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The purpose of this paper is to study conditions in order that two complete 
uniform spaces are uniformly homeomorphic. 

We concerned ourselves with the same problem in a previously published 

paper.I> There we characterized a point by a family of uniform coverings, and 

for that the condition of the lattice of uniform basis as well as the proofs of 

theorems was considerably complicated and unnatural. By using a family of 
families of uniform coverings in the place of a family of un,iform coverings, in 

this paper we show that the condition 1) in the previous paper and a condition, 
weaker than 2) there are sufficient for the conditions of the lattice of uniform 

basis which defines the uniform complete space up to a uniform homeomorphism, 
and we simplify proofs of propositions. 

We concern ourselves with the lattice L(R) of uniform basis of a complete 
uniform space R2), satisfying the following conditions, 

1) ifU, 'mEL(R), then U~'mEL(R), 

2) if UEL(R), then for an arbitrary open set Uo. there exists IJJ1(Uo. U) 

in L(R) 

such that i) ME IJR(Uo. U) imPlies M;?-Uo. 
ii) UEU and UnUo=rp imply UCMEIJR(Uo.'m) for some M. 

1) is the same condition as 1) in the previous paper. 

2) is weaker than 2') in the previous paper and accordingly than 2) there. 

Definition. We denote by {,u}(p) the set of ali the families ,u of uniform 
coverings such that 

for every n?d ( =neighbourhood) U(P) of p, there exists IJJt E ,u for which 

U(p)c(M for ali MEIJJ1. 

Lemma 1. {,u} (p) satisjies the following two conditions 

I) for every U E L(R), there exist U' E L(R) and IJ1 EL( R) such that 

U' <U. IJ!j>U' ; 

U' <!Jl5 v IJ1 and U' <(0 v~~ imPl y U<(\15 V 0 ; 

U'<(~l v ~m for every 11 and some IJJ1 E ,u. 

1) On conditions in arder that two uniform spaces are uniformly homeomorphic, this 
journal, Vol. 2, No. 2, 1952. 

2) L(R) is a family of open uniform coverings. 
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II) for every llEL(R), there exists ll' EL(R) such that ll'<ll; 

i/ll'<(91VIJ.R for every tJ. and some IJ.REJJ. and if ll'<(\)SVIJ.R for every 

tJ. and some IJ.R E Jl.• then ll<(~ v 91. 

Proof. {tJ.} (p) satisfies I). 

Let pEUEll. Take ll'EL(R) such that ll'<ll. S 2(p,ll')CUY 

Let p E U' E ll'. Th en ll' <(Ill ho Ids for IJ.R( U', ll') = 1}{. If ll' <(\)3 v l}l and 

ll'<(O VI!{, then since Uo' Ell' and S(p, ll') 11 Uo'=ifl imply Do' CA EIJl for sorne 

A,thereexi.sts Uo'Ell' such that S(p,ll')11 Uo':-f<P; Uo'ct::.P for all PE\13. Since 

for such U0', UoCU holds, we get Uct::.P for ali P E \)3. Similarly we get Uct::.Q 

for ali Q E O. Therefore ll<(~ v O. 

It is obvious th at ll' <(Ill v IJ.R for every tJ. and sorne IJ.R E tJ.. 

{tJ.}(p) satisfies II). 

Let pEU E ll. Take ll' E L(R) such that ll'<ll. sz(p, ll')CU. If ll'<(IJ( v IJ.R 

fqr every tJ. and sorne IJJ1 E Jl.• then U'ct::.N holds for sorne U' E ll' such that 

U' 11 S(p, ll' )=FifJ and for every N E 91. 

To see this we assume the contrary. Obviously {W1(U0, ll')l UoCS(p, ll'), 

Uo: nbd of p}=tJ.E{tJ.}(p). For every IJJ1EtJ., S(p,ll') 11 U'=<P and U'Ell' imply 

U' CM E W1 for sorne M; bence trom the assumption ll' <IJ.R v 91 for every IJJè E Jl.• 

which is a contradiction. Therefore from U' 11 S(p, ll')=f:çb, U'ct::.N for ali NE IJ(, 

we get D'CU and Uct::.N for ali NE 9è. 

