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Introduction 

Let A be a fibre bundle over B and with fibre F. We assume 
th1t B is a finite complex and F is an orientable manifold, although 

the latter assomption is unnecessary for almost ali cases. The struc­
ture group which acts on F is always denoted by G. 

Our main concern is then to determine the homological characters 

of A assuming that we already know the homological characters of 
B, F and certain invariants characteristic to the fibre bundle I). 

In §§ 2-5 our main tool is established. It is given in an improv­
ed form of the one originated by J. Leray L9J. 

In § 6 a theorem is proved which may be regarded as a them·etical 

answer to our main problem as long as we are concerned with Betti 
numbets, showing that certain subgroups of the Kronecker product of 

H(B) and H(F) are characteristic to the fibre bundle. 

In § 7 relations between our groups and intuition are given by 
examples. 

In § 8 Gysin's th ~orems are proved as an application of our method. 
In § 9-10 two Samelson's theorems 2) are utterly generalized. 

According- to one of th ~se generalized theorems a homology sphere of 
an odd dimension bas a remarkable property: Every fibre bundle over 
an odd dimensional homology sphere, having a compact connected Lie 
group as its structure group, is a product bundle in the homological 

point of view. This has numerous applications as can be recognized 
by the Samelson's paper 3). Moreover this leads us to conjecture that 
every r-manifold (in particular, every compact connected Lie group 4)) 

would have the same property. 

1) It is announced that this problem has been solved successfully by G. Hirsch in 
another form, [6]. 

2) Satz IV, and Satz VI of [13]. We refer to these theorems as the first and the 
second t~eorem respectively. 

3) Note that in our case A need not. be a Lie group any more and the theorem applies 
to Stiefel manifolds for example. 

4) In this conjecture is included the following theorem: Let A be a compact connected 
Lie group and F its cl osee! normal subgroup then \L\.4(t) ·- 'l\8(t)·I.J.lF(t), wheer B ~A/ F. 
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In the appendix it is proved that an equivalence class of fibre 

bundles may be regarded as a fibre bundle over sorne mapping space s) 

§ 1. Let A be a fibre bundle over a 'complex B with fibre P. 

We shall dénote by Béq' the q-section of B, and by Acq; the part of 

A over Bq. Then the (q, q', q")-homology sequence (abreviated as: 

(q, q', q")-H. S.) is the homology sequence of the triple 6 ) (kq)' Acq'!, 

Aci'l), where q>q'>q": 

As is well known the above sequence is exact 6 J, in the sence that the 
kernel of each homomorphism is identical with the image of the pre­
ceeding one. 

For simplicity we shall write (q', q"), (q, q'J, (q'l, (q) irtstead of 

(q'+1, q', q"), (q, q', q'-1), (q'+1, q', q'-1), (q, q-1, -1) respectively. 

We put Œ:q (p-q)=HP(AcqJ, ACHl), and define its subgroups R~(p-q) 

SS~(p-q) by a) 

3!(p-q)=(the kernel-image in Œ:q(p-q) of the (q-1, q-k-2)-H. S.J, 
k=-1, 0, 1, 2, ... ; 

SS~(p-q)=~_th~ kernel-image in Œ:q(p-q) of the (q+lc+2, q)-H. S.J, 
lc=-2, -1, 0, 1, .... 

Clearly ~~:=R:+l=R~+z= ... , SS!=SS~+ 1=:t3:+.= ... for sufficiEntly large k: 

we shall denote them by ,s:, ss: respectively. We see also that 

(1.2) Œ:'/=3~]~ .3~~ .3~~ ... ~ R:~ ss:~ ... ~ >S~~ )8~~ ss~l~ >S~z=O. 
Theorem 1. 9 ) ss:(P)/SS~-l(p) ""'R~+k+ 2 (p-lc-1)/3~:~+ 2 (p-lc-1), le= 

-1, 0, 1, .... 
Proof: We have only to examine th~ following diagram: 

HHP+I(ACHkH), A(ql) 

./ t 
A (q-l))~HPH+I(A (Hk+2J, A (qj)~HPH+l(ACPt-k+2J, 

t "/ 
Hp,q,~](A q'."''·2l, A'q'"'Hl) 

5) In this paper U-and-(1-pruùuct observations are scarcely given. TheY will appear 
lat er. 

