

mappings: (J", r-l, r-1) ....... ex. A. Xo) with addition which is represented by 

a sum and an inverse on the Xt-axis (1<i<n-1) as in (1.13)1 antl (1.13)2• A 

mapping f: (l'', j", 0*) ____,.ex. A. xo) is calle:l a representative of (/. E rr .. (x. A. Xo) 

if there is a mapping /' 8>:(l",Ï",O*)-(X.A.xo) such that f=f', f'(]")=xo 

and the class of f': (J". r-1• r-1) ____,.ex. A. Xo) is (/.. Also a mapping 

/: (E".s"-1,y*).-(X.A.xo) is called a representative of aErr,.(X.A), if the 

comp:>site map fa~ .. : (l",j",O*)-(X,A,xo) is a representative of a. 

The triad homotopy group rr,.(X; A.B.xo) is a set of ·homot·Jpy classes of 

mappings: (l"; r:_-1• r::-1• r-l)----> ex; A. B. Xo) with addition which is re­

p:·est:-nted by a sum and an inverse on the Xt-axis (lS:.i<n-2) as in (1.13). 

Since cp,._1 : (]"'- 1, j"-1 ) ____,. (S"-1, y*) maps J'·:;_-1 and p::_-1 to E~-1 and E;:-1 

respe:::tiVêly, tbere is a mapping ;f,: (r; ~~- 1 , r::_-1, ]") ____,. (E"; E~, E':_. y*) such 

that êi .. \I"-1 =cpn-t a:~d (p., maps 1"- ]"-1 homeomorphically onto E"- y*. As is 

easily se::m, any ext.:!nsions cF~ of cp,_1 =f~\J"- 1 are hom:>tJpic to each other. 

A mapping /:CE"; E~- 1 , E':_- 1, y*)--+ (X; A. B. x0 ) is called a representative of 

a E rr .. (X; A. B. xo) if the composite map fa (ii,.: (l"; ~~- 1 • Ir:_-, ]"- 1 )-(XA, B. xo) 

represents a. A1so a mapping f: (r; ]"-1, J"- 1, 0*) -~(X; A, B. xo) is called a 

8) The existence of such mapping is c!ear. 
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representative of a, if the composite map f o Ë;:;-1 : (E"; E~-1, Er:._-1, y*)-.. 

(X; A. B xo) is a representative of a. 

Let/: (X.xo)~(Y.yo) be a mapping, tor any mappings g 1 and g 2 : (l",r) 

~(X,xo) we have that g1=g2 implies fog 1=fog2 and that fo(g1 +ïg2 ) 

=(/og1)+;(/og2). Therefore f induces a homomorphism 

(1.16) /*; rrn(X,xo)->rr,.(Y,yo). 

Similarly mappings /1: (X, A, xo)--(Y, B. Yo) and /z: (X; A, B. xo)-• Y; C, D, Yo) 

induce homomorphisms 

(1.16)' ff: rr,(X, A, xo)-> rr,.(Y, B, Yo) • 

and 1:: rr,.(X; A, B, xo) _,. rr,.( Y; C, D. Yo) · 

The mapping /:cr. Ï")-•(X. Xo) is regarded as the mapping /: (J", r-1, r-1 ) 

_,.(X. xo. xo) and this implies the natural isomorphism 

(1.17) j'; rrn(X, Xo) ~ 7rn (X, Xo. xo) · 

The mapping /: (r, r- 1,]"-1 )--(X,B.xo) is regarded as the mapping 

f: cr; r-1,]"-1, rc·-1 )--+(X; Xo' B. xo) and this implies the natural isomorphism 

(1.17)' j': rrn(X, B. Xo)---+ rr,.(X; Xo, B • . Xo). 

Df:fine a boundary âf: cr-1• jn- 1)---+ (A. Xo) of /: (l".J"-1• r-1 )->ex. A. Xo) 

by âf =f IJ"-1, then f""'"'g implies âf=âg and â(/ +;g)=âf +;âf for 1::;:i:::=:n-1. 

Therefore we obtain the boundary homomorphism 

(1.18) 

Dêfine a boundary ~+/:(1"- 1 ; r-2,j"-2 )--(A.AnB.xo) of j:(J";J~-1, 

r ... -1.]"- 1)-•(X; A. B. Xo) by ~+f(x1•····Xn)=f(x1•····Xn-2•2Xn-1-1,0) then 

f=<g implies ~+f=~+g and f3+(f +;g)=~+f +;{3+g for 1<i:=;n-2. Therefore we 

obtain the boundary homomorphism 

(1.18)' 

The following prop<:;rties are well known, 

(1.19) i) 1/ f is the identity map. then f* is the identity homomorPhism. 

ii) (/og)* =/*og*. 

iii) f"""g imPlies /* = g*. 

(1. 20) The sequence of the homomorphisms 

j a i* 
··· ~ rrn(X, Xo)~ rrn(X, A.xo)~ 7rn-1(A,xo) ~ 7rn-1(X.xo)~ ··· (n>1) 

is exact, where i : A---+ X is the injection and j* is tho composite homomorphism 
j' injection 

n,.(X.xo)~n,(.X,xo.xo) ·--->-n,,(X,A.xo)· And also the sequence of the 

bomomorphisms 
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j' ~+ i* 
... _..nn(X, B. xo)--* nn(X; A. B. Xo)->-nn-l(A.AnB• Xo)--* 7rn-l(X, B.xo)-" ··· 

Cn>2) 
is exact, where i ; (A, A nB, xo) -• (X, B. xo) is the injection and j* is the 

j' 
composite homomorphism nn(X, B, xo) ->- nn(X; xo. B, xo)--> rr,.(X; A. B. xo). 

(1.21) In the following diagrams the cJmmutativi ty relations hold; 

· .. __,. 1Tn(X • Xo) __,. 1Tn(X • A, xo) __,. 1Tn-ICA. xo) ~ 1Tn-1CX, Xo) __,. ... 

lt* lt* lUlA)* lf* 
.. · -~ ïrn( Y • Yo) __,. 1Tn( Y • B, Yo) -> 1Tn-l(B, Yo) ~ 1Tn-lX • Yo) __,. .. · 

and 
... __,. 7rn(X, B. Xo)--'> 1Tn(X; A. B. xo) __,. 1Tn-ICA. A nB• Xo) __,. 1Tn-l(X' B. xo) ... 

lg* lg* l (g[A)* lg* 
· · · __,. Trn( Y, D, Yo) __,. 1Tn( Y; C. D, Yo) __,. Trn-l( C, C nD• Yo) __,. 1Tn-l Y, D, Yo) ·· 

where /: (X,A.xo}-<L B. Yo) and g; (X; A,B,xo)__,.(Y; C, D, Yo) are mappings. 

Definition (1. 22) rro(X)=O if and only if X is arcwise connected, rr1(X, A. xo)=O 

if and only it the injection homomorphism i*: nlA. xo) __,. rr1(X, xo) is onto, and 

n 2(X; A. B. xo)~=O if and only if the injection homomorphism i*: rr2(A, A nB• xo) 

__,. n2CX, B. xo) is onto. 

X is ca1led n-connected if rrt(X.xo)=O for O~i~n. (X.A.xo) is called 

n-connected if no(A.xo)=rro(X.xo)=O and rr;(X.A.xo)=O for 1~i<n. (X; 

A. B. xo) is called n-connected if (A, A nB• xo) and (B, A nB• xo) are 1-connected 

and rr,(X; A. B. xo)=O for 2<i<n. 

iii) The main thee>rem of Blakers and Massey [3] is described without n~stric· 

tian in lower dimeneion ; 

Theorem (1. 23) If X =(/nt A)u(Int B), (A, A nB) is m-connected and 

(B. AnB) is n-connected, then the triad (X; A. B) is (m+n)-connected 

(m~~n:2-l ). 

For the case n ~2. the proof of theorem was given in [3]. 

We shall prove this theorem for the case n=l. With norrnalization process 

in ~ 3 of [3], any elements of 1Tq (X; A. B) ~s represented by normal form 

f: (lq; Jq-1, r-1) --"»(X; A.B) such that 

j-1(A) :J N(M)u Jq-l and j-1(B) :J C1(lq-N(M)). 

Suppose 2:=;q<m+l. then dim. M<q-m-1<0, and therefore N(M)= Y a~+ 'jrj. 
where ai and rj are finite number of disjoint rectilinear closed cells in lq-r-1 

such that ajnl'1- 1 =rf; and r]nlq_1 are faces of rj. 
Since q0 -2, we can take se_gments t; from each point of rj to point of r-1 in 

Jq __ jq N(M), such that t, aredisjointtoeach other. Set P='jtjuN(M)u]'l-1 

and Q-=Cl(lq P~). then interior ot Q is an open f]-Ce!l and its boundary is 

(P nQ)u p-1 and (P nQ)nP-1=i'H. Therefme P nQ is a retract of <J and 



50 Hirosi ToDA 

let its retraction be rt: Q ~ P n Q . 

Since (B.A,..B) isl-connected, fl'jtJ is deformable intoAnB rel::<tive to 'jiJ, 
and extendable to whole homotopy of cr; zq-1, r-1 ) such that the resulted map 

/ 1 : (r; zq-1, r-1)- (X; A, B) satisfies the conditions 

/ï1(A) ::J P and /11(B) ::J Q. 

Equations /l+t 1 Q= /1 o rt and /l+t 1 P = /1l P define a homotopy of / 1 ~ / 2 , and / 2 maps 

Jq in A. A1so a retraction of r leads a null-homotopy of / 2 and nu11homotopy 

off. Consequently any element of ïTq(X; A.B) is trivial for 2~qS::m+l. and the 

proof of theorem is comleted. 

Let .A,..B, A, Band X be subspaces of X x/1 given by A,..B=(A,..B)x]l, 

A=Ax(O)ul'l,..B.B=Bx(l)'--' A~B and X=A'--' B. and let rf/: (A,(A.,B)x(l)) 
A -

-(A, xo) and ifJ: (A, A,..B)- (A, xo) be mappings identifying the subsets 

(A.,B)x(l) and A,..B to single points. 

For convenience we shall give a sufficient condition to omit the condition 

X =lnt. A '--'Int. B of (1. 23). 

Definition (1. 24) The pair (A, A,..B) is smooth if and on'y if there is a 

homotopy ht: (A, A,..B) --• (A, A,..B) such that hc(x)=(x, t) for xE A,..B. 

Lemma (1. 25) i) 1/ (A, A,..B) is smooth and X =Au B, then triads (X; A. B) 

and Cx; A. B) have the same ho mot op y type. 

ii) If A is a retract of A xJl, then (A, A,..B) is smooth. and a combinatorial 

Pair (K, L) is also smootlz. 

iii) Let ifJ: (X, A)~( Y. B) be a maPPing such thal ifJ 1 X- A is homeomorPhism 

onto Y-B, and i/(X,A) is smooth then (Y.B) is also smooth. 

iv) J/ (A, A,..B) is smooth then (A, (A.,B)x(l)) and (A, A,..B) have the 

same homotopy types. 

v) 1/(X, A) is smooth, then (X x/1 , Xxi1 '--' AxJl) and (X xJl, X x(O)'--' A xJl) 

are also smooth. 

From the !emma we have (CL [J]) 

Theorem (1. 23) J/ (A, An B) is smooth and m-connected, (B. A,..B) is 

n-connected, A,..B is r-connected and X =A'--' B. then 

i) (X; A.B) is Cm+n)-connected, 

ii) the induced homomorphisms ifJ*: ltp(A, A,..B) ~ rrp(A, xo) are onto /or 

p;-;::m+n+l and isomorplzic for psm+n. 

iii) and the injection homomorphisms i*: rrp(A, A,..B) ~ rrp(X, B) are iso­

morPhisms into /or p~-:_m 1 r and their image are direct factors of rrp(X, B), 

and zoe have rr2,(X, B) = rrv(A, A,..B) '-'1! rrv(X; A. B). 

Let X;: (E''.S"-1,y*)---•(X*,X,xo) h~ mappings such that x,IE" --sn-lare 

homeomarphisms, '-(Xi(E"-S"- 1 )=X*-X and x,(E" -s'~~- 1 ) are disjoint to 
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each other. The mappings X1 will be reîered to us characteristic maps, and we 

donote é~=Xï(E"), /;~'=X;(S"-1 ), é"=Yé;' and t;7=uË;'. By iii) of (1.25), (é".8") 

is smeoth and the theore·m (1. 26) is available for the triad (X*; é", X). 

Set E~={(Xl• ···•Xn+I)\l.:~=1/4}, a~=X;(E~u[1/2.1]), Y;=é~-Int. a~. a'"' 
2- :J 

=';!a7 and Y='TYi· Thepairs(é",/;") and (é", Y) have the same homotopy 

'* type, and in the exact sequence ... -• rr1,(a", (;'') ~ rrp(é", Y)~rrp(é"; a", Y)~ 
rrp- 1(é", ô") ...• i* is equiva1ent to a homomorphism: x*: ~ rrp(E". sn-1) ~ 

·l 

rrp(é", .';") which is given by X*(rL1 + ... -l-tL;-1- "·)=Xf(al)+ ... +X'[(a;)+ .... From 

i) and ;ii) of (1. 20) we have 

Corollary. (1. 27) X'~': 2.:: Trp(E". sn-l) -> Trp(é"', .';")are isomoPrPhisms into and 
·l 

np(é", E"):=::::-~ np(E", S"-1 )El)rrp(é"; a", Y) /or p<2n-3, and if.';" is m-connected 
i 

X* is onto for P~n+ Min. (m.n-1)--1. 

Chs.pter 2. SuE.pension, Products and Hopf costruction. 

i) Suspension 

Let d: (XxE1.XxS0 uxoxE1 )~(E(X).xo) be amapidentifyingthesubset 
A A 

X x souxo x E 1 to the single point xo. and denote X +=d(X x [0,1]) and X -=d(X 

x[-l.C]). E(X) is called a suspended space of x. and we identify the point 
A A A A 

x of X to the point (x,O) of E(X), thus E(X)=X+uX- and X=X+nX-· 

sn+l is a suspended space cf S" with respect to the shrinking map dn of (1. 4). 

Define a sum f+g of !and g:(E(X).xo)~(Y.yo) and an invers -f of 

f by 

(2.1) (/ + g)(d(x. t)) = f(d(x. 2t-1)) O<t<l. 

= g(d(x, 2t+1)) 

( -- /) (d(x, t)) = /(d(x, -t)) 

-1<t~O. 