Similarly we get Uct::.P for ali P E \)3. Renee ll<(\13 v IJ( holds, 

Lemma 2. If {tJ.} is a /amily of /amities of uni/orm coverings satisfying 

the condition 1) in Lemma 1, then /or every llo E L(R), there exists U o E llo 

such that /or every tJ. E {tJ.}, there exists IJJè E tJ. for which U oct::.M holds for all 

MEW/. 

Proof. Take ll such that ll**<llo. 

By the condition I), take ll' <U and IJl)>ll' such that ll' <(\)3 v l}l and U' <(0 v sn 
imply U<(\13 v O. 

Now we show that if U', U" E ll' and U', U" ct::.A E 1}{ for every A, then 

S(U', ll) 11 U"=Fifl. We assume the contrary. Putting Wl(U', ll)=\)3, Wt(U", ll)=O, 

we get U'<(\)3 v l}l, U' <(0 v 1}{. ll<~ v 0 is obvious from the assumption, which 

contradicts the condition I). 

Taking U o su ch th at S 2( U', ll) CU o E llo for this U', we see that U' 3 U" ct::.A E Ill 

for every A implies U"CUo. Renee if there exists tJ. E {tJ.} such that UoCM 

holds for every W1 E tJ. and for sorne M E IJ.R, for every U" E ll' we get either 

U" CA E 1}{ for sorne A or U" CU o, i.e. ll' <l}l v W1 for every IJ.R E Jl.• which con

tradicts the condition I). Thus this lemma is proved. 

3) Sz(p, ll')=S(S(p, ll' ), ll'). 



On Uniform Homeomorphism between Two Uniform Spaces 11 

Lemma 3. If for {,u}. a /amily of /amilies of uni/orm coverings, and 

for U. U', the condition II) holds, then S(U'. U')nU"="r'tft holds /or U', U" EU 

such that fm· every f1. E {p.} there exists ~TI E p. such that U'ctM E illè for every M. 

and for every p. E {p.} there exists 1JJè E p. such that U''ctM E 1))1 for every M. 

Proof. Let us assume the contrary and put ill1(U'. U)=~. ill1(U", U)=sn, 

th en we get U' <(~v 1))1 for every p. E {,u} and for sorne ill1 E p. and U' <(sn v ~Jl for 

every p. E {,u} and for sorne ~Jl E p.. For these ~and sn U<~ v sn is obvious, which 

contradicts the condition II). 

Lemma 4. {p.}(p) is a maximum set satisfying the condition!). 

Proof. Let v$ {p.}(p), then there exists a nbd U of p such that UCN Esn 

for every l)è Ev and for sorne N. 

Take U' sucb tbat S 2(p, U')CU. and put {IJJ1(Uo. U')l UoCS(p, U'), Uo: nbd 

of P}=p.. then p.E{p.}(p). Taking an arbitrary D'EU', we see that if 

U' n S(p, U'}=f:tft, then U' CN E sn for every snE v and for sorne N and that if 

U' nS(p, U')=tft, then U'CMEIJJè tor every IJJèEp. and for sorne M. Renee from 

Lemma2,thecondition I) is notsatisfied by {{p.}(p),v}. Thus this proposition 

is valid. 

If {p.} is a family of families of uniform coverings satisfying the condition 

I) and II), then for U(U)=u{UIUEU; for every p.E{p.}, there exists illlEtl 

such that UctME~Jè for every M}, {U(U)IUEL(R)} is a cauchy filter from 

Lemma 2 and from Lemma 3. Since R is complete, {U(U)} converges to a point 

p. Then obviously {p.} C {p.} (p) holds. If moreover {p.} is a maximum set 

satisfying I), then {p.}= {p.}(p). 

Definition. We denote by B(R) the set of ail {p.}, maximum sets satisfying 

I), II) i.e. the set of ali {p.} (p ). Obviously, there exists a one-to-one cor

respondence between R and B(R). We denoted by B(A) the image of a subset 

A of R in B(R) by this correspondence. 

Definition. We cali a covering {B(U.,)} of B(R) a uniform covering of B(R) 

when {B( U .,)} satisfies tne following condition: There exists U E B(R) such 

that if {t~}(p.,)$ B(U,.), then we can choose certain {t.t}(p1), {p.}(p2) from 

{{t.t} (p,.)} so th at there exist P.1 in {p.} CP1) and P.2 in {p.} (Pz) for which ~TI 1 E p.1 

and IJJ(z E p.2 imply U<~R1 v IJJèz. 