6) Cf. for in~tauce, [ 14]. 

7) We put ll''=Ü for t<O. 
8) The meanings of these notations will be made clear later (Ç,3 ). 
9) This and the next theorems are analoguous to those obtained by J. Leray [9] for 

cohomo:ogy groups. 
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In tM same way we can prove the following theorem. Before wc 
state Theorem 2, we shall make the following definition : 

HP· q=l the image of the injection of HP+q(A cq1) into HP 'q(A) J. 
Clearly we have 
(1.4) HPH(A)=Ho, PH~Hl, PH-l~ ... ~HP, q~ ... ~HP+a, o~HPH+1, -1=0. 

Theorem 2. 

2:(p)j~:(p)~HP; a/HP+l, Q-1. 

§ 2. Similar treatment is possible for the cohomology groups H. 

Moreover, if we use suitable coefficient groups, for instance lO) group 

~ of rationals, for both homology and cohomology, the corresponding 

groups Œq(p), Hp "'\A) are dual to Œq(p), HP+Q(A) respectively, and the 

corresponding subgroups >B:(p), 3!CP), JiP, a are annihilators of 2:(p), 

~~(p), HP· q respectively.ll 1 

§ 3. Let 'l(. be the principal fibre bundle 12) of A, and let ~pl the 

part of 'l1 over B•. For any simplex IT; Of B let (P~: (]"~-~{ be an 

arbitrarily chosen slicing map of IT: into 'lt, the existence of which is 
assured by the well-known Felbau's theorem. 

Since for complexes various homology theories coïncide, and since 

a- 131 is a product bundle, we have 

(3.1) Hp(à', g.)~HP-a(fi)~HP-QC[)~Hp q(F), where tisa point of(]", 

Let us consider these isomorphisms more precisely. 

co 1 : HP-QC ~ )-H~'-Q(fi) is induced by the injection mapping [-à'. 

(t) 2 : H~' -Q(F)-H~' -Qc ~) is induced by the homeomorphic mapping (p(i;) : 

F-t. w3 : HP-''(F)- H''(fi, ~) is induced by the mapping e: Fx(f'­

IT, defined by 

O(y, x)=rp(x)y, xE a-, y E F. 

The image of a"-• E HP-•(F) under w3 is denote by a1'-Q o a-~. Similarly 

denoting by z1'-Q a cycle of P, we denote by z1>-q o cp; the cycle B(zP-•, 

IT") of â- mod [;. Further the cycle B(zP-Q, [;) of% is denoted by zP-q u ô-. 

10) We shaH assume that the coefficient group of JlP and IIP is always ~}~ unless 
otherwise mentioned, although in most cases any other cofficient groups will equally do. 

11) To avoid repetition we omit the precicse definitions of the groups for cohomology, 
but the last statements enable us to understand what their precise definitions should be. 

12) (1], (2]. 

13) Generally we shall denote by <l> the part of A over <l•, where <!> is any subset of B. 
14) In th3s case Ç is assumee! to lie in the interior of o. 
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(ù 4 : HP( ri", J.)-+Hv-•({) 111 is as follows. Since any relative cycle 

cp of ïT mod S. is a. chain of ;;: with boundary disjoint from € we may 

consider the intersecticn (cv· i)o =(cv.[) of. cP with ~ in •:r. It has 

dimension p-q and may be regarded as a cycle of t;. ctJ4 can be ob­

tained by assigning c'' to (c''. [). 

§ 4. J. Leray's homology theory. 151 Let us consider linear forms 

~ â,o{ where o-: are the q-simplexes of B and â 1 E Hp ( rr:). The to-
' tality of them clearly forms an additive group which we call Leray's 

q-chain group and is denoted by U(p). 

We then define Leray's boundary homomorphism z •. 11 : U(p)~U- 1(p) 

by lq. v(~ â1o-~)= ~(~ [ <T~- 1 : o-~J (â;),,H) o-~- 1, where (â.1,q-1 is the inver-
t i J j J 

se image of â, of the injection homomorphism Hp(ô= ~- 1 )-+H11 (i ;') (which 

is an isomorphism in this case). Cleary lq_ 1 , vl •• v=O, and this enables 
us to develope a homology theory with respect to U(p) and lq, v· The 
resulting homology theory is a special case of the one introduced by 
J. Leray and coïncides to Steenrod's homology theory with local coef­

ficients 161. 