-1~t<O, 

then the homotopy dasses or f form a group, which coïncide tc the fundamental 

group of the function space Y if= { f: X___, Y\ f ( :..:o) =Y a} , with reference point f 0 : 

X~Yo· 

A susPension (maP) E/:(J"+ 1,i"+ 1)->(E(X).xo) of f:(l",i")->(X.xo) is 

defined by 

(2. 2) E/Cx1, ... , Xn+l) = d(/(xl• ... , Xn), 2xn+l --1) • 

then we have E(f+ig)=Ef+tEg and E(-d)=-;Ef for 1~i;;;n. and there· 

fore we obtain the suspension homomcrphism 

(2. 3) E: rr,.(X, xo) -> 7rn+l(E(X), xo) · 

For/: (J"'·,i")~(X.xo) and g1.g2: (E(X).xo)-•(Y.yo) we have 

(2.4) (g1+g2)oEf=g1oE/-+n+!g2oEf and (-g)oEf= -,+l(gaEf). 
A A 

Since À+ and x_ are cortractîble, the ex~:ctness of the homotopy sequences 



Hirosi TODA 

~ ~ 

of the pairs (X+.X.xo) and (E(X).X-.xo) Jead that the homomorphisms 
~ ~ 

8:rrn+1(X+.X.xo)~rrn(X.xo) and j*:rrn(E(X).xo)~n,.(E(X).X-.xo) are 

isomorphisms onto. Consider the diagram 

(2. 5) "* 
~ ~ ~+ i* ~ J ~ ~ 

··· rrn+l(E(X); X +• X-}----+ rrn(X +• X)-----+ nn(E(X), X-)-----+ rrn(E(X); X +• X-)--~··· 

\ la ti*' // 
~ \. . E 1 / 1 

7rn-I(X) -? rrn(E(X )) 

where .d =ô o [3 + and 1 = j*' o pr.. It if' eaeily verified tbat E = j* _1 o i* o 8-1 and th at 
L\ E 1 

the sEquence of the homomorphisms ···---+---+-------+ ··· is exact. By (1. 23), v) 

of (1. 25) and i) of (1. 26), 
~ ~ 

(2. 6) if X is r-connected and smooth. then (E(X 1, X +• X-) is (2r+2)-connected 

and therefore the suspension J;omomorphisms E: r.,.(X)--> 7rn+l(E)) are iso­

morphic for n-;;;2r and onto for n=2r+l. 

Note that 

(2. 7) if f(r+ 1, i"+1 )~(zr+ 1 , i•+l) is a maP snch that eno(f 1 jn+l) is a represent­

ative of an element r;. E nn(S') and if g: (1'+ 1 , i'+ 1 )~(x oxo) is a representative 

of [3 E rr,-+1(X), then the composite maPPing gof: (J"+l, i"+1 )~(x. xo) represents 

fJ o E(r;.) E 7rn(X, Xo ). 

Define a mapping D":(Xxr.xxinuxoxl")-~(E"(X).x) inductively by 

setting D 1 =d and nn(x,(xl•····Xn))=d(D"-1(x.(X1•····Xn-1),2xn-l), where 

E"(X) indicate<: the n-told suspended space of x. Sinœ D" maps Xxl"-(X 

x jn u xo xl") homeomorphica11y onto E"( X)---- xo, we can define a mapping 

if;n: (X x S", X vS")~ (E"(X), xo) svch that 

(2.8) if;,(x, cf;,.( y))= D"(x. y) xEX, yEJ". 

Define a product fxg:(IPH,jm)~(AxB,AVB) of f:(IP,jP)~(A.ao) 

and g: (lq,iq)~(B.bo) by 

(2.9) 

then f'"""f',g':'-'g' implies fxg,..,..,f'xg' and bence a product (J.x[3Enp+q(A 

xE, A v B) of u. E np(A) and [3 E r:q(B) is defined. If /:(lm, j"n)--> (X, xo) is a 

representatve of r;. E rrn(X), W<'- have by ( 2. 8)if;,(/ x cf;,.)(x,(Yl• ... , y,.))=D"(f(x ), 

(Yl• ···,y,.)= d(D"-1(/(x), (Yl• ... , Yn-1), 2y,-l) = ED"-1(/(x). CY1• ... , Yn-1)) 

= ··· =E"f(x). in which E" indicates the n-fold suspension. The·refore 

(2.10) if;~(u. x cn)=E"(ff.), when cn9) is the generator of r:n ( S") represented by 1'n· 
Finally we remark that the suspension El off: (l",i")---+(X.xo) satisfies 

the condition /(1~+ 1 ) C X+, f(I':_H) C X- and El (x1 •... , x,.~~-)= /(x1 •... , x .. ). 
9) This notation: 'nE rcn(S"') will be used through the paper. 
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and th«t if a map F: (J"'H,j"+l)_.(E(X).xo) satisfie:3 this condition then we 

have E/=F. 

ii) Products. 

The original jnoduct of J. H. C. Whitehead [f, g]: (jPH, 0) ....... ex. xo) of 

j; (lP,jP)--~(X,xo) and g; (r,iq)->(X,xo) is given by 

(2.11) 

or 

[f, g] (xr' ··· 'Xv+e) = f(xr, ···,Xv) 

=g(Xv+l•···•Xv+oJ 

[f, g] (rf; v• q(x, y, t)) = /((1- t)xr, ... , (1- t)xv) 

=g((11 t)Yr• ... ,(1+t)yq) 

(Xp+I• . ..• Xv+e) E jq. 

(XI• ··· •Xv)EJv • 

0<::'tS:1, 

-1~t~=:o. 

If f, and g, are homotopies, then [f,, g,] is a homotopy from [/o. go] to 

[fl, gr] and therefore the product [a, /3] E 7l'p+q-1(X, xo) of aE rrv(X,xo) and 

{3 E rrq(X, xo) can be defi.ned. Let i 1 : A--> A v B and i 2 : B-> A v B are injections 

such that i 1(a)=(a.b0 ) and i 2(b)=(a0 ,b). By (2.9) and (2.11) we have for 

j: (JP,jP)->(A,ao) and g: (r,iq)->(B,bo) 

(2.12) 

Let f: (SP, y)-•(X.xo) and g: (Sq.yù-~(x. xo) be representatives of a E rrv(X) 

and {3 E 77q(X) resp6ctively and let f v g: (SP v SQ, y* x y*)-> (X, xo) be a mapping 

such that (/v g)(x. y*)=f(x) and(/ v g)(y*.x')=g(x') for xE sv and x' E sq. 
Then the composite map 

(2.13) 

is a repre-sentative of [a. /3]. 

Now we defi.ne a (relative) product [11., /3]r E rrv+q-1(X, A. xo) ot aE rrv(A. xo) 

and /3 E rrq(X. A. x). Let/: (JP, jv)-> (A, Xo) and g(r,JQ-l, r-l) ->(X, A. Xo) be 

representatives of (/. and fJ respectiveJy. Define a mapping (/. g)r: crH-1, 

jvH- 1,0*)->(x.A.xo) by 

(2.14)' 

= g(Xv+I• ··· • Xv+q) (Xl• ···,Xv) E jv, 

;md defi.ne a relative product [f, g]r: (JPH-, jVH-1, 0*) ....... ex. A. Xo) of f and 

g by 

(2.14) [j, g]r = (j, g)r 0 p~H-1' 

/'""-'!'and g=g' imply [f, g]r=[f', g'].r and [f, g],. is a representative of the 

relative product [r;., f3], .. 
Next we defi.ne a (triad) product [,;., j3], E nv+e-rCX; A. B. xo) of r;. E rrv(B. A 

nB. Xo) and J3 E 1l"q(A. A nB. Xo)· Let /: (IP,JV-l, p-1}•(B, A nB• Xo) and 

g: (lq,]q_l, r-l)-> (B, A nB• Xù) be rèpresentatives or (/. and /3 respectively. 

Define a mapping (/. g),: (KJ>H-1; r+"-2, J~+Q- 2 ,0*) ->(X; A. B. Xo) by 
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(2.15)' ( f, g)t (Xl, ... • Xp+q) =/(Xl, ... , XP-1• Xp+q) 

= g(Xp, .. · • Xp+q-1) 

(Xp' ... 'XP+Q-l) E Jq_1 ' 

Cx1 .... • xP-1• XP+q) E ]P-l, 

and define a tri ad product [f, g]t: (IPH-1 ; jPH-2, JgH-2, 0) __.(X; A. B. xo) of 

f and g by 

(2.15) 

f <="-' f' ard g= g' imply [/, g]t=[ f', g']t and [/, g ]c is a represent::,tive of 

[rl, S]t · 

We have 

(2.16) [tJ../3I+i32]=[a./3l]+[a,/32] ŒE7rp(X), sl./32Errq(X) (q>1), 

[a1 +a1. SJ =[r;.l, SJ + [a2, SJ r1.u r1.2 E rrp(X), BE rrq(X) CP>1). 

[a, B1 +B2Jr=[a, B1Jr+ [a, B2Jr fJ. E r.·p(A ), B1• B2 Erra( X, A) (q>2) • 

[ai+a2•B]r=[f1I•B]r+[a2•B]r a1,a2Errp(A), BErrq(X,A) (p>1), 

[a./3I+B2]c=[a./3I]t+[a.B2]t aErrp(B.AnB), B1•B2Errq(A,AnB) (q>2), 

[ai+a2,S]t=[ai,B]c+[a2,B]c al,a2E7rv(B,AnB), BErrq(A.AnB) CP>2), 

(2.17) f*[r;., BJ =[/*(a), /*"(S)] r1. E rrv(X), BE rrq(X), 

!*[a, B]r = [ff(a), /*CB)]r a E rrr(A ), BE rrq(X. A), 

f*[a,B]t = [ff(a),ff(B)]t rt.En:l.(B.AnB), BErrq(A.AnB), 

for/: (X;A.B.xo)--(Y;C.D.yo), /1=/lA and /2=/IB. 

From the definitions of products and boundaries, we bave ô [f, g]r=[f, âg] 

and B+[f, g]c=[âf, g]r, and we have 

(2.18) 

Next consider a product [r1., j*( B )], where a E n·1,( A), B E rrq( X) and j* is the 
• 

natural bomomorphism : nq(X)-> nq(X, A). Let /: (lP, iP)--(A. xo) and 

g: (lq, iq) _,(X, xo) be representa.tives of r1. and B n::spectively, then the map 

[f, g]r: (IPH- 1, jPH- 1, 0)-> ex. A. Xo) represG,ts [a, j*(B )]r. Remark that if a 

mapping F:(iPH,O*)->(X,xo) represents rEnv+q-1(X) and F(pH-1 )CA. 

then FIJPH-l: (JPH- 1, jPH-I, 0,1J--(X, A. xo) represents i"'Cr)E rrv+q-I(X, A). 

Making use of this remark, we bave [a, j*(B)]r=j*(r) where r is represented 

by a mapping F: (iPH,O*)-•(X.xo) such that FlJPH- 1=[f, g]r and FI ]PH-1 

=([f, g]JJPH-1 )oPn· Since [f, g]r=([f, g]l pH-1 )oP;;- 1, we have F=[f, g] 

op,. where Pn is given by Pnlln=Pn and Pnl]n=P;1 and bence Pn is a 

homeomorphism reversing the orientation. Consequently we obtain 

(2.19) j*[rl,B] = -[a,j*(S)]r for aErrv(A) and BErrq(X). 

Similarly we bave 

(2.19)' j~[rJ.,i*(S)]r=C-1nj*(rùB]t /or u.Errv(B), BErrq(A.AnB) 

-tnd for the natural homomorp-hisms j*: r.v(B)-• nv(B, A nB), i*: rrq(A, A nB)---> 
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rrq(X,B) :md j3': Trp+q-{X;B)->np+q-{X;A.B). 

Let 7J: ]Px r -> ]1>H be a mapping given by 'lJ(Xl' ... 'Xp' Yl• ... 'yq) =(xl, ... ' 

XP-1• Y1• ... , yq, Xp), then the mapping (f, g)t; (KPH-l; p+a-z, ]~+q-z, 0*)-> 

( X; A. B. xo) of ( 2.15 )' satisfies the condition: 

(2. 20) (f, g)t('liCJP><r-1))CB, (f, g)t('li(JP-1 xlq))CA, (f, g)t('lJ(ÎPxr-lu 

p-1 xÏq))CAr.B• and (f, g)tl'li(lPxO*) and (f, g)tl'li(O*xlq) represent the 

elements r1. E 1tt>(B, Ar.B) and fJ E nq(A, Ar.B) respectively. 

Lemma (2. 21) If a maPPing F: (KPH-1, p+-1, J&+Q-l,O*)->(X; A,B,xo) 

satis fies the condition then the composite map F oP ~+N1 re presents [a, f!]t. 
The proof of the lemma follows the fact th at jP x 0* uo* x jq, jt> x r- 1 u ]Px 0* 

and O*xru ]1>-Ixia are retacts of jt>xr-1 u p-1 xiq, JPxr- 1 and ;P-1 xr 

respectively. 

iii) Join and Hopf construction. 

A join f*g: (ÏP++ 2 , O*)->(i"'+"+ 2, 0) of /: (j~>+ 1,0*)->(Ï"'+l,Q*) and 

g: (i+l, 0*) -• (i"H, 0*) is defined by 

(2. 21) 

Let 1: (JPH, jP+l }-0, (l"'tr, i"'+ 1) and g: (JP+l, jP+I) _,. (r+ 1, j"'·+I) be exten­

sions of f =1jjP+l and g=gjjHI such that if /(x1 .... • XP+I)=(xi • ... , x~+I) and 

g(yl, ... ,yq+I)'=(yj_, ... ,y~+I) then 1(txl, ... ,txP+I)=(txi, ... ,tx~+I) and g(ty)., 

... , tyq+l )=(tyj_, ... , ty~+ 1 ). Define a mapping 1 x g: (JPH+2, jPH+2) _,. (1"'+"+2, 

jm+"+ 2) by (1xg)(Xl• ... , XP+q+2)=(/(XI• ... ,XP+l), g(XP+2• ... ,XP+H2)), then We 

have â1=f, âg=g and â(lxg)=f*g· 

As is shown in [22], the join operator is induced in homotopy groups and 

is bilinear. Let a E rcp(S"') and fJ E rrq(S") be the classes of e,. of and e,. o g 

respectiveJy, tben c/'m+l o 1: (JP+l, jP+l)-> (S"'+l, y*) and i/Jn+l o g: (r+l, jHl)->­

( S"H, y*) represent E (a) and E (fJ) by ( 2. 7 ). From ( 2. 9) and ( 1. 11) 

t:ftrrHl, n+l( (i/!n+l 0 1) X (c/1m+l 0 g ))=cPm+l•n+l o i/Jm+l•n+l(1 X g)=i/Jm+n+2(1 X g): (JPH+ 2 , 

jPH+2) _,. (S"'+"+I, y,1,), and by (2. 7) we have 

(2. 22) 

Let f, g, 1 and g be mappings as above. For two mappings f': (lm+1, i"'+l) 

---..(X, xo) and g': (1"+ 1, j" tl)_,. (X, xo), 

[f', g'] 0 (f*g)(())p,q(X, y, t)) = [f', g'](())m,n(f(x), g(y), t)) 

= f' (1((1-t)Xl• ... ,(1-t)xP+l) O<t;S:,1, 

= g'(g((1-H)YI• ... ,(1+t)YHI) --1<t<O. 

= [f'o1,g'og](())P,q(x,y,t)). Therefore by (2.7) we have 

(2. 23) [a',fJ'J o(a*fl) =[a' o E(r!.),fJ' o E(fJ)], 
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The following property of join was provided in [22] 

(2.24) (-·)<"+I)Cr-rr)'"*a=rl*ln=E"+ 1(ri.), where r;.Errm(Sr) and t,.Err,(S") is 

represented by the identity map. 

A Hop/construction Gj:(iP+H 2,0*)~(E(X),x0) of f:(iP+IxjHI,O*)~ 

(X, xo) is defined by 

(2.25) Gj(f/Jv,q(x, y, t)) -= d(/(x, y), t). 
Il 

The mapping Gf satisfies the conditions G/(JP+l x jq+r )CX +, Gj(jP+l xr+1 ) 
Il • . 

CX- andGf[JP+IxJH 1 =f, and conversely, any mapping Gl:(ÏPH+z,o*).-

(E(X), xo) satisfying the condition is homotopie to Gj. 