Lemma 5. In arder that {B(U ,.)} is a uni/orm covering of B(R). it is 

nec essar y and su fficient that { U ,.} is a uni/orm covering of R. 

Proof. Firstly we prove that if {U ,.} is a uniform covering of R. then 

{B(U ,.)} is a uniform covering of B(R). We take U E L(R) such that U""*'l<< {U ,.}. 

Let {p.}(p,.)$B(U,.), then p,.$U01 • Take an arbitrary point p1 from {p,.}. 
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and let S3(Pt. U)CU.,, then p 2=p.,$ S3(P.t, U) holds. For {m'l(Q', U)l U'CS(p,, U); 

U' is a nbd.qf Pc}-=:=p1 (i=l.2), p,E{.u}(p,) is obvions. If m, are arbitrary 

elements, of .u1 (i=l. 2), then for an arbitrary U' EU, we get eitber U'-,...,S(Pl• U) 

=ifl or U',...,S(p21 U)=r/J~ that is, either U'CM1 Em11 or U'CM2 Em12 • Tberefore 

U<ml vmz. 
èon,versely we show that if {U .,} is not a uniform covering of R. tben, 

{.tl(C:.,)} is 11ot a uniform covering of ~(R). 

Let U be an arbitrary uniform covering of L(R), then since {U .,} is not a 

uniform covering, U<t {U .,} holds; bence there exists U EU sucb that U,..., U .,"=Fifl 
for ali U.,E {U.,}. Take p.,EU,...,U.,• for each U.,, then {.u}(p.,)Ej:~(U.,). We 

choose {.u}(p1) and {.u}(p2) from { {p}(p.,)} in an arbitrary way. If .uc E {.u}(p,) 

(i =1, 2), then since U is a nbd of P1 and of Pz, there exist m, E 1-11 (i= 1. 2) 

sucb that UctMc E.ID11 for every Mt (i=1, 2). Therefore U<(m11 v m12 • 

By thi~clemma we see that ~(R) with the uniform coverings defined above 

is a uniform space, being uniformly homeomorpbic with R. Since the uniform 

space ~(R) is defined only by the lattice-order < from L(R), if R1 and R2 are 

complete uniform spaces, a lattice isomorpbism between L(R1 ) and L(R2) gt.nerates 

a uniform homeomorpbism between ~(R1 ) and 53(R2). Renee we get the following 

theorem. 

Theorem. In order that two complete uniform spaces R1 and R2 are 

uniformly homeomorphic. it is necessary and sufficient that LCR1) and L(Rz) 

are lattice-isomorphic. where LCR1) and L(Rz) are lattices of uniform bases 
satisfying conditions 1), 2). 

Corollary 1. If R is a complete uniform space, then the uniform topology 

of R is characterized by any lattice L(R) of uniform basis of R satisfying 

the condition 1) of Theorem and 
2') if U E L(R). then for an arbitrary open set Uo. there exists min L(R) 

such that i) MEI.In implies m'l))Uo. ii) UEU, D))Uo imply UEI.In. 

This 2') is the condition 2') in the previous paper. 

Corollary 2. If R is a complete uniform space without isolated point. 
then the uniform topology of R is characterized by any lattice L(R) of uniform 

basis of R satisfying the condition 1) and 
2") if U, mE L(R), then for an arbitrary nbd U of p, there exists ~ln in 

L(R) such that 1Dl<m in U, and ~.In>U in u•. 

Corollary 3. If R is a complete uniform space without isolated point, then 

the 'uniform toPology of R is characterized by any lattice L(R) of uniform 

basi!J of R satisfying the condition 1) and 

2"') if U E L(R), then fo~ an arbitrary nbd Uo of p. tlzere e~ists lln in 
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L(R) such that i) S(p, IJJ1)CUo. ii) U nUo=ifJ, U EU imply U E IJR. 

Corollary 4. If R is a complete uniform space, then the uniform toPology 
of R is characterized by any lattice L(R) of uniform basis of R satisfying 

the condition 1) and 

2'"') if U E L(R), then for an arbitrary nbd U of p. there exists a uniform 

covering {U',U"}=U' such that PEU'CU(p), U"=FR and U' 1\UEL(R). 