§ 5. We can now explain the meanings of CP(p-q), .8~, 5H~ etc. 
Let us start from "the obvious isomorphisms : 

(5.1) H 0 (AC'l), A(Q-1)) """~ HP(ïT~, 'J.:)o::::::- ~ HP-Q(à-~) = ~ HP-Q (P). 
l i i 

The first term is \S'}(p-q) by definition; the second may be identified 
with U(p-q); the last may be identified with Cq(B, nv-q(P)). 

The isomorphism ~ 1 : Cq(B, nv-q(P))-+fS/(p-q) is given by 
q q 

(5.2) X1 (~ a,o-t)= ~a, o o-,, where a1 E nv-q(P). 
i i 

The isomorphism ~2: c•(B, HP-Q(P))-+L"(p-q) is given by 

(5.3) ~z (~ w,o-~)= ~ (Cù 1 Cù 2 a,)o-~. 
i i 

Between a'vq~1u and lq. v-q there exists a relation given by 

15) Cf. (9]. 
16) Cf. (15], (16]. 
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is also b;, since w1w2 is independent of the choice of ~ and (w 1w2 a,)~)-1 

is represented by the cyle <p~œ~- 1 )a1 • 

Theorem 3 can also be stated as 
h rq-I' 

T eorem 3'. ap_ 1 ~: Œq(1J-q)-Œq- 1(p-q) is ('when proJ1e1·ly mcant). 

identical 'With lq, p-q: U(p-q)-U-l(p-q). 

From now on we shall assume that the structure group G is a con­

nected Lie group. Then, in the proof of Theorem 3 b1=z)_a-~: a-r 1;a., 
and bence we have 

Theorem 4. (If G is connected), both a~q~;J and lq, P-'1 a1·e identical 

with the m-clinartf boundary homomorphism 

Cq(B, H 7>-q(F))-C0 - 1(B, HT'--Q(F)). 

Thus we may identify Œ"(p-q) with Cq(B, HP-q(F)) and may re­

gard a'~'~~111 as the ordinary boundary homomorphism operating on the 

chJ.ins of B. 

Theorem 5. 3~(p-q)=,W(p-q), ~~1(p-q)=~q(p-q) a.re the q-cycle 

group, the q-boundartJ group respectively of B with coefficienf.cr in HP-q 

(F). 

Corollary l. If the q-th Betti numbe1· of B vanishes: bq(B)=O, 
then 8q-gq- -gq_mo _mo _mq 

"- -1\. 1-... -1\. *-t{.J* ... -v-1-v . 

§ 6. The grups ~:. ~~. and their invariance. As we have seen in 
the preceding paragraphs, the groups ,R0(p-q) and ~Q(p-q) are ordi­

nary q-cycle gyoup and q-boundary group respectively of B. The 

factor group Hq(p-q)=W(p-q)j~q(p-q) is therefore the q-homology 

group of B and is independent of the manner of subdividing B. We 

are now going to show that our groups ,s: and ~: are also invariant 
un der subdivision if they are considered modulo ?Bq. 

We define 

~:(p-q)=3=(p-q)/~0(p-q), ~!=3!/?Sq; 

st:(p-q)=~=(p-q)j~0(p-q), st:=~!!~q. 

Let dim B=n and B' a subdivision of B. Various groups for B' 

will be denoted by ~~:. ~~~. etc. Further we use the following de-not­
ing way: for example, we mean by AC"-ll' cq) the part of A over the 

q-s~tion of the subdivision (induced by B-B') of the (n-1)-section 

Lem.ma 1. For q<n-1, any cycle cp of A'cal mod Ac"- 1)' CQ-:t) itJ 
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homologous in A'CHIJ to .a cycle of Ar"+ 11' éQJ mod A"'-lJ! CQ-:t). 

P f " bd d p JJ 'fi Jl h ''c roo : c can e ecompose as c =c0 +c1 + ... +c1 , w ere c0 

A '"-1) "C " , ci (]"' • The !emma follows from the obvious fact that the 

statement of the !emma is true for each c~. 