We say that the map f has a type (a, [3) if f [jP+l x0,1, and f 1 0* x jHr re­

present a E rrv(X) and [3 E 7rq(X)respectively. Also a mapping f 1 :(SP x Sq, y* x y*)~ 

(X,x0 ) is said to have a type (a,fJ), if ji[SPxy* and jl[y*xsq represent 

''- E rrq(X) and [3 E 7rq(X) respectively. Consider the composite map ji o cfJp,q: 

(ÏPH,O*)~(X.x0 ), then jlocfJp,q[jPH represents [r1.,[3] by(2.13), her:œjtocfJv,q 

gives a nullhomotopy of jt o cfJp,q 1 jPH and [a, [3] =Ü. Conversely if [r:., [3] =Û, 

there is am apping F: (JPH, O*)~(x, xo) such that F[jPH=f' o cfJp,q[jP+Q, 

ji:(SPVSq,y*xy*)~(X,xo) and f'[SPxy* and f!ly*xSq representa and 

[3 respective! y. Define r 1 (SP x sq- SP v Sq) by setting r (x)= F 0 cp--;;-q(X) 
-' 

for xESPxSq-SPVSq, then ji has the type [a,fJ]. 

(2.26) There is a maPPing j:jP+lxjHr~x of type (a,[3) if and only if 

[a, [3]=0. 
Il Il 

Since X+ and X_ are contractible the boundary homomorphisms f) + : 
Il 

rrq+ 1(X+,X)--rrq(X) and 8-:rrP+rCX-.X)~rrp(X) are isomorphisms onto. Let 
Il - Il 

üErrP+l(X-,X) and [3En·q+l(X+,X) be elements such that oil=aEn·p(X) and 

â~=SEnq(X), then .d[il.~]c=â[a.~]r=[a,f!]. The exactness of the sequence 
1 11 11 Il E 

•• -> 7rP+HI(E(X))--'->rcv+Hr(E(X); X+, X- )--i>TCp+q-l(X)--i> rrP+q(E(X))-+··· 

leads 

(2.27) E[a,[3] = 0 o. E 7rp(X), [3 E rrq(X). 

If [rJ.,[3]=0, then .d[a.~]c=O and there is an, element r of rrv+Nr(E(X)) 

such that I(r)=[ü,~]c· 

Lemma (2. 28) I(r)=[il, ~]c if and only if ( -l)PCHr)+lr is represented by the 

Hopf construction of a maPPing: (iP+ 1 xÏH 1,0*)~ (X.xo) of the type (rl,jj). 

First remark that if a mapping F:(i"+ 1,0*)---+(X,xo) represents rErrn(X), 

and if F(I~)CB and F(I")CA. then (Fi K") o P'-;;1: (r; r-1, r-1, 0*) -• 

(X;A.B.xo) represents -/(y), where I:rr.,.(X)->rrn(X;A.B) is the natural 

homomorphism. 
- Il Il 

Let f:(JP+l,JP,r)~(x-.x.xo) and g:(F+r,r.r)~(x+.x.xo) be 
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representatives cf ï1 and fi respective] y. We e-xtend the mapping ( Ï./()t: (K''+'l+l; 

J" +a, jP+q, 0*) -• (E(X); X +• X_, Xo) of (2.14)' over jPH+2 as folJows, and obtain 

a map F:iPH+ 2 ~E(X). Since ((Ï,g)tJjPH)oP'=ôJ3+[Ï,g]t=[f,gJ-·-O, the 

mapping FliPH=(f,g)tiÏ''+a is extendable over JP+a such that F(IPH)CX. 
1\ 1\ • 1\ 

Since X+ and X- are contractible, the mappings FIJPH+l: jP+a+ 1-•X+ and 
1\ 

Fii~!~!i: g!Z!i~X-areextend:Jbleover JPH+l and n!g!i such that F(l''+Hl) 

ex+ and F (I~tZti )CX-. Let 7J: JPHt2 -· jPH+2 be a mapping of degree 

( -1)PCHI) given by 7J(XI• ... , XP+G+ 2 )=(.,.;1,+1• ... , X1>+a+1• X1• ... , Xp, XP+H2). Then 

the composite map Fa 1J: jPH+2-· E(X) maps subsets JP+IxjH 1 and jP+lxjH1 
1\ 1\ 

into X+ and X_ respcctive1y, and therefcre F o 7J is homotopie to the Hopf 

con~truction of the mapping Fo7iliP+ 1xjq+1 which bas type (r:.,j3). By making 

use of the above remark, the necessity of the !emma is established. 

Converse] y, let F': jPH+ 2 ~x be the Hopf constrv.ction of F'l jP+l x r+l, 
1\ 1\ 

t!Jen F'or; m~;ps jPtHl and Jf,!3ti into X+ and X- respectively, and therefore 

(F'o7J[H._Pl'l+l)oP;,+Hl represents (-1)J({F'}). While F'or;JKPH+l satisfies 

the condition (2.20) and homotopie to (],g)t, and the sufficiency of the lemma 

is established. 

Define a susPension E'j: (1"+ 1, J", r)-" (E(X), E(A), xo) of f: (J", r-1• 

r- 1 )~(x.A.xo) by 

(2. 29) E' f(;r;l • ··· • Xn+l) = d( /(Xl • · ·· , Xn-1, Xn+l), 2xn -1) · 

Clearly /= f' imp'iE::s E'f~ E'f', and E'(f +; g)=E'f +Œ' g (1<i::=:n-1), and 

we obtain a suspens.ion homomorphism E': rr,(X, A)-> rrn+1(E(X), E(A)). Also 

we have ô(E'f)=E(ôf) and E(fJ.)=-E'(j*(r!.)) tor r;.Err,.(X). 

Now we shall prove the fact analogeous to (2. 27): 

(2.30) E'[r;., J3]r = 0 for a E rrp(A) and j3 E 7rq(X, A). 

Set n={xErJx,.;:::;.-1/2}, J~={xErlxn-s:J/2}. i~=Ï"n]~. and i~=Ï"nf~. 

First remark that if a mapping F: r+l_, E(X) satisfies condition 
1\, 1\ 1\ 1\ 

(2.31) F(]~+ 1)CX+.F(J':_+ 1 )CX-.FCi~)CA+ F(j"_)CA-, and if Fo:r-...,x 

is a mapping given by Fo(XI•···•Xn+l)=F(x1 •... ,x,.,1j2,x,+l), and FooP,. 

represents a E rrn(X, A), then F o Pn+l represents E'(a ). 

Define subsets of jn+I by L"=Cl(jn+I-J;:_ 1 --J~-n), J{~-l=Cl(j~- J~::i-1"), 

K~- 1 =CZ(j~_ 1 -1~-J"), ]~-2=K"-lnK~-l and J~-2=!{"-lnK"-l, then L" is a 

closed ce11 with faces K~-1, K~-1 and Kn-1. There is a homeomorphü=m 

x: (]"H; ]~+\ p:_+a, j!+". jr:_H)~ (Kf_Hu K~ra; K~H, K;H, Ji+a-1, J;+Q-1) and a 

mappingX:JPHxJl->LP+HI such that X(x1 , ... ,x,H-l•1/2,xPH-l)=(xJ,···• 

Xp+q • 0), -X(x, O)=X (x) for xE J" +a, X(x, t)=X (x) for xE jP+a, and XJ Int. p+q xJl 

· is a homeomorphism. 

Let f:(lP,jP)~(A.xo) and g:(JQ,JH·,r-1)->(X.A.xo) be rerresent· 



58 Hirosi TODA 

atives ot (J. E n1,(A) and {:! E nq(X. A) respective} y, and define: mappings 1: (JP+l, 
A A A -

]P, jP)- (A+' A, Xo) ar:d g: cr+l; r. 13. J{q) ->(X-; x. A-. xo) by setting /(xl • 

... , Xp+l)=d(f(xl, ... ,xp), 2Xp+l--1) and g(Xl• ··· •Xq+l)=d(g(Xl• ···, Xq-l•Xq+l), 

2xq-1). Define a mapping F: LPH+ 1->E(X) by 

F(Xl• ••• 'Xp+q+2) = Ï(Xl• ··· ,Xp•Xp+q+I) if (Xp+l• ··· •Xp+qoXp+Q+2)E J{q • 

= g(Xp+l• ··· •Xp+q•Xp+Q+2) if (XI,··· ,Xp+l•Xp+q+l)E jP • 

The map F =CF 1 Ki Hu J{~H) o X satisfies the condition (2. 31) and therefore 

F o PP H represents E'[a, {:!]r. 

By setting Ff(x)=F(X(x,t)) and Ft=HoPPH we see that F=Fo is homctopic 

to F 1 which maps ]PH into E(A) and is homc.topic to the trivial map, and 

the proof of (2. 30) is established. 

Supposed th at elements a E np( A) and fi E ni X, A) satisfie·s the condition 

[a, âfi]=O. Ccnsider the following diagram 

i' a 
lTp+q-l(X) ~ lTpH-I(X, A)- lTp+Q-2(A) 

i* 1 E j 1 E' 
JTp+q(E(A))~ lTp+q(E(X)) ~ lTp+q(E(X), E(A)) 

The condition â[rJ., fi]r=[a, ô fi] =Ü implies th at there is an element y of lTp+q-:( X) 

such that j'(r)=[a,fi]r. Since j(E(r))=--E'(j'(r))=-E'[a,fi]r=O by (2.30), 

there is an element o of lTp+q(E(A)) such that i*(o)=E(y). 

Lnnma (2.32) With the above hypothesis, (-1)PCHl)iJ is represented by 

the Hopf construction of a maPPing of type (a, ô fi), and conversity is also truc. 

As in the proof of (2.19) -y is represented by a mapying G: (jPH, 0*) ~ 

(x' Xo) such that G 1 rH-l =( f' g )r, where f and g are representives of a and 

fi respectively. Also E(r) is represented by a mapping F': (jPH+l, 0*)-
A A -

(E(X), xo) such that F'l ]PH=F, F'(l:H)CX +and F'(r:_H)CX -· X/x)=X(x, 1) 

giVeS a homeomorphiSm X1: (]PH; j:+q, jr:_+q)->(J{PH; jPH-l, rH-l ), and there 

is a home:Jmorphism w: jPH+l- jPH+l such that w(IPH)=J:H, o.:(l~!D=J::.H 

and wl KPH=X-;_ 1• It is not so diffi.cult to show that the map w has degree ( -1). 

Therefore we have that the ccmposite map, F' o w: jP+Hl ~ E(A) represents 

(-1)r bence represents (-1)o, and that Fow(JPH)CA+,Fow(l~!DCA­

and Fowlf{PH=(],g)t· As in the proof of the lemma (2.28) Fow represents 

( -1)PCHl)+l r' E lTp+q(E((A)), where r' is represented by the Hopf construction 

of mapping ot type (,,, âfi). And the proof of conversity follows from the 

exactness in the above diagram. 

iv) J-homomorphism 

Denote the group of the rotations of n-sphere by R,., and denote the identity 

by roE R... Let f: (jP+l, 0*) ___,. (R .. , ro) be a representative of a E lTp(R .. ), and 

7: (jP+l xi"+ 1, 0*) _, (S", y*) be a mapping c1efined by ](x, y)= f(x )(e,(y) ). The 
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homotopy class of the Hopf construction of J is denoted by J(a) E 7rp+n+1(S"+ 1). 

which was given by G. W. Whitehead [20] and he showed that the operation ] 

induces homomorphism 

] : rrp(R")----.; rrp+n+I(Sn+ 1). 

The projection r.: R,.----.; S" given by K(x)=x(y*) is the fibre map with 

the fibre Rn-1• so that r. induœs isomorphism K*: rrp(R,., R .. - 1)----.; rrp(S"). Let 

r,. E rr,.(S") be the element represented by cp .. : (J", i")----.; (S", y*). Define a homo­

morphism K: rrp(R,., Rn-1)----.; 7rp+n+1(Sn+ 1; E:+1, E':._+- 1 ) by setting CP>2) 

(2. 33) K(u.) = [a::::1(r.:*(a)), a~1 r,.]t for a E n:p(R,., Rn-1), 

where a_: rrp+ 1(E':..'~ 1,S")-•n:p(S") and a+: rr,.+J(E:+ 1,S")-.rr,.(S") are boundary 

homomorphisms ( isomorphisms ). 

Lernma (2. 34) In the diagram 
i* 

•·• -> 7rp (Rn-1) ~ 
j* a 

~ 7rp-1(Rn-1)--. ··· 

lJ E ll I lK ~ j1 
···-> 7rp+n(S") ~ 7rp+n+1(S"+ 1) -> iTp+n+lS"+ 1 ; E:+l, E':..'~ 1 ) ~ 7rp+n+lS")-. ··· 

relations E o] =- J 0 i*. 10 J =( -l)Pn+1 K 0 j* and L1 oK=( -l)P'J 0 a hold-

The first relation was proved in previous paper [18], and the second relation 

follows from (2. 28). To show the third relation we ralize the operation K. 
Let f: (]P,jP)--.(R,..R .. - 1) be a mapping such that foPP is a representative 

of u.En:p(Rn.Rn-1), and let ]:]Pxi"+1_,S" be a mapping given by f(x,y) 

=f(x)(e,.(y)). Since the element of Rn- 1 is regarded as the element of R ... 

which maps hemispheres E: and E':.. to E: and E':.. respectively, and cincide to 

Rn-1 on sn-1, J maps ]Pxj:+l and jPxj':_" 1 to E: and E':.. respectively. A 
mapping F: (KP+r!+l; ]P+n, jg+n, O*)->(S"+1; E:+ 1, E':_+ 1, y*) is defined on JP xr 

by setting FI ]Px jH 1 =], by extending F\iP xr over ]Px r such that F(IP x]") 

CE'::.'~1, and elsewhere satisfying the condition (2.20). Then FoP~+n+ 1 repre­

senta [a:::1 K*(a), a~ 1 {j]t =K(rl). Since F o P'P+nl jP+n: (jP+n, 0*)-> (S", y*) maps 

]Pxj" and jPxr into E':._+ 1 and E~ri respectively, and F(x,y)=/(x)(e,.-1(y)) 

for (x,y)EiPxjn, we have from (2.25) that FljP+n=FoP;+nliP+n represents 

J(a(u.)), bence we have L1 o K(u.)=( -l)P"j(a(u.)). 

Chapter 3. A generalization of Hopf and Freudenthal Invariants. 

i) DenoteasubspaceAxbouaoxBof AxB by AVB, and let i1:A->AVB, 

i 2 : B -• A v B. P1 : AxB-> A. and Pz: A xB-> B be mappings given by i1(a) 
=(a,bo). i 2 (b)=(ao.b), PI(a,b)=a and P2 (a,b)=b respectively. lt was shown 

by G. W. Whitehead [22] that the injection homomorphisms il': rr,.(A)--?n:,.(A v B) 

and il: n:n(B)-•rr,.(A v B·) and the b:mndary homom')rphism â: 7rn+1(A x B. A V B) 

· > n:,(A v B) are isom')rphisms into, and that th=re is a direct sum decomposition 

(n>l). 
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n,.(A v B) = i'[rc,.(A) + i'':rc,.(B)+er:,.+1(AxB. A v B) 

with projections to these direct factors PI: r:,.(A v B) __... rc,.(A ), p'f: rc,.(A v B) __... 

rc,.(B) and Qo: rr,.(A V B) ~ 7rn+1(A x B. A V B). For r;. E n,.(A v B), we have 

u.=if P[(r;.) +if Pi( r;.)+ âQo((J.). 

F<om the exactness of the following two sequences 

i~ j 
··· __... nn(B) ~ n,.(A v B) ~ n,.(A v B. B)--? nn+lB)--? nn-1CA v B) __... ··· 

and 
ioij' j' 

··· __,. n,.(A) ~ n,.(A v B. B) ~ rr,.(A v B; A. B) __,. n,.(A) ~ rr,.(A v B. B) __,. ··· 

we see that the composition j' o jo â: n,.+1(A xB, A v B) __,. rr,.(A v B; A. B) is 

isomorphism onto for n>3. Defi.ne a isomorphio>m 

(3.1) Q: n,.(A v B; A.B)->-nn+l(AxB.A v B) 

by setting Q=(j' o jo â)-1, then Q0=Q o j' o j. 

