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The purpose of this paper is to study conditions in order that two complete
uniform spaces are uniformly homeomorphic.

We concerned ourselves with the same problem in a previously published
paper.l> There we characterized a point by a family of uniform coverings, and
for that the condition of the lattice of uniform basis as well as the proofs of
theorems was considerably complicated and unnatural. By using a family of
families of uniform coverings in the place of a family of uniform coverings, in
this paper we show that the condition 1) in the previous paper and a condition,
weaker than 2) there are sufficient for the conditions of the lattice of uniform
basis which defines the uniform complete space up to a uniform homeomorphism,
and we simplify proofs of propositions.

We concern ourselves with the lattice Z(R) of uniform basis of a complete
uniform space R?, satisfying the following conditions,

1) if U, BEL(R), then NIV L(R),

2) if W€ L(R), then for an arbitrary open set Uo, there exists (U, 1)

in L(R)
such that 1) M € W(Uo, W) implies MBU,,
i) Uell and U~Uo=¢ imply UCM € M(Uo, B) for some M.

1) is the same condition as 1) in the previous paper.

2) is weaker than 2’) in the previous paper and accordingly than 2) there.

Definition. We denote by {u}(p) the set of all the families x4 of uniform
coverings such that

for every nbd (=neighbourhood) U(p) of p, there exists Mep for which
U(p)IM for all M €M.

Lemma 1. {u}(p) satisfies the following two conditions

I) for every Uc L(R), there exist W € L(R) and A€ L(R) such that
W<, WH ;
WLPBVA and WLQAVUA imply ULBV L ;
WLAVM for every 1. and some M € p,

1) On conditions in order that two uniform spaces are uniformly homeomorphic, this
journal, Vol. 2, No. 2, 1952.
2) L(R) is a family of open uniform coverings.
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II) for every W€ L(R), there exists W € L(R) such that W<U;
if WLRVIM for every p and some M€ u and if WLPBVM for every
u and some M € p, then NPV R,

Proof. {u}(p) satisfies I).

Let peU€ll. Take W € L(R) such that W<U, S2(p, W)HCU.?

Let peU’e€l. Then W<A holds for MU, W)H)=A. If WLRVA and
WL VY, then since Uy €W and S(p, W)~Uo=¢ imply Uy CA €A for some
A, there exists Uy €' such that S(p, W)~ Uo'==¢ ; Us’d_P for all P eP. Since
for such Uy, UoCU holds, we get U4 P for all P €. Similarly we get UL Q
for all Q ¢ Q. Therefore NPV Q.

It is obvious that WAV IM for every x and some M € p.

{u}(p) satisfies II).

Let peU€ll. Take W € L(R) such that W<, S2(p, WHCU. If WLRVYM
for every u and some M€y, then U’/N holds for some U’ €l such that
U’ ~AS(p, W)+¢ and for every N €%.

To see this we assume the contrary. Obviously {I(U,, W) UCS(p, W),
Uo: nbd of pl=p€ {u}(p). For every Me u, S(p, W)~ U'=¢ and U’ €1/ imply
U CMeM for some M ; hence trom the assumption W<M VN for every M € u,
which is a contradiction. Therefore from U’ ~S(p, W )==¢, U'LN for all N €R,
we get U/CU and U{LN for all N €N,

Similarly we get UQ P for all P €. Hence U{PB VR holds,

Lemma 2. If {u} is a family of families of uniform coverings satisfying
the condition 1) in Lemma 1, then for every Uo € L(R), there exists Uy €Uy
such that for every p€{u}, there exists M € p for which Uo_M holds for all
M eM.

Proof. Take U such that 1< 1,.

By the condition I), take W< Il and WHU such that W<LPVA and WL VA
imply U4/BV Q.

Now we show that if U/, U" €W and U’, U"dCA €N for every A, then
S(U’, W)~ U"==¢. We assume the contrary. Putting MU', W=P, MU", W)=,
we get WLPVYA, WLAVA. ULPVQ is obvious from the assumption, which
contradicts the condition I).

Taking U, such that S2(U’, W)CU €U, for this U’, we see that WU AeN
for every A implies U"CU,. Hence if there exists u € {u} such that UsCM
holds for every M€ and for some M eIM, for every U"” €l we get either
U"CAc¥ for some A or U'CUo, i.e. WAVIN for every M € u, which con-
tradicts the condition I). Thus this lemma is proved.

3) S2p WH=S(S(p, W), U.
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Lemma 3. If for {u}, a family of families of uniform coverings, and
Sor W, W, the condition I1I) holds, then S(U’, W)~U"==¢ holds for U’,U" €N
such that for every p € {p} there exists M € u such that UM €M for every M,
and for every p€ {u} there exists M€ u such that U"{ M €M for every M.

Proof. Let us assume the contrary and put MU/, =B, MU", =N,
then we get W PVIM for every u€ {u} and for some M€ x and WLNVIM for

every u € {u} and for some M € u. For these P and N U<P VN is obvious, which
contradicts the condition II).

Lemma 4. {s}(p) is @ maximum set satisfying the condition I).

Proof. Let v ¢ {u}(p), then there exists a nbd U of p such that UCN €N
for every M €y and for some N.