H"(ACQ)' A (Q-1))2-H''(A (Q)' A (Q-k- 21 )1-H''(A (Q))!.!H'' + 1 (A (Q+k ' 21, ACQ;•) 
~o ~o ~e . ~o 

H"(A'·:QJ A'CQ-I)·) 'Y H"(A'CQJ A'(Q-·k- 2 )) 'Y H''(A'.:q~) a H 11 + 1(A''H"+ 2 J A''q1) 
' +- ' __...,. -+ . ' . 

.!!.H"+l(ACQ+1l, ACQ') 
~0 

(3 H"+(AI(Q+1) AICQ)) 
__, ' ' 

wh~re ry, (3, 0 are induced by the identity mappings, and a is the 
boundary homorphism. Clearly commutativity relations hold in the 

diagram, and hence 0 induces homorphisms 

(6.1) S';)~(p-q) __,IS';)=(p-q), 

(6.2) 

Lemma 2. The hornomo~·phism (6 .1) is onto. 

Proof: Assuming that the lemma is already proved for B with 
dim B<n-1, we shall prove it for B with dim B=n. 

Let c" EH"(A'cql, A'cH'- 21), wh~re k?O. By Lemma 1 there exists 
a chain d11 CA'CQ-k-IJ such that ;l"=-ê"-c"- 1 forsomec"- 1CAc"- 1l'C"-"- 2l. 

The chain cv +d" clearly belongs to H"(A'cq\ A C"- 1l'CQ-"- 21 and the image 
ry(c'' +d") in H"(AuJ, A'cq- 11) is identical with ry(c"), since ddCA''Q-1). 

(i) The case q<n·-1. By Lemma 1 there exists a chain e"+ 1C 
The element c~, when 

regarded as belonging to H"(A C"- 11'cq;., A '"- 11''Q-:t- 21 ), is mapped by ry 

into <yc~ E n-v8~(p-q), n-~3~(p-q) is the group ,8~ for (B"- 1)'. 

Now let 0: ,._~.l)~__,,,p= be induced by 7J: Acn-Iycq,_.A' q, and let 

e: S';)~- .. -~S';)~ be induced by é: kq1__,Ac"- 11'cql. o is onto, because 

O(ryc~)=ry7fc~=ry(c 11 +d" -~"+ 1)=ry(c")-ry(è+•) = ry(cv) mod ''7Sq(p-q), and 

rye'' may be any element of '3q(p-q). On the other haod (J is onto 

since B"- 1 is at most (n-1)-dimensional. Thus 0=80 is proved to 
be onto. 

(ii) The case q=n. In this case k"'=Arn1• Since (c'' +d'')=c"- 1 

CAC"- 11'cn-k-l)' by Lemma 1 there exists a chain evCAr"- 11'rn-k-IJ such 

that ~"-c"- 1CAc"- 2l'C"-"-ll. Repeating the same argument we see that 
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for a suitable F'CA':"-"'-L .f''-c" 1C:Acn-k- 2). Then c~=c1'-t-dr'--f" is an 

element of H"(kn), A >H- 2;) and hence 'YC~ E B:(p-n) and O('Yc:')= "fee: 
='Yc~='Yc". Thus e: .r;::,;-'.rp; is onto in this cas~ also. Quite similar­

ly we can pi·o,"e 

Lemma 3. ~~(p-q)-+'.rt;;(p-q) is onto. 

Theorem 10. (hwariance of Sj~ and ~~; unde1· s~1bdivision). The 

homom01·phismR (6 .1) and (6 .2) are isom01·phisms onto. 

Proof: Let sE B~ and let OsE '~q(p--q). Since sE B~. and since 

the theorem is true for k=O, OsE '~q(p-q) implies sE ~q(p-q). This 

means that 8 : .P~-'.P: is an isomorphism. But, since we already 
know th:lt 8 is onto, the theorem is proved. 

It can be proved 17 l that .P~ and .fi'~ (in particular oS): anJ st:) are 
in variants of the equivalence clas3 of fibre bundl(s. 

Theorem 11. 

where .~:(p), st'~(p) are subgroups of ,P9(p)=Hq(B, HP(F)) :::::H9(B)0Hq(F)l 8 ', 

which are ch1ract~ristic to the equivalence class of A. 