Set Si= sr x y*, S~ =y* x sr and Yo =y* x y*, and c:>nsider the following dia­

gram, in which the commutativity rel::tions hold; 

E I ~ 

··· __,. rrn-l(sr-1) ~ rr,.(S,.) ~ rr,.(S,.; E:. E:...) ~ rrn-z(sr-1)--> ··· 

1 r;t ' lç~' 
Cs ,. v S') 1 CS'. v S' · sr S') 7T:n 1 2 ~7rn 1 2' 1' 2 

~~~ l Q ~t,r 
rrn+l(SixS~. Si v SD~ n,.+l(S2'") 

t'* i E i ·;;r,,. a' 
rr,.+ 1(Jzr, tzr)~ rr,.(szr-1), 

then our Hopf homomorPhisms H: rr,.(sr, E:. E':_.) -> 7rn+l(S 2,.) and Ho: rrn(S,.) 

-• n,.+1(S2,.) are defined by sE:tting (n: .. 3) 

(3.2) H = rf;'):,. o Q o ip'): and Ho = H o 1 . 
' 

The generalized Hopi homomorphism Fi': rr,.(S,.) __,. rr, (S 2,._1) of G. W. 

Whitehead [22] [23] are given by H' = â' o rJ/f-; 1 o Qo o ifJ'.f tor n:Ç4r- 4, and from 
' the commutativity of the above diagram we have Ho=H' o E. Since E is 

isomorphic for n~4r--4, We have that H' is equivalent to Ho-

As is shown in [9] and [18], we have 

(3.3) 

(3.4) 

HooE = 0, 

Ho({1 o E(a)) = Ho((3) o EE(a). 

Theorem (3. 5) If rJ. E np(E':_, S'-1), {3 E nq(E:. sr-1), then 

H[r;., i3]t = ( --1)'1+ 1E( ( àu.}:{ à(3)). 

Pro of. L<ot fo: (r-1, r- 1 )- , (sr-I, y*) be a represen~ative of à[1 E rrq- 1(Sr-1), 

then (3 b rep<·esented by f(Xl•···•x,L)=dr-l(fo(xl•····X,1- 1 ),x,1 ). By (1.7), 

rpr(f(x)) = (Efo(x), YÙ and Wè have ifJ;Gn = ifE(à(3). Similarly we have 
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~p'):(u.)=i'fE(â(J.). By (3.2), (3.1), (2.12), (2.19) and (2.22) we have 

H[r;., i3Jt = <P'J: r o Q o <pn(J., S]t = rp'f: r o Q[iÎ E(âu.), if E(âi3)]t 
' ' = ( -1)"+1</J;!' r(j' o jo â) o (j' o jo â) (E(â(/.)xE(â/3)) 

' 
=( -1)H1<fJ'f>(E(â(J.)) = ( -1)H 1E(( Ôrl) * (âj3)). 

Combining this theorem to lemma (2. 28) we have 

Corollary (3. 6) If rE TCp+q-1CSr) is represented by the Hopf construction of 

a maPPing: jP xr-> sr-l of type (11., S) (a E 7Cp-l(sr-l), sE 7Cq-ICsr-l)), then 

Ho(ï)=( --l)pqE(r;. * j3). 

ii) Generalized Freudenthal invariants A', A" of G. W. Whitehead are defined on 

tbe group n~ which is isomorphic to rr,.(sr; E:. Er_), and have the properties 

A'((J.) = ( -1YA"(u.) and A'((J.)- A"(u;) = ( -1)'+1 EEH0(J(11.)). The following 

tbeorem due to G. Takeuchi shows that our Hopf invariant H may be used in 

place of A'. 

Theorem (3.7) H((J.)--(-1)'t 2roH((J.)=(-1)'+ 1EEHo(J((/.)) for aErr,.(Sr; 

E:. E''_) (n;_~5. r22). 

To prove the theorem we need severa! preparations. Let a homomorphism 

A: rr,.- 1(S~- 1 x s~- 1 , s~-1 v s~-1 )--rr,.+ 1(S~ x s;. S~ vS~) be induced by the formula 

A/ (Xl• · · · 'Xn+l) = (dr-lPif (Xl• · · ., Xn-2• Xn+ 1), 2x,.-l -1 ),dr-I(P2/ (Xl• · · ·•Xn-2•Xn+l ), 

2x, -1) where j: (J"-1, r-z, r-2)-. (Sî-1 x s;-1. Sî-1 v s;-1, y0 ) is a mapping. 

As is shown by Hilton [9], in the diagram 
A Qo 

rrn-1CS~- 1 x s~- 1• s~- 1 v s~-1) ~ rrn+l(Si x S~, S~ v SD.::::::::; rr,(Si vS~) 
1 * 1 Î 1 a l51'r-I, r-1 151'~,r 1 o~ 

EoE 1 
rrn-1(52'-2) -~ rr,..+l(S2") rr,.+l(S~ xs:. S~ vS~) 

the relations <P;!' r o A = ( -1)" EE o <jJ~'_ 1 r-1, 9;: r o a';=( -1)' lzr o </JF rand o'f:o Qo 
' ' ' ' 

= Q0 o a~' hold. The restriction F =Al \l" satisfies condition 

(3.8) 

F(J"-1xj 1 xSl)CS~. F(l"-2 xjxJ2)cs;. F(l"x(1)) = Yo 

F(xl, ... ,x,.,)ES~VE"t. if Xn-1<x,. and Xn-1>1-x,., 

E Si v gr_ if Xn-l~Xn and Xn-1 <1- Xn ' 

E E"t. vs~ if Xn-1~-Xn and Xn-1> 1-Xn' 

E E':.. vs~ if Xn-1<x,. and Xn-1:S:1-x,.. 

and F(x1, ... , Xn-1• 1/2, 1/2, 0) = âj(x1, ... , Xn-2). 

lf a mapping F: j'n+l_, S~ vS~ satisfies the condition (3. 8), the mapping 

âf: (1"-2• j"-2 )---... (Si-1 v s~-1 • Yo) represents an element (J.o of rrn-2CSi-1 v S~-1 ). 

Since F(x1 , ... , XrH• 0, 0) -= (E(p1 o âf) (;1:1, ... , x,-1), Yo). the restriction 

F\J"'•:J"'-.S~ represents a nu11homotopy of E(p1 of),andwe haue E(pfo.o)=O. 

Sirnilarly we have E(Pf(/.0)=0. Coversely for any mapping f: (J"-2, j"-2 ) ---• 

(Sî-1 VS~-1.y0 ) which satisfiie the condition E(p1o/)=O and E(p2 o/)=O, 
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there is a mapping F: i'~"+ 1 ~sr vs;; which satisfies the condition (3. 8). 

Since s~-1 v s~-1 is contractible in E"r_ v E"r_, we have that if two mappings 

f, g: (J"-1, j"-1)--. (E"r_ v E"r_, sr-1 v sr-1) coïncide on j"-1, then f is homotopie 

to g rel. j"-1• This shows that if two mapp:ngs F and F' satisfy the con· 

dition (3. 8) and homotopie on r-1 x (1/2) x (1/2), then F' is homotopie to 

a mapping F" (in the homotopy the condition (3. 8) holds) such that F 1'(x1 , ... , 

x.,,Ü)=F(x1 •... ,x,.,O) if Xn-1=xn or Xn-1=1-x,.. It is not so difficult to Bhow 

th at the difference {F} - {F"} is the sum of four elements, which are represented by 

mappings of forms : jn+ 1 ~ E~ v S~, E'"_ vS~, S~ v E~ and S~ v E2 respectively. 

Since E~ andE'"_ are contractible, {F}- {F'} is in ifrr,.(Sr)+it"rr,..(Sr)Crr,(S~v S~) 

and therefore Q0 {F} -Q0 {F'} =Qo( {F}- {F'} )=0. And further ca1culation shows 

that the correspondence {f} ~ Q0 {F} induces a homomorphism 

A: [rrn-2(Si-1 v s~- 1 )] -> rrn+l(s~- 1 x Si-1• s~- 1 v s~- 1 ) 

where [rrn-2(Si-1 v s~-1 )] is a subgroup of rr,.- 2(Si-1 v s;;-1 ) whose elements 

satisfy the conditions E(p'[u.)=O and E(P'iu.)=O. 

If g: (J"-2, j"- 2 )-> (S'~"- 1 , y*) is a mapping such that E( {g})=O, and kt gt 

be a nullhomotopy of go=Eg, we define a mapping G: j"+1 -> sr by G(x1 , •.. , 

x,.O)=Eg(X1• ... • Xn-1), G(x1• ... • Xn-1• ±l.t)=gt(X1• ... • Xn-1) and ccr--r-2 xÏ1 

xJ2)=y0 , then i 1 oG satisfies the condition (3.8). Therefore if aEi1'rr,.- 2(S'-1) 

n [rr,.-2(Si-1 v s~-1 )], the:c1 we have A(r")=Qi1' {G} =0. Similarly if a E i~'rr,.- 2(S'-1) 

,.[rr,-z(Si-1 v s~- 1 )], we have A(r4)=0. If u. E rrn- 1(Si-1 x s~- 1 , Si-1 v s;-1 ), we 

have obvious1y A(oa)=A(rl). bence if a E [rr,.-zCS~-1 v s;-1)] we bave A(r,:)= 

Â(iiP[(rl)+i~'Pl(r;.)+oQo(rl))=A(Qo(rl)). CJns:::qu::,nt:y we have 

Lemma (3. 9) if a maPPing F satisfies the condition (3. 8), and if F \J"- 2 x (1/2) 

x(l/2) represents a E rrn-2CSi-1 v s;-1), then we have Qo {F} =A o Qo(a). 

Proof of theorem (3. 7). Let f: (l"'; J"î-- 1, ]".!:.- 1, ;n-1)->(Si; E~, E'"_, y*) be a 

repres:::ntative of a E rr.,(Sr; E~. E'':..), and let .tif: (J"- 2, j"-2)-> (S', y*) be repre­

sentative of .da such that ,Jf(x1, ...• x,- 2)=f(x1, ...• x,-2,lj2,0). Since f= \1"-1 is 

homotopie to E A f, we may assume th at f \1"- 1 = E A f. Set F = r.pr of and de fine 

a mapping F' : (J" ; J"î.-1, r:._-1, r-1)-> (Si vs; ; S~, s;:, y 0) by setting 

F'Cx1 • ···, Xn) = F(X1• ... , Xn-1• 2x.,-1) 

= Cf!r o pr(2rrx,.) EJf(x1• ··· • Xn-1) 

lj2<x,::::::1, 

O<x,<1j2. 

It is easily verified that F' is homotopie to a mapping ~p,- o pr( rr) o F =ar o if!r o F. 

Since the homomorphism J': rr,.(S~ vS~) -• rr,.(S~ vs;; S~, s;) is onto there is a 

mapping F-: jn+L, Si vs~ such that ft"'\l"=F, F~(J~- 1 x (0) xJ1 )cs;:. J.;'(_r_:-1 x (0) 

xJ1 )CS~. and f~(IC)=y0 , and we h'lve J'{F}=r.pl-{rJ.). And also there is a 

mapping F-':["+L.,s~vs~ such that F'\l"=F'. P'(I':..-1 x(O)xJl)CS~.F'(l':..- 1 

x (0) xJ 1 )CS~. F'CK")= y0 and J'( {P'})~~a;i' o ~p;!'(ff.). The difference {Ji}-- {Ji'} i~ 
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represented by a mapping Fo: jn+L-•Sj_Y s~ such that Fo(rx(1)Uj"-1xJ2)=Yo• 

F 0(l"r-1 x (0) x/1 u J":..-1 x (1) xJl) c sr, F 0(1'!:.-1 x (0) xJl u J";.-1 x (1) xJ1) cS~ and 

Fo(X1, ···, Xm)=rpr 0 .Or( -rrx,.) o EJ/(x1, ... , Xn-1). 

Define a mapping w:j"+1__,j'n+1 of degree --1 by setting w((x1, ... ,x,.+1)= 

Cx1, ... , Xn-z•w'(x,.-1, x,.),xn+l) where w'(x, y)=(1-2(1-x)(1- y), 1-2(1-x)y) for 

1/2~x<1 and w'(x, y).=(2xy, 2x(1- y)) for O<x<1j2. Since w is homeomorphic 

on j"+L.J"-2 xj1 xJ 2 and Fo maps zn-lxjlxJ2 into the single point Yo• there 

is a mapping F 0 : jn+ l ~ sr v s~ su ch that F 0 0 ù) = F 0 • I t is verified from ( 1.4 )' 

and (1.7) that F 0 satisfies the conditions (3. 8), and from (3. 9) we have 

H(a)- ( -1 )'" r2r o H(r;.)=~';.r o a'j:'o Q o <pr(u.) 

= if>* o Q o J' {F}- if>* o Q o J' {F'} =if>* o Q oC {F} -- {F}) 

=cJ>*oQo {F0}=-cJ>*oQ{F0} = -cJ>*oAoQo{rpfopr(f) o.Jf} 

= -if>* o A o Q o rpf-l(.da) = ( -1 f+ 1 EEH 0(.du.) • 

and the proof of the theorem (3. 9) is accomplished. 

Since .do 1 =0, we have 

Corollary (3.10) Ho( a)= ( -1Y 12r o Ho( a). 

If r;. E rrv(Sr) and {3 E rrq(Sr), there are eiements ilE rrv+I(E:_+l, Sr) and ~ E 7l"q+l 

(E~+l,Sr)suchthatÔil=a, Ô~=/3 and .d[i1.~]c=[r;.,{3]. By (3.5),(3.7) and (2.4), 

we have ( -1)'" EEH0 [a, {3] = H[il, ~Je-( -1)'"+ 1 r2r+2 o H[il, ~]c = ( -1)q E(a * /3) 

-( -1Y+1rr+ 2 o ( -1)qE(a*f3)=( -1f (1-( -1)r+ 1) E(a *f3), and therefore 

Corollary (3.11) EEH0 [a, /3] = 2( -1)q E(a *!3) if r is even, 

= 0 if r is odd. 

iii) Next we shall define a Hopf invariant to more general group rrv(X*; 8", X). 

Let rpi; (X*; 8", X)_,. (X vS"; S", X) be a mapping identifying the subset 

U8~'uË~ to thesinglepointx0 =S".,X, and let if>.,;(XxS"'.xvs")-->(E"(X).x0 ) 
ic\=j 

be the shrinking map in (2. 8). Then a HoPf homomorphism H =rr11(X*; 8", X) 

---• rrv+ 1(E"(X)) is defined by setting H = if>'t; o Q o rpi<: rrv(X'i'; é", X)____, nv(X VS" ; 

S".X)-->rrv+1 CYxS",XVS")-->nv+I(E"(X)). Define a homomorphism Pi: 

1Tp-n+l (X,{;")___, n,(X*; 8", X) by setting Pï(a)=[a, ï], where i is a gene·rator 

of rr,.(éF.s?>· By (3.1), (2.12), (2.19) and (2.10) we have HiP,(r.()=cp~;oQorp~" 

[ri, Ct]t =cp#. o Q o (rpi'(ti), ln]t =( -1)" cp'i;(j1 o jo Ô)-l j' o jo Ô ( rpf(t.!) X r,.)=( -1)q cp"1; 

(rpi'(ti)Xr,.)=(-1)"E"(rpj'(a)). If i=tj, rpf[a,r;]=O and bence HiP;=O. 

(3.12) HtP;(ri) = ( -1)" Erpt(a) 

0 

i = j. 

H j. 

If ex. b") is srnooth and m-connected, and if fe" is r-connectE::d, then 

rpi': nv-n+I(X, t:") · • rrv-n+ 1(X) is isomorphism onto for p n 1 1~ ·m t p by ( 1. 26 ), 

andE": rrv-n+I(X)·•nv+I(E"(X)) is isomorphism onto for p-·n·l-1~2m by (2.6). 

Then the tollowing thee>rem is algebraic consequence of the above considerations : 
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Theorem (3.13) with above hypotheses rrvCX*; é", X) has a direct factor iso­

morPhic to rrv-n+l(X, sn) @rr,.(én, ;<;")/or p<n+m+min (m, r)-1. 

Combining this theorem to (1. 27) we bave 