Take W such that S2(p, W)CU, and put {M(Uo, U\ U,CS(p, W), Uy: nhd
of pl=p, then pe{p}(p). Taking an arbitrary U’ €ll/, we see that if
U’ ~S(p, W)=¢, then U'CN €N for every ey and for some N and that if
U ~S(p. W)=¢, then U'CM €M tor every M € 4 and for some M. Hence from
Lemma 2, the condition I) is not satisfied by {{u}(#»), v}. Thus this proposition
is valid.

If {u} is a family of families of uniform coverings satisfying the condition
I) and II), then for U(M)="{U|U€cll; for every u€ {u}, there exists Mecu
such that UM eM for every M}, {U(M)|NeL(R)} is a cauchy filter from
Lemma 2 and from Lemma 3. Since R is complete, {U(11)} converges to a point
p. Then obviously {u}C{u}(p) holds. If moreover {p} is a maximum set
satisfying I), then {u}={u}(p).

Definition. We denote by 2(R) the set of all {u}, maximum sets satisfying
I), II) i.e. the set of all {u}(p). Obviously, there exists a one-to-one cor-
respondence between R and Q(R). We denoted by {(A) the image of a subset
A of R in ¥(R) by this correspondence.

Definition. We call a covering {&(U,)} of &(R) a uniform covering of L(R)
when {Q(U,)} satisfies tne following condition: There exists U € Q(R) such
that if {u}(p.)¢2(U,), then we can choose certain {u}(p1), {u}(p2) from
{{u}(Py)} sothat there exist uy in {p}(P1) and g2 in {u}(p2) for which M, € 1y
and Ms € pp imply N<M, V Ms.

Lemma 5. In order that {&(U,)} is a uniform covering of &(R), it is
necessary and su fficient that {U,} is a uniform covering of R.

Proof. Firstly we prove that if {U,} is a uniform covering of R, then
{8(U )} is a uniform covering of (R). We take Il € Z( R) such that Uaxc{U,}.
Let {u#}(p.)¢C&(U,), then p,¢U,. Take an arbitrary point p, from {p,},
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and let S3(p;, WCU,, then pa=p, ¢ S3(p1, N) holds. For {M(U’, W|U'CS(pN);
U’ is a nbd - of pi}=p (G=1,2), m€{u}(p:) is obvious. If IM; are arbitrary
elements, of x; (;=1,2), then for an arbitrary U’ €U, we get either U’ ~S(p1, 1)
=¢ or U’ ~S(pa N)=¢, that is, either U'CM; €M, or U'CM2<M,. Therefore.
UMV Me.

Conversely we show that if {{7,} is not a uniform covering of R, then
{(U,)} is not a uniform covering of 2(R).

Let 1 be an arbitrary uniform covering of L(R), then since {U,} is not a
uniform covering, U4 {U,} holds; hence there exists U €Ul such that U~ U,’==¢
for all U,€{U,}. Take p,cU~ U, for each U,, then {u}(p,)¢ & U,). We
choose {}(p) and {#}(p) from {{x}(p.)} in an arbitrary way. If u € {u}(pe)
(i=1,2), then since U is a nbd of p, and of p,, there exist M; € u; (7=1,2)
such that UM, €M, for every M; (i=1,2). Therefore UM,V M;.

By this-lemma we see that L(R) with the uniform coverings defined above
is a uniform space, being uniformly homeomorphic with R. Since the uniform
space L(R) is defined only by the lattice-order < from L(R), if R, and R, are
complete uniform spaces, a lattice isomorphism between L( R;) and Z( R,) generates
a uniform homeomorphism between ¥(R;) and L(R;). Hence we get the following
theorem.

Theorem. [In order that two complete wuniform spaces R, and R: are
uniformly homeomorphic, it is necessary and sufficient that L(R,) and L(R3)
are lattice-isomorphic, where L(R1) and L(R:) are lattices of uniform bases
satisfying conditions 1), 2).

Corollary 1. If R is a complete uniform space, then the uniform topology
of R is characterized by any lattice L(R) of wuniform basis of R satisfying
the condition 1) of Theorem and

2"y if WeL(R), then for an arbitrary open set Uo, there exists WM in L(R)
such that i) M €W implies WM PUo, ii) U €N, UDU, imply U € M.

This 2’) is the condition 2’) in the previous paper.

Corollary 2. If R is a completé uniform space without isolated point,
then the uniform topology of R is characterized by any lattice L(R) of uniform
basis of R satisfying the condition 1) and

2"y if W, BEL(R), then for an arbitrary nbd U of p, there exists M in
L(R) such that M<B in U, and M>W in U°.

Corollary 3. If R is a complete uniform space without isolated point, then
the uniform topology of R is characterized by any lattice L(R) of uniform
basis of R satisfying the condition 1) and

7)) if WCL(R), then for an arbitrary nbd Uo of p. there exists M in
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L(R) such that i) S(p, MICUo, ii) U~Uo=¢, U €N imply U €M.

Corollary 4. 1f R is a complete uniform space, then the uniform topology
of R is characterized by any lattice L(R) of uniform basis of R satisfying
the condition 1) and

2"y if We L(R), then for an arbitrary nbd U of p, there exists a uniform
covering {U’, U"} =W such that p €U’ CU(P)> U'=:R and W AU € L(R).