~ 7. Intuitive meanings of Sj~(p-q) and ~~(p-q) in their special 

cases. (i) The ca'!e: p=q. In this cas~ .P!, ~! are ali subgroups of 

the homology group HQ(B)=!Qq(O) of the base space. .P:co) is the 

image of the projection 7T: H''(A)-Hq(B). 

(ii) The ca.;;e: q=O. In this case .\)~, ~~ are ali subgwups of the 

homology group H''(F')=,P0 (p) of th~ fibre. ,P~(p) is the kernel of the 

injection t: H"(F)-H''(A). 

(iii) The cctse: p-q=d=dim F. In th:s case Sj!(d), ~~(d) are al! 

subgroups of the homology gwup Hq(B)=~;/'(d). ~:(d) is the kernel 

of the Hopf's inverse homorphism ;r': H''CB)-H'l+d(A). 

~ 8. Gysin's theorem. 

I~emma 4. If F is a homology d-sphere, 

?Bq(d)=?B:_.(d) ~ ~:-l(d)=>S:(d) ; 

8'1(0)' B~-l(O) ~ 8~ (0) =8:(0). 

17) By the standard method proving the invariance of Betti groups. 
lB) Af·S!N is the Kronecker product of NI and N. 
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Proof: By Theorem 1, we have 

5B!(d)/58!_1(d) ~ R!+k+ 2(d- k-1)/R~+l:+\d- k-1). 

The left band side of th:s isomorphism vanishes if 1<d-k-1<d-1, 

i.e. O<k<d-2. In the same way we can prove the s~cond relation. 

Theorem 12. If P is a homology d-sphese, ~ve have 

Sf:(d) ~ S;JQ+II>l(O)/·\): hl H(O). 

Proof : By Theorem 1, we h3.ve 

)S:_l(d)/){3:_2(d) ~ R~~~+ 1(0)/R:+il+\0). 

By Lemma 4 it becomes 
Sf:(d) ~ 5B:(d)f?W(cl) ~ RHd+ 1 (0)/S;l:+à+l(O) ~ S;lq+a +I(O)/S;l:+d+l(O). 

Lemma 5. Rq(d)=R:(d). 

Lemma 6. If Hp+q(A)=O, R:(p)=)B:(p). 

Lemma 7. If Hq+a(A)=O, Sf:(d)=Hq(d). 

The prcof of Lemma 5 is similar to the one of Lemma 4, Lemma 

6 can be proved by making use of Theorem 2 and Lemma 5. 

Theorem 13. If P and B a1·e homology d-and n-sphe1·e ?"especti1•e­

sy, then f01· q with O<q<n-1, 

S;lq(d) ~ S;lq+d H(0)/~1:+à+\O). 

Remark: By (i), (iii), § 7, we see that Th:orem 12, 13 are irlenti­
cal with tho3e given by W. Gysin 19 '. 

§ 9. Generalization of Samelson's second theorem. 
Theorem 14. If the injection homom01·phisms fiP(P)-H 11 (A) a1·e 

all isom01·phisms (p=O, 1, 2, ... ), th en 

8q(p)=R:(p), 5Bq(p)=)B!(P). 

This theorem is deduced by induction from the following Theorem 

14'. Let dim B=n, 'B=Œ"+B, Œ-"CB. Furhter let the injection ho­
momorphisms fiP(F)-HP(A) are all isomorphisms. Then if the condi­
tions : for any p, q 

C i ) Rq(p)=R:CP), ~q(p)=)B!CP), 

(ii) for any bounding cycle zq- 1 E Bq ·1(B) having a slicing map 

into A, and for any a11 E H 11(F'), the cycle a.11 a zq- 1 20) is homologous to 

a cycle of F in A, are satisfied for B, then the same conditions are 
satisfied for 'B also. 

19) W. Gysin [4]. 
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Remark: If the condition of Theorem 14 is satisfied for B, the 
same is satisfied for any subcomplex B1 of B. 

Proof of Them·em 14'. We shall first show that under the assum­
ptions of the theorem the relation R"(p)=R:(p) holds. 

Let ~= ~ a,rr: +aa-" be an element of 'R"(p-n), then ~ a1ô-~+aà-" 
t 

=0, and bence aG-"=-~ a;ô-~ E ~"- 1(p-n)=~:-\p-n). But, since HP-" 

(F) is a finite dimensional vector space over the field of rational num­
bers, the last relation implies that û"-0 in B when a=J=-0 (the case 
a=O is trivial ! ). 