Corollary (3.14) rrv(é", j:;") has a direct factor isomorphic to 2.: rrv(E", S"- 1 ) EB 
i 

7rv-n+lC~") @rrn(é", 8") /or P2n+min. (2r, n-2)-1. where tensor product Q9 is 
induced by the relative product. 

Chapter 4. Sorne elements of 1r:nC sr). 

i) It is well known that the mapping <J;,.: (J", i")-. (S", y*) represents a 

generator c,. of the infinite cyclic group 7r,(S")=Z, and that 7rn(S1)=0 for n>l. 

and 7rn(Sr)=0 for n<r. 
Tbere is fibre mappings hr: S2T-l-> sr er =2, 4, 8) with fibre sr-l, and they 

are represented by the Hopf construction of mappings of type (cr-1, lr-1). If h'r 

is another fibre mapping, tben there is a mapping x: 52r-1_, 52r-1 of degree 1 

such that hr=h'r 0 x. and tberefore H( {hr} )=E( r-1*1r-l)=12r=±H( {hr'} ). As is 

shown in [5], the homomorphisms h'r: 7rn(S2r- 1)-> 7r,.(Sr) and E; 7rn-1(sr-1) ...... 

rrn(Sr) are isomorphisms into and 

(4.1) 

ii) By (4.1) 7rs(S2)=7r3(S3)=Z and its generator 17 2 is represented by /12. The 

fact rr,.+l(S")=Z2 for n:2:3 is shown by H. Freudenthal [8], and its generator 17,. 

is the (n-2)-fold suspension of 17 2• It was shown by G. W. Whitehead [23] that 

7rro+2(S")=Z2(n?-2) and its generator is 17n o 1Jn+1 • 

For convenience we modify the theorem (3. 7). Let a E 7rn(Sr) be an element 

such that E(a)=O, then there is an element r of 71.'n+2(sr+1 ; E:+1, E:..+1) such that 

LJ(r)=a. By (3. 7) we have H(r)-( --1Y+ 1 c2r+2 o H(r)=( -1Y EEH0(a), bence 

we have EEH0(a)=0 if r is odd. If n+2<2(2r+1)-1, the suspension homo­

morphism E: 7rn+ 2(S2r+1)-__,. rrn+ 3(S 2r+ 2 ) is onto and there is an element /3 of 

7rn+2(S2r+l) such that E(fJ)=H(r). and therefore we have by (2.4) ( -1Y EEH0(a) 

=E(fJ)-( -1)T+Ic3q 2 o E(/3)=(1-( -lf+1)E(f3). Consequently we bave 

(4.2) if u. E rr,.(Sr) and E(a) = 0, we have 

EEH0(u.) = 0 if r is odd, 

EEH0(a)E 27rn+s(S2r+ 2 ) if r is even and n:s-:Ar-1. 

Since 2rrq2(Sr+l)=27rr+2(Sr)=0 for r:?2, we have 

( 4. 2)' if a E 7r2r(Sr) or a E rrz,·+l(Sr) and r:::;2, and if H(a)-[~0, then E(u.)+O. 

For example 173 o 1;> 4 o 1Js is a nonzero element of rr6(S3 ). 

iii) Let q=x1 + ix2 1- jx3 'r kx4 be a quaternion, then we may regard a point 

(x1, x 2 , x 3 , x 4 ) of S 3 as a quaternion of unit absolute value and regard a point 

(x1,x2,x3 ) of 52 as a pure quaternion ix,+jx2 +kx3 ofunitabsolutevaJue. The 
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product p · i · p-1 = h(P) (p E S3, i = (0, 1, 0, 0)) defines a fi.bre mapping h: S3 __, S 2 

and h represents a generator of rr3(S2). 

The products P·q=f(p,q) and P·q0 ·p-l=g(p,q) (p,qES3,q0 ES2) ddine 

mappings f: S 3 x S 3 __, S3 and g: ss x 52~ S 2 of types (ls, 13) and ( ±r;2, 12) 

respectively. The hopf construction of f is a fibre mapping, and let its class be 

V4 E rr1(S4), then H(v4)=1 8 by (3. 6). Let r1.3 E rr6(S3) be the class of the Hopf 

construction of g, the H(u.s)= 6. Let vn and u.n be (n-4)- and (n-3)-fold 

suspensions of v4 and r1.3 respectively. The author proved that [18] 

Lemma (4.3) i) the (n-3)-fold suspension E"-3: rr6(S 3)~ ITn+s(S") is isomor­

Phism into for n~5, and ITn+3(S")/E"-3(rr6(S3))=Z2, 

ii) [14, 14]=2v4-u.4, 2v,=u.,. for n,;;;;:5 and "IJn o "fJn+I o "fJn+2=\=oO for n>2. 

iv) Let f, g and h be mappings as in iii), then a diagram 

f 
S3xS3 ~ S3 

JCi3 xh) g lh 
S 3 xS2 ~ S 2 

commutes, where i 3 : S 3 ~S3 is the identity map and (i3 xh)(x,y)=(x,h(y)). 

The difinitions of Hopf construction, join and suspension shows that E(±r;2)ov4 

=u.3 o (13 *"1J 2) =r1.3 o "f}6. By (2. 23), (2. 24) and ( 4. 3) we have [r;4,r4] = [14 .14] o (r;s *ls) 

=(2v4 -- r1.4) or;6 =(2v4 or;6) +u.s o "IJ6 =u.g o "IJ6• and by (2. 27) r;s o V6 =u.s o r;a =E["IJ4• 14] =0. 

By (3.4) we have H(r;3 ov4)=H(rJ.3 or;6)=H(a3)or;7 =r;6o"IJFF.O bence r;3 ov4=f=;O, and 

by ( 4. 2)' we have E(r;3 o v4)=r;4 o vs=J=;O. Consequently we obtain 

Lemma (4.4) "IJn 0 Vn+3 = U.n 0 "1Jn+3 "'F 0 for n=3 and 4, 

= 0 for n~5. 

v) It was shown in [19] [17] that the homot0py group rr4(R4 ) of the rotation 

group R 4 is th:: cyclic group of order 2 and the boundary homomorphism 

a: rrs(Rs' Ri)--+ 7r1(R.J) is onto, and that the generator of IT4(R4) is given by 

i*(u.)or;3 , where r1.Erc3(R3) is represented by f(p)(q)=P·q(p,qES3). From 

(2. 34) we have that ](i*(r!.) o r;3 ) = j(i*(u. o r;3 )) =-E ](a o r;3 ) = E j(r1. o r;3 ) is 

represented by product [cs. cs]. and J(aor;3)=}(f!.)o(r;3 *13)=v4 or; 7 • Therefore 

[s,ls]=E(v4o'li7)=vsor;a. and V60iJ9=E[1s,cs]=0. By (3.4) H(v4o'lj7 )='lia=i~O 

and v1o'lid"O, and by (4.3)' E(v4o'li7)=vsor;a·{c0. 

Lemma (4.5) Vn o "1Jn+3 i-=0 for n=4 and 5 

= 0 for nç~6. 

vi) Let q; be a quaternion, then we may represents a point of C 4" by (q1 , •.• , Qn). 

The equ.ivalence rel<J.tio:q. {(q1, ... , Qn)} = {(pql, ... , Pqn)} induces quarternion 

projective space Q 1"-- 1 with resp.":::t t0 tb~ indentification mapping q~.- 1 : 

C 4"-0* -~ Q4"- 1• Oi)\/ious;y qi,-llc:n-t_O*=q;,.- 2 • With normalization process 

we obtrrin a fibre mapping q,- 1 : S 4"- 1 --~ Q4"- 1 and its fibre is S3. The 
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correspondence (QI• ... ,q,.)--" {(QI•··· .Q,..)} EQ4" gives a homeomorphism: C 412 -• 

Q4"-Q4"-1, and this shows that there is a character mapping q,- 1 : (E4n,S4"-t) 

--->-(Q4",Q4"-4) such that Qn-I\5 4"-t=Q .. - 1 • Then we obtain acell decomposition 

Q4"=S4ueau ... ue4" of Q4". The fibre mapping Q2: (SH,S7)--"(Q8,Sg) induces 

isomorphism Q'f: rr,(S11, 5 7)--. re,.( Q8 , 5 4). Consider the diagram 
a 

re u(S 11, 5 7)---* 7riO(S7)---* rrto(S11 ) 

lq~ a' lqt 
rru(QB, 54)---* 7riO(S4). 

Since 57 is contractible in 5 11, a is onto. Let î' 8 Err8(Q8,S) be the class of (]I, 

then a-8 = {Qt} =v4 • Tbere is an element y of rrn(S11• 5 7) such that Qr(r) 

=[c4, î' 8]r, for QI is onto, and therefore [c4,v4]=a[c4, ca]r=aQî(r)=Qro a'(y). Set 

a'(r) = {3 E rr10(Ef7), then [c4, v4] = J.14 o {3. We have H 0[14, v4] =2E-1(c4*V4)=2va 

by (3.11), and H 0(v4 o {3) = E(/3) by (3. 4). Since E: 1Tio(S7) ___,. rr11 (S8 ) is 

isomorphism onto, we have {3=2v1 and 

Lemma (4.6) [c4,v4]=2v4oJ.17 and 2v.,ovn+a=0 for n>5. 

Chapter 5. A construction of mapping. 

i) Consider a mapping F: (J"+t, jn+t) ___,.(X, x 0 ) which satisfies the conditions 

(n>2): 

(At) F(XI• ...• x,.+I) = F(XI• ··· •Xn-2•Xn-I+1/2,x,.,x,.+t) 

for 0 < Xn-t < 1/2 and 0 .:;_ Xn+I .:;_ 1/2, 

(Az) F(Xt • · · · • Xn+I) = F(XI• ··· • Xn-l• Xn + 1/2, Xn+I) 

for 0 < Xn < 1/2 and 1/2 < Xn+I < 1. 
The formula 

(5.1) f (XI• · · · , x,.) = F(xt, ... , Xn-2, Xn-t/2. x,./2, 1 /2) 

represents a map f: (1", i") __.(X, x 0 ). From (At) a map FI: (1", i") ___,.(X, x) 

given by FI(XI• ...• x,)=F(xt, ... , 2xn-t• x,., 1/2) is the sum /+fon the Xn-I-axis, 

and also from (A2 ) the formula F 01(XI• ... , x .. ) = F(Xt• ... , X n-t, 2x.,, 1/2) gives 

the sum /+ f on the x, -axis. By setting FtCxt, .. , x,.)= F(XI• ... , Xn-2, 2xn-I, 

x ... t/2) and Ft'Cxt• ... , x,.)=Ft(Xt• ... , Xn-2• Xn-I• 2x.,, (t+1)/2), we obtain null­

homotopies of Ft and Fo' respectively. Therefore 

(Ag) f represents an element a of 2[rr,.(X)], 

where 2[rr,.(X)] is the subgroup of rr,.(X) g~nerated by the elements of arder 2. 

Conversely for any element a of 2[rr,.(X)], there exists a map F: (J"+l, jn+I) 

___,.(X, x 0 ) satisfying the conditions (At), (Az) and (Ag). Let F and F' be two 

maps which satisfy the above three conditions, and let f and f' be the restricted 

maps as in (5.1). Since f and /' represent the same element u., there is a 

homotopy ft:(l",i")--•(X.x 0 ) from f=/0 to f'=fr. Define a homotopy 

gt: (1", i") ___,.(X, x 0 ) by a rule 
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fc(XI• ...• x,.) = gc(xl • ...• Xn-2• Xn-d2. x,./2) = gc(XI• ...• Xn-2• Xn-1/2. Cxn+ 1)/2) 

= gc(Xl• ...• Xn• (Xn-1 +1)/2. x,./2) = gt(XI• ...• Xn-2. Cxn-1 + 1)/2. (x,.+1)/2). 

then we have g 0(XI• ... , x)=F(x1, ... , x,,1/2) and g1(X1• ... , x,)=F'(xi• ... , x,.,1/2). 

Define two maps F + and F-: (1"+1, jn+l) ~ex. Xo) by setting 

and 

F+(XI•···•Xn,t) =F(XI•···•Xn,(2-3t)/2) O<t::;;:1j3, 
= gsc-I(XI• ... , x,) 1/3 < t < 2/3. 

=F1(XI•···•X,.,(3t-1)/2) 2/3<t<l. 

F-Cx1•··· .x,.t) = F'Cx1•··· ,x,,3t/2) 
= g2-3t(XI• ···,x,.) 
= F(XI• ...• x,.. (3-3t)/2) 

0 < t 51/3. 
1/3 5t < 2/3. 

2/3 < t ~1. 
It is easily verified that the sum F ++CF+ F _) on the Xn+l -axis is homotopie 

to F'. Since F+(XI•···•Xn-I•Xn•Xn+I)=F+(xl, ... ,x,.-I,Xn+1/2.xn+I) for OS:x,. 

<1 /2, F + is the sum F~ + F~ on the x,. -axis, where F~Cx1, ... , Xn+ 1) = F +(XI• ... , 

Xn-I• x,,/2, Xn+ 1), and bence the class of F + belongs to 2 (rr,.+I(X)). Similarly 

the class of F _ belongs to 2 (rrn+1(X)). Consequent] y we have 

(5. 2) the class {F} of in rr,+I(X)/2rrn+I(X) dePends only on a, and it is denoted 

by T(a). 

If n?S, and if F 1 and F 2 are representatives of T(a) and T([3) respectively, 

a representative F of T(u.+ [3) is given by the sum F 1 + F 2 on the x1 -axis. 

Therefore T(u.)+T(f3)=T(u.+[3), and we obtain a homomorphism 

(5. 3) T2: z[rr,.(X)] ~ TCn+I(X)/2rr,.+I(X) (n:?-3). 

In the case n=2, by theorem (5.15) of [22] and the following theorem we have 

T(o: + [3) =T(a) + T([3) + {[o:, [3]}. 

Theorem (5. 4) T(r~) is the class of u. or;,. 

To prove the theorem we shall give a representative of T(u.) by spherical 

mappings. Let e: (E". S"-1) ___.. (J", jn) be the homeomorphism given by 

(1 + PX1 1 + PXn) h _ 1/xt+-·· + x1J e(xi, ...• x,.)= -2-, ... , -2- 'w ere P-.. (\ -\ ····--\-) 
max X1 , ···,\x,. 

Define a map X1: J"+ 1 ~ E" by setting for O:S;x,.-151/2 and O:S;x,<1/2 

XI(XI• · .. , Xn+I) = e-1(XI• ... • Xn-2, 2x,., 2xn+l) if 0 < Xn+l < Xn-1, 

= e-1(XI• · .. , Xn-2, 2x,, 2Xn-I) if Xn-1 < Xn+l < 1-Xn, 

=e-1(XI•···•Xn-2•2-2xn+l•2Xn-l) if 1-xn::;;:_Xn+l:S;1, 

and by adjoining the condition 

XI(XI• ··· • Xn+l) = XI(XI• ··· • Xn-1•1- Xn• Xn+l) = X1(X1• · ·· • Xn-1•1- Xn • Xn+l) • 

for the other values of Xn-I and x,. 

Set L+={(XI•···•Xn+I)EJ"+ 1\x,=1/2.x,.+I?1/2} and L-={(xi•···•Xn+I)E 

zn+ 1 \xn-1=1/2.x,.+IS:.1/2}. We may representa point (x1,x2) of S1 by a radian 

0 such that (cos0.sinf7)=(x1.x2). D~fine a mapping: X2:J"+I-jn+L-L+-L­