By assumption (ii) it follows that a o G-".-bP- 1 in A, where bP-l is 
a cycle of F. This bv- 1 can not ,uO in F, since otherwise a o G-"-0 in 

'A, which contradicts the relation (a o a-") in 'A=a o G-",uO in 'A. Thus 
bv- 1 must -0 in F, and eence a o û"-0 in A, bence (9.1) a oô-"+~ a, 

o o-~-0 in A. 
Now consider the following diagram : 

H''('A, AC"-1').!--HP(A, AC"-ll) 
1 (n) "- / (n) 
«v-1 '-, / a,_l 

',. / 
HP-l(AC"-ll) 

r./"J / "- (n-1J 
1-'P-1 / "'YP-1 

/ "" HP-1(A) HP-1(A("-ll, A("-2l), 

Commutativity relations hold in this diagram, and chain a o 0." + ~a, 
o â:~ represents the element 'a~·~~~ of Hv- 1(A("-n). Relation (9.1) implies 
th t r./"l 1 (n) Y 0 d h 1 (n) Y (n) Y f Y HP(A A'n-1)) a ~-'P-1 ap_u,= , an ence av-1\:>=a,,_ 1\:> 1 or sorne \:> 1 E , ' • 

Since Lboundary in B of ~1 ]='Y~ .. _-11 Ja~~1~1='Y~"--/l'a~':_'1~=lboundary in 'B 

of n=o, from the assumption ~"- 1(p-n)=Q3:- 1(p-n) we may conclude 
1 (nJ Y (n) Y 0 
av-1\:> =aP-1\:> 1= · 

Thus ~ E R:(p-n), which proves the relation 

R:(p-n) = R"(p-n). 

Now since '.8!=.8! for q<n, 'Rq=Rq=R!='R!, and, since ~~:j':i~!- 1 
:::::: 'R!+k+ 2/'R!:~+ 2, from the fact just proved we may conclude that '~! 
(p-n)='Q3q(p-n). Let us prove the property (ii) for 'B. Let zQ- 1-0 

in 'B. Since the case za- 1-0 in B (in particular the case q<n) is 
clear, we suppose q=n and z" 1,u0 in B, z"- 1-0 in 'B. Then for sorne 
rational number m-1 0 we have z"- 1 -m0."-0 in B. Since a.-, z"- 1 

-mao G-"=a o (z"- 1-mG-")-CF 21 ) in A by the assumption (ii) and 
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ao(r".-...-P in 'A, aoz" 1CP.in 'A, which proves the condition (ii) for 

'B. Thus Theorem 14' is proved. 

~ 10. Generalization of Samelson's first theorem. Samelson's first 

theorem can be generalized as follows. 

Theorem 15. lg B=B"ve 1 is an odd dimensional homology sphe1·e, 

and A a fi,b1·e bundle over B with fibre a homogeneous space F=GjU, 

1vhe1·e G is a compact connected Lie g1·oup. Then the Kûnneth equltlit:u 

holds lJetween the Poinca1·é polynomials of A, B and P: 

1{.~A(t) = 1{h(t)\.l.~At). 

W e shall first prove the 

Lemma 7. If B=B" is a homology sphere, then f01· some n-simplex 

<T~ of B, 'B=B-lnl: <T~ is acyclic. 

Pro of : Let z"= 2:.: mi<T ~ be the basic n-cycle of B, i. e. the cycle 

belonging to the elemE:nt 1 of H"(B, m), and let IT~ be an n-simlex 

which appears in z" with non-vanishing coefficient m0 o~ O. Now, let 

:2.,3 1'11T:' be any cycle of B- Int <T:, then it is also a cycle of B and 
i'!'O 

bence a multiple of :2.,3 m1<T~: 

2.::: r1<T~=s 2:.: m,a-~ +sm0<T~, hence clearly :2.,3 r;<T~'=O. 
i+O i+O i'!'O 

Now let :2.,3 r;<T~·- 1 be an (n-1)-cycle of B- Int IT~· From b,._ 1(B)=0 

there exists a chain 2:.: s1a-'; with 

(10.1) 

Since m0Œ-'~+ :2.,3 mio-;=o and m0 c\ 0, by (10.1) we have :2.,3 1';1T;- 1=(s0 jm0 ) 
i-<-o 

(- :2.,3 m,G-~)- iJ s;Œ-~= 2:.: (- (s0/m0)m1 + sJG-:. Hence :2.,3 r 1<T;- 1--:0 in B-
t+o l*O i*O 

Int IT~. Since the lower dimensional case is trivial, we have for all 

q C>O) 
b'1(B-Int <T~)=O. 