__. S1 by setting 
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X2(XI•···•Xn+I) = -rr/4 O<xrH<1/2,1/2<x,<1 and Xn+I=1/2, 
1 1-2xn 

= -2- Arctan -1 2 -- O<xn-1<1/2 and O<xn+l<1!2, 
- Xn+l 

= ~ O<xn-1<1/2. O<x,<1/2 and Xn+l=1/2, 

rr 1 A 1-2xn-l = -+-- rctan ---
2 2 1-2xn+l 

= 3rr/4 1/2<xn-1<1, O<xn<1/2 and Xn+I=1/2, 

= 3 /2rr -1/2 Arctan 1~__2x,=-1 
1-2xn+l 

For a fix:ed point 8 E S 1, the inverse- image x:;I(fJ) is an ope-n n-cube in ]"+l 

and X1 maps x:; 1(B) homeomorphicalJy onto En-sn-I. Therefore the formula 

X(x)=(XI(x). X2(x)) gives a homeomorphism x: J"+L. r-+l_ L+- L--" (En- sn-!) 

xS 1• 

Define a map <f;:E"xS1--"S"+ 1 by rp(xi•···•Xn•YI•Y2)=(xi•···•Xn•f!.YI•f!.Y2), 

where (xi•···•Xn)EEn, CY1•Y2)ES1 and t~=(1-xr- ···-x~)!, then if> maps 

(E"- sn-I) x S1 homeomorphically onto sn+!_ sn-I. 

Define a map cf;: (J"+I, jn+Iu L+ u L-)--" (S"+1, S"-1) by setting 

cf;(x) = rp(X(x)) 

and 

then cf; maps J"+l __ jn+1- L+- L- homeomorphically onto sn+I_sn-I. 

Since F maps f"+I u L+ u L- into the single point x 0 , there is a unique map 

H: (Sn+I,sn-I)-~(X.x0) such that F=Hocf;. It is verified from the definition 

of cf; that the map H satisfies the conditions : 

(BI) H(r/>(XI, ... ,x,,(}))= H(<f;(XI• ··· .Xn-I•Xn•lr-{})) ---rr/4~(} ~rr/4, 

CB2) H(r/>(XI, ··· , x,,(}))= H(r/>(XI, · .. , Xn-1, - Xn, 2rr-- fl)) rr/4-;;:;, fJ:::; 3rr/4, 

(Ba) and a map h: (E", S"-1)--" (X, Xo) giving by h(x1, ... , Xn) = H(rp(XI• ... , 

x,, y*)) represents a. 

Conversely. for any map H: csn+l, sn-I)--" (X, Xo) satisfying the above three 

conditions, the composite map Hocf;=F:(1"+ 1,f"+ 1)--"(X.x0 ) satisfies the 

conditions (A1), (A2) and (A3). 

Since cf; 1 jn+ 1 does not cover the point (o. o .... '0, 1) of sn- 1, the map cf; 1 j'H 1 

is inessential in sn-I. Renee the map cf;(ln+l, jn+!)--'> csn+l, sn-I) is extendable 

to jn+I such tha+ cf;(]'n+ 1)Csn-I. Obviously the Brouwer's degree of the resultant 

map cf;: jn+ 2 -----'> sn+! is ±1. 

The composite map Ho cf;: j"+2--" X carries the subset p>+ 1 into the reference 

point x 0 , and bence Ho cf; represents the same element of rr,+ 1(X) with 

Ho cf; 1 J"+ 1. Consequently the map H satisfying the conditions (B1 ), (B2 ) and 
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(Bg) represents ±T(a)=T(u.) E Trr>+1(X)/2rr,+I(X). 

Let ho: (E", S"-1)---*(X, x 0 ) be a representative of r;. E 2[rr,(X)], then there is 

a homotopy ht: (E", S"-1)--" (X, x 0) such that h1(x1, ... , x,.)=h0(xl, ... , Xn-1• --x,.), 

sin ce h1 represents -a and u. = -a. 

Define a map H 0 : (S"+ 1,S"-1)---*(X.x0) by setting 

H o(r/J(Xl • ···,x,, B)) = hzo +l_(Xl, ... , Xn) 
n 2 

= h:i__2J_(p(20_.""_)(X1• ... , x,)) 
2 n 2 

= h-o __ ~(Xl• ··· • -Xn-l•Xn) 
2 n 

-rr/4~f!<rr/4, 

rr/4:S.f!<3rr/4, 

3rr/4~B<5rr/4, 

= h2i __ s (p(Jl-n-zo)(xl, ... • Xn-1• --x,)) 5rr/4<fJ<7rr/4, 
n 2 2 

then Ho satisfies the conditions (B1), (B2 ) and (B3 ), and represents T(a). 

Give a homotopy Ht: 5"+ 1---* X by setting for O~t~l 

Ht(rft(xl, ... , x,, B)) = hc'f! ++ )(l-t )Cx1, ... , x,) 

= h( ·}+?1 )(1-t )(p(2o- ~-)(Xl' ... ' x,)) 

and by setting for 1 <t<2 

-rr/4<fl~rr/4, 

rr/4<fJ~3rr/4, 

Ht(rft(xl, ···,x,, B)) = hoCocaCt-m(Xl• ···,x,)) -rr/4<fJ<rr/4 • 

= ho(P(a( t-l)+( 20_f )( z-t )Cx1, ... , x,.)) rr/4:S.fJ:S.3rr/4, 

= hoC.ocact-ll+nC2-tl(Xl• ... ,x,)) 3rr/4~11<5rr/4, 

= ho(P(o(t-l)+( 2o+f )(2-t))(x1, ... , x,.)) 5rr/4:S.f!:S.7rr/4, 

then H 0 is homotopie to H 2 which is given by 

H2(rjJ(x1, ···,x,, B)) = hoCocaJ(Xl• ···, Xn)) · 

Let w: E"' -• S" be a map given by 

w Cx1, ... , Xn) = (2xl, ... , 2xn, 11-) for "2J x1<1/4, 

=(l-2x1 , ... ,1-2x,,f1+) for l/4<"2Jx~~l. 

where fJ.-=-(l-4"2JxD~ and f1+=(1-"2J(l-2xt)2)!. Then wiE"-S"- 1 is a 

homeomorphism, and there is a map h' : S"-* X su ch that h' o w =ho, and h' 

represents ±a. Let jî, be the map given by 

/î,(rjJ(xl, ··· , Xn• B)) = wCroCX1' · ·· 'x,.))' 
then H 2 =h' o jî,. 

For n=2, jî2: S 3 ---* 52 is the H0pf construction of a mapping /î2l rjJ(S1 ~x S1) 

of type (c1,c1), where S1t={(xl.X2)1x'f+x~=l/2}, and r/JIS 1txS1 is a homeo­

morphism. Therefore the Hopf invariant of /î 2 is ±t4 and /î 2 represents 

±nz E rr:g(S 2 )-
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For n>2, jj.,.: s•>+1-4 S" maps hemispheres E~11 and E':...11 into hemispheres 

E'::-1 and E~1 respectively, and we bave P.n(x2, ... , Xn+I) = P.n-1Cx2, ... , Xn+I) ). 

Renee p.,. is homotopie to ( -1 )" E(,U,._1), and by induction we see that ,U,. 

represents r;,. E rrn+1CS"). 

Consequently we have 

T(rt.) = {Ho} = {H2} = {h'o,U,.} = ±{a or;,.} = {a o r;n} in 7rn+1(X)2/rrn+l(X) 

and the proof of the theorem (5. 4) is accomplished. 

ii) Assume that elements a E rrr(S8 ), {3 E rrm(S") andrE rr,.(Sm) satisfy conditions 

ao{3=0, and {3or=O. Let f: S"--58 , g: sm_.sr and h: S"-+S"' be representatives 

of u., {3 and r respectively, and let Ft: sm--s• and Gt: S"-+S" be nullhomotopies 

of fog=Fo and go h=G0 • Define a map H: S"+1-+S8 by the rule 

(5.5) H(d,.(x, t)) = f(Gt(x)) 

= F-t(h(x)) 

o::;::t<1, 

-1<t<O. 

The construction of H depends on the choice of f, g, h, Ft and Gt . Let JI' be 

another construction as above with respect to f', g', h', F't and Gt', and let 

ft,gt and ht be homotopies from f=f0 ,g=g0 and h=ho to f'=f1• g'=g1 and 

h' =h1 respectively. Define a homotopy Hr: S"+1- s• by 

Hr(d,.(x, t)) = fr(G(2t-r)/(2-r)(X)) O<-r/2<t:Ç1 • 
= fr(gr+2t(hr+2t(X))) O<t<-r/2<1, 
=fr+2t(gr+2t(hr(x))) -1<--r/2;;=:;;t<O, 
= }\,+U)/(r-2)(hr(X)) -1 <t<- !" /25:.0, 

then H 0 =H and H 1 \S"=H'\S". Define two maps H+ and H-: S"+ 1 -S8 by 

O<t5:.1, 

= H'(d,.(x, - t)) -1 <t<O, 

and JL(d,.(x, t)) = H'(dn(x, -t)) 05:.t5:.1, 

then H+ represents an element of r1. o n,.+r(S") and H- represents an element of 

1Tm+1CS') o E(r), where a o 7rn+1(S8 ) and rrm+ICS") o E({3) are subgroups of rrn+1(s•) 

consisted of the elements of the forms aoC and ~oE({3) (CE rr,.+l(s•), ~ E 7rn+I(S8 )) 

respectively. As is easily seen, the sum H + + (H' + H _) is homotopie to H 1 , 

an.d therefore 

(5.6) the class of H in 7rn+I(S')/a o 7rn+1(S")+rrm+1(S') o E(r) depends onlY on 

r1.,{3 and r. and it is denoted by {(J.,f3,r}-

Theorem (5. 7) If (J.E 2[rr,.(S")] and if 2<n<2r-2, then 

{2r, u., 2,.} = T(rt.) = {r.t. o "fln} in 7rn+l(S")/2rrn+l(S") · 

Since the suspension homomorphism E: rr,._I(s•-1) -• rr,(S") is an isomor· 
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phism onto for n<2r--2, there is an element a' of rr,._l(sr-1) such that E(IJ.')=r;. 

and 2a' =0. By (2.5) we have 2rr o a= (rr+lr) o E(a') = E(a')+ E(a') =2a=0. 

Let /': (S"-1, y*)- (sr-1, y*) be a representative of a', and let g/: (S"- 1, y*) 

---+(sr-1,y*) be a nullhomotopy of f'o2,_1=g0', where 2m: S"'-•S"'Cm>1) is a 

map of degree 2 given by 

2,,(d,n-l(X, t)) = dm-I(X, 2t-1) O~t;:SJ, 

= dm-I(X, 2t+1) --1<::::_t<0. 

Set f =Ef' and gt=Eg/, then f represents a and gt is a nullhomotopy of 

foE2n-I=g0 • Let ft: (S",y*)--->(Sr,y*) be anullhomotopy of 2rof=fo· Then 

{2rr.a.2c,.} is tepresented by a map H: (S"+1,y*)-(Sr,y*) given by 

H(dn(x, t)) = 2r(gt(X)) o:s:;:t<1. 

Now we shall calcula te the composite map Ho </Jn+1 : (1 "+ 1, j"'+ 1) -. ( s•·, y*) 

which is a re-presentative of {2r., a, 2c,.}. Since <Pm+I(x1, ... , Xm+ 1)=d,.(</!m(X1• . .. , 

x,..),2xm+1-1) an_d 2,.(dm-lx.t))=2m(dm-lx.t+1)) for -1;;:;:;t.:;:_o, we have 

H(</!n+1(X1' . .. 'Xn+I)) = H(dn(<Pn(XI' ...• x .. ). 2xn+1-1)) 

=2r(Eg;c-I(dn-l( </Jn-I(X1• · .. , Xn-l),2x,.-1)) =2r(dr-I(g;t-J(</Jn-I(XI•· · .,Xn-1),2x,-1)) 

=2,.(dr-I(g~t-l(</Jn-1(X1, ···, Xn-I)), 2x,.+1)) 

H(<Pn+I(XI' ... 'Xn+1))=H(d,.(</!n(XI• ...• x,.), 2xn+l-l)) 

= f l-u(E2n-ldn-I( 1/'n-I(Xl, · .. , Xn-1), 2xn -1))) 

= f 1-2t(dn-1(2n-ldn-z( </Jn-z(XI, ... , Xn-z), 2xn-l -1) ), 2x,.-1)) 

= fi-2t(dn-l(2n-I(dn-z(</Jn-2(XI, ... , Xn-z), 2xn-l +1)), 2x,.-1)) 

=H(</Jn+I(Xl• · ··, Xn-l + 1/2, Xn• Xn+I)) 

and H(<Pn+I(XI' ... 'Xn-2. Xn-1/2, x,./2.1/2)) 

= H(dn(</Jn(Xl• ··· • Xn-2 • Xn-1/2, Xn/2), 0) 

= (2r 0 El' 0 E2n-l)(dn-I(<Pn-l(XI' ...• Xn-2' Xn-l/2), x,.-1)) 

= 2(dr-IC/'(2n-l(dn-2( </Jn-z(XI• · · · • Xn-z), Xn-1-1) ), Xn --1)) 

= dr-I(/'(dn-z(</Jn-2(Xl, ···, Xn-z), 2xn-l-1) )2x,-1) 

= dr-1(/'(</Jn-I(Xl• ··· • Xn-I)), 2x,.-1) 

=/(<Pn(XI• ···,x,)). 

Therefore H satisfies the conditions (A1), (A2) and (A3 ), and represents T(r;.). 

ConsequentJy we obtain {2cr, a, 2rn} = {H} =T(a.) in 7rn+1(Sr)/2rr,+I(Sr). 

Lemma (5. 8) Tf elements r1. E rrr(S•), {3 E rrm(Sr), rE rr,(Sr) and à E rrl(S") satisfy 

r;.of3=0, {3or=O, anet roà=O, then 

u. o {f3, r, à}= {r;., (3, r} o E( -à) in rrl+I(S")/a o rrn+1CSr) o E(à). 
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In the Iemma, r1. o {(J', r. o} and {a, j3, r} o E(- o) are classes of a o (, and 

go E(- o) (for elements (, E {j3, t• o} and Ç E {rf., j3, r}) respectively in the factor 

group "lrl+l (S')/ a 0 CP' 0 7rl+l(S"')+rrn+J. csr) 0 E(o)) = "lrl+l (S')/o. 0 7rn+1 csr) 0 E(o) 

=rrz+1 (S')/(r!. o rrn+l(Sr) + rrm+ 1(S') o E(r)) o E(- o). Let f, g, h and k be repre­

sentatives of rJ.,J3,r and o, and let Ft,Gt and Ht benullhomotopies of fog,goh 

and h 0 k respectively. Consider a homotopy KT: Sl+l__.. s• which is given by 

Kldz(x, t)) = /(Gt(k(x))) Os;t<1, 

= Ftcr-l)(H-tlx)) -1~t<O, 

the·n K 0 represents {a. j3, r} 0 E(- o) and K 1 represents Il. 0 {$.y, o}' and it follows 

from this that we have the lemma. 

iii) In this section we shall use the notations of the previous section and 

assume that 11. o fJ=O, and P' o r=O. 

Let K:+1=S•uer+1 be a cell complex, in which er+I is attached to s• by a 

characteristic map U.:(E~+1,Sr)__..CK:+1,S') such that U.!Sr=f represents a. 

D2:fine a mapping, g: S"'+1__.. K:+1 by setting 

g(dm(x, t)) = U.(dm(g(x ), t)) O<t<1 , 

= F-t(x) -1s;t~O, 

then g represents an element ~ of 7rm+ICK:+ 1). 

Lemma (5. 9) go E(h) is homotopie to a maPPing S"+ 1 __.. s• which represents 

{r;., j3, r}. 

The lemma follows from a homotopy Hr given by 

Hr(dn(X, t) = U.(d,.(Gtlx), t)) 

= F-t(h(x)) 

O~t<1, 

--1 <t<O. 

iv) For example, consider an element (Errr+3(Sr) of {7Jr,21r+1•7Jr+1}, then from 