Lemma 8, Let 1 B be an acyclic complex and 1 A a jib1·e bundle ove1· 

B with fib1·e F. Then each of the injection homomorphisms H(P)-H(A), 

H(P)+-H(A) is an isomorphism onto. Moreover minimal elements 22 ) in 

H(F) and H('A) cor1·espond unde1· the above isomorphism. 

21) ":ii=- -:JF " means "" is homologous to a cycle in F" 
22) ZP E HP(K), where K is a complex, is ca!led a minimal element of H(K) if 

for any ~qEH(K) ~qnzq~o unless q=O or =P. Thisdefinitionclearly coïncide with the 
ordinary one if K is a manifold. As in the case of manifold any minimal element is 
mapped under a continuous mapping to a minimal element, in particular, eVf•ry spherical 
cycle is minimal. Cf [5], [13]. 
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Proof: Since for q>O, R'l(p)=\Bq(p), the inclusions Rq(p)~R:CP)~ 

5H:.(p)~\Bq(P) imply R:(p)=>B:(1J). It follows that H"·q /HP>I,Q- 1=3:(P)/ 
~1:(1J)=0 (q>O). Renee IJP 1 q(A)=Hr, r> 1 q=H1• r> IQ- 1= ... =Hr> >Q, 0 , which 

shows that the injection X: HW).-HC'A) is an isomorphism onto. 

Similarly for X: H(P)+--H(' A). 

To prove the second statement it is sufficient to show that if 

zP EH"('A) is minimal then the element x-lz~' EH"(F') is also minimal, 

since the converse is trivial. Let t;~' run around over ali the elements 

of Hq(' A), then Xt runs around over ail the elements of llq(P). 

Since X (Xtq (\ x- 1z") = tq(\zr>, and since X is an isomorphim, 

Xtq(\x=- 1z"=O provided that q~\ccO, p, which shows that x-lzP is mini­
mal in Hq(F). 

Proof of The01·em 15. Let B=B2V+ 1 be as in the theorem, and 
2v+I • 

o-o , 'B be as m Lemma 7. Let us consider the homology sequence 
of the pair (A, 'A): 

-HP+l(A, 'A)~ HP(' A)!!!:. HP(A) ~ HP(A, 'A)-
v v v v 
~+1 \p PP ~ 

2v+l • j.2v+l Let cp be a slicing map o-0 -~ and <P its boundary: cp=cp o-o , 

:p (ti-2"+ 1)C'Slr, where ~ is the principal fibre bundle of A and 'Slf its 
part over 'B. As in § 3 the elements of HP+ 1(A, 'A) may be written 
in the form a a 'P' where a E HP-"- 1(F). We have also aia o cp)=a o ,;,, 

where (p is a spherical (and hence a minimal) element of H 2"('A). 

But, since every even dimensional minimal cycle in a compact connect­

ed Lie group G is homologous to 0 23l, by Lemma 8 rj:J.-....-0 in 'A. Hence 

ap is a null homorphism for each p. 

If follows that (3p is an isomorphism and "/p is an onto-homomor­
phism. Renee HP(A)=::::p,1,+J.)P""'HP('A)+HP(A, 'A). But HP('A)-::cH''(F) 

by Lemma 8, and HP(A, 'A)""' C"a-!"+\ HP-"(F))= HP-"(P). Therefore 

HP(A) ""'HP(F) +HP-"(F). Comparing the ranks, we have 

i.e. 

b''(A)=b~'(F) +biJ-"(F), 

'l3A(t)=(l + tn)'l3 F(t)='l3n(t)'j5F(t). 

Thus the theorem is completely proved. 

23) [13]. 



112 Tatsujt KuDo 

Appendix 

§ 11. Since the content of this appendix is closely related to the 

paper of Chern-Sun r 1!, we shall often use their notations and 

terminologies. 