(5.8) we have 2(=(o2,r+3=7JroÇ for an element Ç of {21r+1•7Jr+I•2'r+2}• and 

from (5. 7) {21r+1, 1Jr+1, 2ir+z} =1Jr+1 o 1Jr+2 in 7rr+3(ST+l) (r~3). Therefore 

Lemma (5.10) There is an element ( of 7rr+3(Sr) such that 2(, =IJr o 1Jr+ 1 o 1Jr+2=ic:O, 
and (, has or der 4. (r :?:3). 

Chapter 6. Eilenberg-MacLane complex. 

Let K(JI,n) be the complex of a (abelian) group JI which is defined and 

treated by S. Eilenberg and S. MacLane [7]. A q-cell of K(JI, n) is an n­

dimensional cocycle aq E Z ,( .:/q ; JI) of the q-dimensional ordered simplex ,Jq. 

The suspension homomorphism S: Hq(K(JI,n))--->-Hq~- 1(K(JI.n+1)) is given by 

setting Saq=Taq-a6+1, where a8+1(J)=0EJI and Taq is defined for each (n+1)­

dimensional ordered subsimplex (r0 , .•• , rn+ 1) of .:/q~- 1 =(0, ... , q+1) such as 

T aqCro • ... , rn+1) = aq(ro, ...• rn) if rn+1 = q + 1 • 

=0 if rn.J1<:q+1. 
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S. Eilenberg and S. MacLane reduœd the compJe.x K(II, n) to A (II. n) and 

calculated the following results for the infinite cycle group z, 

Hn+lK(Z,n)) = 0 n 21, Hn+2(K(Z, n)) = Z2 

Hn+3(K(Z, n)) = 0 n 4, Hn+4(K(Z, n)) = Z2+Z3 n ;2:5, 

(6.1) Hn+s(K(Z,n))=O n;::C::6, Hn+6CK(Z,n))=Z2+Z2 n,>7, 

Hn+7(K(Z,n))=0 n>S, Hn+rlK(Z,n))=Z2+Z2+Z3+Zs n>9, 

Hn+9(K(Z, n)) = Z 2 n ;~: 10. 

In particular, Hn+ 4(K(Z,n)) are calculated for lower dimensions: 

(6. 2) H6(K(Z, 2))=Z, H,(K(Z, 3))=Z3, Ho(K(Z, 4))=Z +Z3 and the suspen­

sion homomorphism S: H6(K(Z, 2)) -• H,(K(Z,3)) is onto and the (n--3)-fold 

suspension S"-3 : H1(K(Z, 3)) -C,. HnH(K(Z, n)) is an isomorphism into. 

Let Kn be a CW -complex su ch th ai its (n + 1 )-ske·leton i~ an n-sphere S" 

and homotopy groups rri(K,) for i>n vanish. The e-xistence of such a complex 

was shown by ]. H. C. WhitehE:ad [24]. Furthermore we may assume that the 

( n + k )-skeleton K~+k of K, is a fini te cell complex, for the homotopy groups 

of a finite complex are finiteJy generated (cf. [14]). Therefore the singular 

homology groups of K,. coïncide to the usual homology groups. 

Consider the suspended spaœ 'K =E(K,.) of K, with reference point y* 

E S"CK,, then 'K is also a cell complex and its (n+2)-skeleton is S"+l. 

Let X: (E"+k+I, S"+k) --c,. (' K"+ku e"+k+l, 'K"+k) be a characteristic map of a 

cell e"+k+ 1 E'K. and Jet a mapping f: 'K"+k__, K::t~Ck~>2) be givEn, then 

the composite map f o (X 1 S"+k) represents an element of rr,.H(K~tD· Since 

Trn+k(K~tï+ 1 )=rrn+k(Kn+ 1)=0 for k;>2, there is a mapping X': (E"+k+l, S"+k) -• 

(K~H+ 1 , K~tD such that X'l sn+k= f o (X 1 S"+k). A mapping x' o x- 1 defines on 

exte sion of f over en+k+I. By induction we obtain a mapping 

fo: E(K,.) -• Kn+l 

such that foiS" is the identical map and / 0 maps the (n+k)-skeleton of E(Kn) 

into the (n+k)-skeleton of Kn+l· 

Let Sn-1(K,.) be a subcomplex of the singulnr compkx S(K,) of K, con­

sisted of the simplexes Tq: Liq __, K, such that T maps the (n-1)-subsimp'ex 

of Liq into y*. Dèfine a suspended simplex E'(Tq): L1H 1 -~ E(Kn) of Tq by 

setting E'(Tq)(J. 0 , ... ,)q+ 1 )=d(T(}c0 , ... ,Àq), 2ÀH 1--l) for the barycentric repre­

sentative (}.0 , ... , lH 1) of a point of L1H 1 • Define a chain transformation 

S': Sn-I(Kn)--.S,(Kn+ 1 ) by setting S 1(P)=ft'(E'(P))-T6+1 where T'f/ 1(LiH 1 ) 

=y*, then we obtain a suspension homomorphism S': Hq (S,.,- 1 (K,)) -• 

Hq+l(Sn(K n+l) ). 

Lemma (6.3) Lei' ~rn:K(Z.n)--"Sn- 1 (K,)CS(Kn) be the natural chain 

equivalence given in [6], then we can choose a natural chain equivalence 



74 Hirosi TODA 

Kn+1: K(Z.n+-1)~S,.(Kn+1) such that S'or.:,.=Kn+1oS. 

Therefore we have a commutative diagram 

s 

where r.:';, r.:;';'+1 and E are isomorphisms. 

Now we shall prove an important lemma : 

Lemma (6. 4) Hn+k+ 1(K(Z, n)) ;::::o rr,.+k(K~+k- 1 )/8[rrn+H 1(K~+k, K~+k- 1 )] (k?1). 

ln the following diagram 

the exactness of each direct sequences and the commutativity relations hold. By 

a simple algebraic Iemma of T. Kudo [13, II, lemma 1], there is an isomorphism: 

kernel a3 1 kernel i'~;=::o kernel h 1 kernel h. Since 7rn+k+1 (K~+k+Z, K~+k+ 1) =Ü, 

7rnn+I(K~+k+Z) = 7rnn+l(K,.) = 0 and rrnu(K~+k+ 1 ) = rrnu(K,.) = 0, we have 

Hnn+1(Kn)=kernel 83/image 8z=kernel 83/kernel i'f:;=::okernel h/kernel h=rrn+k+1 

(K~+k, K~+k-1 )/image if;::::o rrn+k(K~+k- 1 )/image a, and the proof ot lemma is 

established. 

Remark that in the lemma (6. 4 ), K~+k is the (n + k )-skeleton of K n, but we 

may assume that K~+k is an (n+k)-demensional complex sncb that its (n+1)­

skeleton is S" and rr1(K"+k) =Ü for n<i<n+k, because we can construct a 

complex K,. whose (n+k)-skeleton is K~+k. 

For n>3, we define a cell complex K~+3 as follows. 

(6. 5)1 K~+3 = S"u e"+zu e"+3. 

(6. 5)2 e"+ 2 is attached to S" by a characteristic map :;;,. : (E"+z, S"+ 1)--+ (S"u 

e"+ 2, S") such that ~ .. \S"+1 represents 1/nE 1t'n+1(S") and E(~n\S"+ 1)=~n+l\S"+ 2 , 

then we have E(K~+2)=K~t~ for n:2;2. 

(6. 5)3 e"+3 is attached to S"u e"+Z=K~+z by a characteristic map (,.: (E"+3, S"+2) 

--+(K~+zue"+3,K~+3) where (,.jS"+2 isgivenasfollows. Forn=3,Iet2:(E~.S4) 

__,. (E5, S 4) be a mapping of degree 2, then there is a mapping h: E':..--+ S3 snch 

that h\S4=(~3 oZ)\S4 for 21)n=0. The mapping ( 3\S 5 is defined by setting 

(3 \E~=~3 o2 and ( 3 \E"..=h. For n>3. (,.\S"+Z is defined by setting (,.\S"+ 2 
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=E((,._1jS"+ 1) inductively, tben E(K~+3)=K~t1· It is easily verified that a 

generator (,.of 1l"n+ 2(K~+2 ) is represented by (,.\5"+2 for n~3. and that 

(6.6) 

By (5. 9), c? .. 1 5"+2) 0 nn+2 is homotopie to an representative ( of {nn• 2cn+l• nn+I}' 

in K~+2 and by (5. 10) we have 2( =nn o nn+I o n+2. Since a generator of the 

image of a: rr,.+4(K~+ 2 , S") ___, rrn+3(S") is nn o nn+I o nn+ 2, and a generator of the 

image of a: rr,.+4(K~+3, 1{~+2) ___, rrn+s(K~+2) is (, and since they are not tri val, 

we obtain 

(6. 7) The boundary homomorphisms a : rrn+4(K~+ 3 , 1{~+ 2 ) ___, rrn+3 (K~+ 2 ) and 

a: rr,.+4(K~+ 2 , S") ___, rrn+s(S") are isomorphisms into for n>3. 

Chapter 7. The group 7l"n+3(S"). 

Applying the lemma (6. 4) to the complex /{~+3 of (6. 5), we have from 

(6.1) Z 2+Z3 = 1l"n+4(K~+2 )/a(rr,.+4(/{~+3, /{~+2)) for n~2';5. 

By (6. 7), a: rr,.+4(K~+3 , 1{~+ 2 ) ___, rr,.+ 3(K~+ 2 ) is isomorphic and rr,.+ 3(K~'- 2) must 
a ï* 

have 12 elements. In the exact sequence 1l"n+ 4 (1{~+ 2 , S") ~ rr,.+3 (S") ~ 
j a' 

rrn+3(K~+2)~rr,.+s(K~+2,S")~rr,.+2(S"), a' is isomorphism onto and bence 

i* is onto, whi1e (6. 7) shows that a is isomorphism into and therefore rr,.+ 3(S") 

must have 24 ele-ments. By ( 4. 3) rr6(S3) bas 12 elements and by (5.10) it 

contains an e1ement of order four, therefore 7r6(S3) is cyclic group of order 12. 

The only element of order 2 in 7r6(S3) is n3 o n4 ons and its Hopf invariant is 

trivial, then a3 must have order 4 or 12 for H(r~3 )=n6='f'.O. Since r~,.=2v,. for 

n~5. v,. bas order 8 or 24, and we obtain. 

Proposition (7.1) 7r6(S3 )=ZI2• rr7(S 4)=Z +Z12 and 7l"n+s(S")=Z24 /or n>5. 
Now we shall calculate generators of these groups. 

Let M 2" be the complex projE:ctive space, and Je-t M2"~=S2ue4u ... ue2" be 

its cell decomposition as in ( 4. iv) with characteristic maps p, __ 1: (E2", 52"-1) 

-• (M2", M 2"-2) such that Pn-1 = Pn-1\ 5 2"-1 are fibre maps with fibre 51. Tben 

Pn induces isomorpbisms p;: 7rp(S2"+1, 5 1) --• 7rp(M2"). Let K 2 be the Ji mit space 

U M 2", tben 1\:1:2"=/{~" and K~ is the complex given in (6. 5), and the bomotopy 
n 

groups of K 2 are trivial exce-pt rrzCK2)=Z. Next we construct a comp1ex /{~ 

wbose i-th bomotopy groups vanish for 3 <i < 7. In the exact sequence: 
a ~ 

rr1(K~, 53)~ rrG(S'l)-• rr6(KD--• rrr,(K~, S) ------* n:5(S3), a and a' are isomorphisms 

into and rr,(s~)=Z12 , bence rrc,(KD=Z<> and its generator is represented by a 

mapping g: 5 1'- • S3 which re presents a ge:-~erator of rr6 (S'l ). De·fine KJ =K~ u e'~ 

with characteristic mapping g: (E7, 5 1')- ·(53 u e'~, 53) su ch that jJ\ 53= g. then 

7!"(,(/{g)=O for 3<i<7. and we can construct the complex K 3 such that its 

7-skeleton is K~. 
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Let / 0 : E(K2 )->-K3 be a mapping given in Cbapter 6, then (6.3) and (6.2) 

shows tbat l'if: H 7(E(K2 ))=Z _.. H 7(K3)=Z3 is onto, and tberefore / 0 maps 

E(e6) onto e7 with degree k, where k is prime to 3. This implies tbat EP2: 5 6 

_.. K~=E(M4) represents an element of degree 3 or 6 in rr6(KD. Cons'ider a 

diagram 
j 

rrs(52) ~ rrs(KD ~ rrs(K~, 52)~ rr4(52) 

lE lE' 
rr6(S3)~ rr6(KD~ rr6(K~. 5 3). 

From (3.14), rr6(K~. 52) bas direct factor isomorphic to z. and its generator is 

the relative product [&2 , &4]r for generators &2 E rr2(52) and &4 E rr4(K~, 5 2). Since 

rrs(KD:=::ms(55)=Z, rr4(S2)=Z2 and ['2•1lz]=Ü10) there is an element r of rrs(KD 

such that j(r)=[&2 , &4] and E(r) is an element of n'6(KD which bas order 3 

or 6. By !emma (2.32) '-'3 is an element of n'6(53) sucb tbat i*(a3 )=E(r). 

Consequently as must bave order 12 and generate rr6(53). By (4.3) we have tbat 

v,. bas order 24 and generates n'n+s(S") tor n>5. We bave 

Theorem (7. 2) i) n6(S3 ) ~ Z12 and its generator is '-'3• 

ii) 1!'7(S 4)~Z+Z12 and its generators are V4 and a4, 

iii) 1t'n+3(5") ~ Z24 for n.2'=5 and its generator is v,.. 

And also we have relations 

(7. 3) 6v, = 3a,. = (,. o 1ln+2 in K~+2 , 6v, E {17,., 2&n+I• 1ln+à and 12v, = 6a, = 
1ln 0 1ln+l 0 1ln+2 for n25. 

Chapter 8. Caluculations in higher dimensions. 

i) In this chapter, our calculations are teated for suffi.ciently large values of n. 
such that the exision theorem (1. 23) holds, for example we may assume n>10. 

Define a ce li complex K~+5 =K~+3 u e"H u e"+5 u e~+6 u e~+6 as follows. 

(8.1)1 K~+3 =5"ue"+2ue"+3 is defined as in (6. 5). 

(8: 1)2 e"+4 is attaced to S"CK~+3 by a characteristic map ii,.: (E"+4, 5"+3) _.. 

(5"u e"+4, S") such that ii, 1 5"+3 represents the generator v,. of rr,.+3(5"). 

(8.1)3 e"+5 is attached to K~+ 1 by a characteristic may ~ .. : (E"+s, 5"+4) __,. 

(K~+5 , K~+4) as follows, set ~ .. 1 E":-~4 =ii,. o 6 where g;_~4 =dn+3(5"+3 x [1/2. 1]) 

and6:(E'l:!;.4,É'l'-i-4 )-->(E"+4,5"+3) is a mapping of degree 6, and set ~ .. IE~<-4 
=C,. o 7ln+3 where 1fn+s: (E":..<- 4, 5"+3)-. (E"+ 3, 5"+2) rep1esents generator 8-11ln+2 

of rr,+ 4 (E"'+ 3, S"+2), then we can extend the mapping ~"' over the subset 

E";.<- 4-Int. E':-r.4 into K~+2 for 6J.~,.=(,. o 1ln+2 in K~+2 . 

(8.1)4 e1+6 is attaced t:> S"ue"+~cK~+5 by a characteristic map ij.,+4: (E"+6, 5"+5) 

-->(K~+6,K~+5 ) as follows, set r; .. HIE'l+s=ii,.o1j,.+4 where 7],.+4: (E'!-+5,5"+4)_,. 

(E"H, 5"+3 ) repres<mts ge:nerator 8-1 1ln+s of rrn+s(E"+4, 5"+3), and extend the 

mapping ~n+tl 5"+4: 5"+4 __,. S" over gr:_+s such that 1JnH(E~<- 5)C5" for v,.o1ln+3 =0. 

10) Since g: Sax Sl~S2 in iii) of Ch. 4 has type (YJ !. tz), we have [tz, '12]~['12• t2]=0 by (2.26). 
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i~ # 0~ 
subsequences ···- :rr~- 1 ---+ n~-C"(r-s)- ... - n~:l- n~-1- 0 are exact, 

and the composite homomorphisms C"(r-s)- ~=l- C"-1(r-s) are the boundary 
homomorphism of the chain groups. 

We aJready know that n~ = n3 = Z 24, n~ = Z 12, n~ = Z 6 and the injection 
i~ iJ 

bomomorphisms: na---+ n~- n~ are onto, 

ii) The image of a1 is generated by a{~,} =v,, and v,. is the generator of na, n~ 
and rr~, bence a~ is onto and rrl=O. The complf:X K~+4 bas the homotopy groups 
nt(K~H)=O for n<ï<n+4 and we have from (6. 4) and (6.1) 

0 = Hn+s(Kn) = :rrVimage at. 
Renee a~ is onto and i1 is trivial. The image of â~ is generated by v.,. o nn+a =O,m 

therefore we have rrl = 0. The image of â~ is generated by (, o )/n+ 2 o )/n+a 12> 

=6v,. o )/n+a=O and bence rr!=O. The image of ag is generated by )Jn o v,.~- 1 =011> 
and bence rr4 =0. Consequently we have 

------------- --

11) Cf. (4. 4) and (4. 5). 
12) Cf. (7. 3). 
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Proposition (8. 3) 7rn+4(5") = 0 for n>6. 

iii) Since tr~=O, tr~ is isomorphic to the kernel of a:. tr~=Z 6, C 4(0)=Z and 

â~ is onto, so we have that a generator of â~ is represented by a mapping of 

degree 6. Let an element Ç,. of tr~ be presented by f .. 1 5"+4, then it ( Ç,) is 

represented by a mapping of degree 6 and therefore j'J,(Ç,.) generates the kernel 

of al. Consequently we have that Ç,. generates trt and ag is onto, bence tr~ =O. 

Applying (6. 4) and (6.1) to the complex: K~+5 which bas the homotopy groups 

tr1 (K~+s)=0 for n<i<n+5, we have 

Z2+Z2 = H,+6(K,.) ~ trUimage a2. 

The image of a& is generated by Ç,o1ln+ 5·• Since incidence number [e"+S: e"+4] 

=6, we have j~(Ç, o 'lln+s)=O, bence there is an element Ç' of tr~ sucb that 

i~(Ç')=Ç,. o 'lln+s. From the structure of the mapping ~ ... we bave easily that 

the imag j~(Ç') is the non-zero element of C3=Z2, bence Ç,.o'lln+s=Ü, image 

a~=Z2 and the group n~ must have form Z 2+Z2+Z2 or Z2+Z4. Let 1l' E tr~ be 

represented by, 7; .. +4\5"+5, tben j~('ll') is the generator of C 4(1)=Z2. If 21l'=t0, 

we have 2'1}' =Ç, o 'lln+s. The mapping 7ln+4\ 5"+5 , however, does not cover the 

celle"+3,thereforewebave2'1}'=0in K;!H and tr~=Z2+Z2+Z2 . Since the image 

of aJ is generated by v,.o1ln+3o'1ln+4=0, we have rr~=Z2 +Z2 , j~ is onto and 

image i~=Z2 • Let v1 be a generator of C 3(3)=Z2.t. Since the incidence number 

[e"+3: e"+2]=2, we can chose a generator v2 of C 2=Z24 sucb that jgoa(v1)=2v2, 

bence image a~=Z24 or Z 12. Since 12( (, o lln+2)=(,.o 12vn+2=(,.o'l}n+2o'l}n+3 o'1ln+4 12) 

=6v,.o'l}n+3 o'l}n+4=0 in K~+1, we bave image a~=Z12 and rr'f,/Z12 =Z2. Since ag 

is trivial, jg is onto and therefore isomorphism onto, It is easily seen tbat a 

genera tor v' of rrg =Z 24 is represented by the mapping îln+2\ 5"+5, Since rr4 =0, 

we bave C2(4)=0 and 

Proposition (8.4) 7rn+s(5") = 0 for n27. 

iv) The generators of rrg=Z2+Z2 are i~('ll') and i~ o i~ o ig(v'), and they are 

also the image of ag. Renee n~ =0 and K~+6 has the bomotopy groups n;(K:!+6) =013) 

for n<i<n+6. From (6. 4) and (6.1) we have 

0 = Hn+7(K,.) = rrVimage a~, 

and â~ is onto. An analogeous consideration as in iii) and the fact 2v,.o Vn+ 3 =0 

show that 

image a~=Z2+Z2 or Z2= {'17'o1ln+s•v'o1ln+s}. image jg =0, 

image a~ = z 2 = {Ç,. 0 1ln+4 0 'lln+s} image j~ = z 2' 

image a~=Z2 or Ü= {v,ovn+3}, image j~=Z2 , 

image â~ = image j'f, = image â~ = 0 , 

and that there are elements rl1 En~ and rl2 En~ such that i~ (rl1) '='1}' o 'lln+s, i;, (a2) 

13) Cf. (4. 6). 
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=~n01Jn+4 01Jn+5• j(';(r;.I)c_f~O and j~(r;.2}=\c0. Consequently we have 

Proposition (8. 5) rrn+6(S")=0 or Z 2 or Z 2+Z2 for n~8. 

v) To prove the non-triviality of rr6 , we construct a complex K~+7 who se 

homotopy groups rrt(K~+ 7 ) vanish for n<i<n+7. If we assume rr6 =0, we can 

prove that the group Hn+a(K,)=rr~/image ââ must contain a group of 8-element 

and this contradict to (6.1). 

Proposition (8.6) 7rn+6(S")=Z2 or Z2+Z2 /or n_2:8, and the generators of 

which are }./nO}./n+3 and an element of {1Jn•}./n+I•1Jn+4}· 

Fur ther calculations show 

Proposition (8. 7) If n?>.9 we have 7rn+7(S")=Zis+G where G is a group 
of 2"' elements (3<k<8). 
ii) J/ n::2;10, we have that 7rn+a(S") is a group of 2k elements. 

Appendix 1. The homotopy groups of the suspended 

space of the projective plane. 

Let y2 be the real projective plane, and let Y2=S1 ue2 be its cell decomposi· 

tion in which the cell e2 is attached to S1 by a mapping of degree 2. Let Y"+l 

be the (n-1)-fold suspended space of Y 2, then Y"+ 1 =S"ue"+ 1 is also a cell 

complex with a characteristic mapping w: (E"+ 1, S")-+ (Y"+ 1, S") such that 

ô) 1 S" = w is a mapping of degree 2. By (1. 26) the characteristic mapping w 
induces the isomorphism w*: rrp(E"+1, S")---. rrp(Y"+ 1, S") for p<2n-2. Since the 

boundary homomorphism â: 7rp(E"+ 1, S")-+ 7rp-ICS") is isomorphism, we obtain 
cd* i* ~ w* 

an exact sequence ··· ~ rrv(S") ~ rrv(Y"+ 1) ~ rrv-1CS") ~ 7rp-I(S") ~ ··· 

by setting LJ =Ô o w*- 1 o j for p<2n -2. Since E: rrv-2(S"- 1 ) -+ 1!p-ICS") is onto 

for p~2n-1, we have w*(rJ.)=21, o a=21n o Erl =2Ea' =2a, and therefore the 

kernel of w* is the subgroup 2[rrv-1(S")] and the image of i* is isomorphic to 

rrv(S")/2rrp(S"). 

Lemma If ris an element of rrv(Y"+1) such that J(r)=aErrv-ICS"), then 

2r=i*(a o 1Jn)· 
The lemma follows from (5. 9) and (5. 7). Applying this lemma to the results 

of rr,( sr) we have 

Theorem i) lTn (Y"+ 1 ) = z2 nz1, 

ii) 7rn+I(Y"+ 1 ) = Z2 n 3' 
iii) rrn+2CY"+ 1 ) = Z4 n;?;4, 

iv) rrn+3(Y"+ 1 ) = Z2+Z2 n 5' 
v) rrn+1(Y"+ 1 ) = Z2 -

6' n 
vi) 7rn+5(Y"I·l)= 0 n_- 7, 

vii) 7rn+ü( Y"+l) = Z 2 or Z 2+Z2 n 8 0 
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Appendix 2. Lower dimensional cases 

Recently P. Sree, [16] bas provided that there is a homomorphism: rr,.- 2(52'"-3 ) 

........ rr,.(S'"; Et, E":..) and which is onto for n:S:,3r-4 and isomorphic for n<3r-4. 

By (3.13) rr,.(S'"; E'";.. E":..) bas a direct factor isomorphic to 1'L"n+I(S2'") for n:S:,3r-4. 

Therefore the homomorphism P: 1'L"n-r+1(E":.., S'"-1) ........ rr,.(S'"; E'";., E":..) given by 

P(o:)=[r.<, er]t is isomorphism onto for n:S:,3r-4, where e,. is a generator of 
t1 E 

rr,.(E'";.. S'"-1). The e:x:ctness of the sequence 1'L"n+z(S'"+l; E'";-+1, g:_+1)- rr,.(S'")-

rr,.+1(S'"+l) shows that the kernel of suspansion homomorphism E: rr,.(S•) __,. 

rr,.+1(S'"+l) is generated by the Whitehead product [a, e,.] (o: E 1'L"n-r+1(S'")) for 

n:S:,3r-3. 

The following list of special Whitehead product is verified (n:S:,3r-3) 

1~1 1 

1 

8 9 9 10 11 11 12 13 

1 

-

1 r . 4 5 6 5 6 7 
4 1 5 

·~i 

1 

1 [ "14• •4]=1=0 [•s. •s]=!=O [ "~' o"'s, '4]=!=0
1 

[ "'S• •s]=!=O [•6· •6]=!=0 [ "'so'l~· •s]=!=Oi [ '16• •6]=!=0 [•7· •7]=!=0! 
' 1 

['1/6, e6 ] =0 and [e7, e7] =0 follow from (2. 26) and the fact that there are mappings 
ot types ('1/6, e6) and (e7 .e1 ). By (7. 3), (2. 23) and ( 4. 6) we have ['IJs o '1}6 .es] 

=llso'l/8o7/9o'l}10=llsol2lls=l2ysoll8=0. Since H[e6, e6]=2elz=FO we have [e6, e6]=f:O. 

The fact ['1/4, e4] =a4 o '1/Ft=Ü and [es, es] =lis o '1/8-=FO is already verified in ( 4. 4) and 

( 4. 5). From (2. 23) we have ['1/4 o 'l}s, e4] = 0:4 o '1/7 o '1/8 and ['1/s, es]= lis o '1}8 o '1}7. 

Since H(a3 o '1} 6 o '1}7 )='1/6 o '1/7 o '1/8-=FO and H(ll4 o '1/7 o '1/8) ='/fa o '1} 9=!==0. we have by 

( 4. 2)' E(as o '1/6 o '1/7 )-=f=O and E(ll4 o '1/7 o '1} 8)-=f=O. 
E l 

Therefore the e:x:actness of the sequence · · · 1'L"n+1( S'")- 1'L"n+ 2( S'"+l)-
t1 E 

1'L"n+2(S'"+1 ; E'";-+1, E":..+1)--+ rr,.(S'")--+ 1'L"n+1(S'"+1)-+ · ·· leads the following reselts; 

i) E: rr8(S4) __,. 1r9(S5) is onto and its kernel is generated by '1/4 o lis, 

ii) E: rr9(SS)-+ rr10(S6) is onto and its kernel is generated by Ys o '1} 8, 

iii) E: rr10(S6) __,. rrn(S7) is onto its kernel is generated by '1}1 o lis o '1/8, 

iv) E: rr10(SS) _,. rrn(S6) maps into the subgroup of rrn(S6) which is generated 

by the elements of the Hopf invariants 0, and the kernel of E is generated 
by liS o '/}8 0 "l/9 • 

v) E: rrn(S6 ) _,. rr1zCS 7 ) is onto and its kernel is generated by [e6, e6], 

vi) E: rrn(SS) _,. 1'L"Iz(S6 ) is isomorPhism onto. 
vii) E: rr12(S6 ) __,. 1r13CS7) is isomorPhism onto, 

viii) E: rr1g(S7) __,. rr14(S8) is isomorphism onto. 

Summarizing the results of rr,(S'") we obtain; 

a) rr,.(S"")=Z for n::2,1, rr,.(S 1)=0 for n>l and rr,(S'")=O for n<r. 

b) rrg(S2)=Z = {'1/2} and 1L"n+I(S")=Zz= {'1/n} for n~3. 
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c) rrn+2(S"')=Z2= {~, o ~n+1} for n>2, 

d) rrs(S 2)=Z 2= b2 ° ~3 ° ~4}, 7C6(S3)=Z 12= {a3}, rr7(S 4)=Z + Z 12= {ll4} + {r~4} and 
Trn+3(Sn)=Z24= {lin} for n>5, 

e) rr6(S 2)=Z2= {~2°fl3}, rr1(S3)=Z2= b3ol14}, rrs(S 4)=Z2+Z2= {~4olls} + {l14o~7}, 

rrg(S5)=Z2= {lis o ~a} and 7CnH(Sn)= for n>6. 

f) rr7(S2)=Z 2= \~2° ~3o ll4}, n:a(S3) =Z 2 = {~3 o l14 o ~7}, n:g(S 4 ) =Z 2 + Z 2= {~4 o llso~a} 

+ {ll4o~7o~a}, n:10(S5)=Z2= {llso~aor;g}, rru(S6)=Z =[16• 16] and 7rn+s(S"')=0 for 
n>7. 

g) n:n+6(S"')=Z2={llnolln+3} or =Z2+Z2={lln0lln+3}+{r;n,lln+1•~nH} for n>5. 
The essentiality of lin o lln+3 is follows from ( 4. 2). 
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