Let ~*= 'P G X* B* · ,rr* · <b * 1 be a fibre bundle and let B be o· 1',, 'I'Jtrf 

a complex. The mapping space j B* 1 n becomes a metric spa ce which 

is locally contractible 2 ) if B is assumed to be metric and locally 

contractible. Let n be a component of j B* !Ji containing a given 

mapping {0 • According to !_ll Theorem 2.1, to every fEn corres­

ponds a fibre bundle B(.f), the graph ®(t 1*f, B) of the many valued 

function 'ljr- 1*! : B-X* 25). B(.f)'s are ali equivalent among them. 

This naturn.lly leads us to the following investigation. 

Let ~ be the graph of the many valued function n 3 f-B(f)C 
B x X*. We may identify 6. with a subset 6.' of n x B x X* deflned 

by 

j(f, b, x*) E 6.'!~lx* E'ljr- 1*f(b)!. 
Further let r be the group of automophisms of B(f0 ) giving self­

equivalences of B(f0 ). 

Theorem A. Let G be a ANR, anet let B be a complex. Then ~ 

Ï!! a fib1·e bunclle over n with jib1·e B(f0 ) and the st?·ucture group 1 '. 

Proof: Let ! 1 be any element of n. Since {1 : B-B* is uniform­

ly continuous, we can subdivide B into cells ja-" lq. 0 , 1, 2, ••• , '" such that 
the mesh of each cell a- being so small that {1(a-) is contaïned in a 

coordinate neighbournood u: of the fibre bundle 6*. Let V0 be a 

neighbourhood of ! 1 in n such that /(Œ)CU; for any fE V0 and any 

a-. We shall construct a sequence of neighbourhoods V0:=>V1:=:>V 2:=> ... 
::::> vn and a family j e~Q) ~fE V Of mappÏngS SUCh that e~q) iS an ÏS0ffi0f-

q 

phic mapping Bq(f1)-+Bq(f) depending continuously on the parameter 

fE Vq and reducing to the identity for f=fl' Let us proceed inductive-
! (Q-1) 
y and assume that we have already constructed Vq_ 1 and e, . We 

define À,r(b, x*)=À,1 , b(x*) by e~q-l)(b, x*)= (b, À,,, b(x*)), where fE Vq-u 

bE Bq-\ and x* E f(b). Let a-" be a q-simplex and cf> u* be abbreviated 
,q 

as q)oq. 

Since e~q) is isomorphic, fi'f, b=rp~q~ f,IJ) À,f, bcp,'l, f1(b) belongs to G for 

24) (7]. 
25) (RJ. 
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bElr-q, and reduces to this identity for f=f 1 • Let us define f-Lr1 .b 

=1 for bEas. Since Gis an ANR, the function t.tr,,,: Vq_1Xô-"+(f1) 

x a-"--+G may be extended to a function 't.tr, ,, : W -->G, where W is a 

neighbourhood of Vq lx,;-'1+(fl)xo-" in vq lxa-". 

Let Vq, aqCVq- 1 be a neighbourhood of {1 such that 

We define O~Q)(b, x*) for fE Vq, aq• bE O"q, x* E {1(b) by 

e~q)(b, x*)=(b, rpaq. f(b/ t.tr. brp;q~ f!(blx*)). 

v q x O""CW 26) q. f'j • 

If we put Vq=(\ Vq, aq• O~)(b, x*) is defined for fE Vq, bE Bq, x* 
aq 

E f1Cb) and gives an isomorphic mapping of Bq(f1) onto Bq(!). Thus 

the q-th step of our induction is completed. Since the 0-th step is 
(>il 

clear we may assure that we can construct V, and Or : B(f1)---+B(f). 

This being proved the theorem follows at once from the fact that n 
is path-wise connected. 

Corollary. Fo1· any {1 , { 2 En, B(f1) and B(f2) a1·e equivalent.27) 

Corollary. H~'(B(f)) is a local group on n in the sence of N. E. 

Steem·od. 2 Hl 

More generally 

Theorem B. Let B~B1~B2~B3 be subcomplexes of B, and let T(f) 

be any ke1·nel-image of the homology sequence of the t?·iple (B1(f), 

B2 (.f), B 3(f)). Then T(f) is a local g1·oup on n; in particula1· it is in­

dependent of f as an abstract group. 
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