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On a Necessary and Sulficient Condition of Metrizability 

By Jun-iti NAGATA 

It is weil known that the second countabîlity axiom is sufficient 
for a regular space to be metrîzable, but it is Îlot necessary.- ln this 
paper we shall show that sorne extentîon of the second countability 
axiom is necessary and sufficient for a regular space to be metrizable, 
and shall study sorne applications of this result. 

Definition. Let R b~ a topological space and U,.=IU"~I,8EBI 

(a E A) b~ open coverings of R. We caU lU" 1 a E A 1 an open basis of 
R, when each open set N of R can he represented in the form 

N= ~ u~~· 
u .. ~CN 

,8-Countability Axiom. We say that R satisfies ,8-countability a::l'iom., 

when there exists an open basis of R consisting of an enumerable 
numb~r of nbd (=neighbourhood) finite open coverings lt11 • 

It is an extention of the second countability axiom. 
a-Countability Axiom, We say that R satisfies a-count~bilit?l 

axiom, when there exists a collection of an enumerable number of 
nbd fini te coverings 1 U, 1 n=l, 2, ... j, (U11= l U,. 6 l ,8 E B) such that for 
each pair of points a, bER, a=t=b, there exists U,.~ EU,, : a EU,,~, b ~ tl,~ 
for sorne n. 

We shaH say that IU,.l satisfies the condition of a-countab·l ty, 
when lU,I has the above property. 

Remark. The fact that U,. covers R is not essential in a, ,8-coun­
tabilities. For when u ... does not cover R, we may consider the co­
verîng IR, U,.l in the place of U,.. 

Theorem 1. In order that a regular space R is metrizable, it is 

necessary and sufficient that R satisfies the ,8-countability axiom. 

Proof. Since the necessity is obvious from the theorem of A. H. 

Stone 0 , we prove only the sufficiency. 
1. Let R be a regular space satisfyîng the ,8-countability axiom. 

1) A. H. Stone. On Paracompactness and Product Space, Bull. of Amer. Math. 54 (1948) 
No. 10. 
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Then, in the first place we see that R is normal. 
For let lU" 1 n=1, 2, ... ! (U,= lU,, 1/1 E Hl) be an open basis of R, 

and let F, G b~ disjôint closed sets of -R; then for each point a E P 

we can choose U,~ EU"· for sorne n such that tJ,R · B=(f), a E U,.~· We 

denote by U,~(a) such U,.~ for a. 

Put U" = ~ Un~Ca); then it is easy to see that from the nbd fini-
n,=dC 

00 

teness of U," Uk =~ D,~(a) holds. And then tJ~<é_G" 2), ~ U~.;~F are 
'JI,::- k k~l 

obvious. 
!1 

In the same manner we get open sets Vk such that V~cCF", ~ V~c 
. k~ 1 

~G. 
; 00 

Putting M;=ul. Œ 1'kr, 111= ~Mi; 
k~l i~l 

we see th at 111, N are open sets such that M~F, N~G ; M · N =(fl. 

2. Next we can show that for any nbd finite covering U of R 

there exists a sequence of coverings U1, 112 , • • • • .. such that Uf'<U, 

Uf<Ul> ...... . 

For let ll= lU" 1 a E A 1 b~ a nbd fini te covering of R ; then from 

the normality of R there exists an open covering ~~= 1 V" 1 a E A 1 such 

that V"CU" for every a. We construct continuous functions f" for 

every a such that 

f"(a)=l (a EV), 
f"(a)=O (a3U:), O..S:f"(a);;l. 

Let Nla)=lxiCva)/faCa)-f/x)J<1!2i, xER!(i=O, 1, 2, ... ) 
and let b be an arbitrary point of Nt(a); then /f"(a)-fJb)l<l/2; for 
all a. We denote by P(b) a nbd oJ b such that P(b). Ua1 =jc'(l) (j=1 ... k), 

P(b) · U"=~ (a=t=a1). Since lfa1(a)-fa/?) 1<1/21 (j=l ... k), there exists 
a nbd Q(b) of b such that xEQ(b) implies lfa/a)-/a1(x)J<1/2' (j=l... 

k). 

Let a.:EP(b)· Q(b); then ft:om fJb) f"(x)=O (a=l=a1), we get lfaCa) 

-f"(x)J<1/2' for qll a, i.e. P(b) ·.Q(b)CN1(a) .. Hence. N;(a) is an open 
set. Putting 9tt=lNtCa)laER!, we see that 91~ 1<911 (i=O, 1, ... ) and 

Wo<U. 

3. Next we shall show that R is perfectly normal. 

2) We- de-note by Ge the comple-me-nt of G. 
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Let N be an arbitrary open set of R. For each point a EN there 

exists U,ia)=U,t~ EU,. for sorne n such that a E U,r,CU,1,CN. From 
"" the nbd finiteness ôf U,, F"-:-- ~.fJ,~(a) is closed. Since N=~F" 

n~Tc k~l 

is obvious,- G is an F, set, i. e. R is petfectly normal. 

4. Now we shall show that R admits a countable uniformity, i.e. 
R is metrizable. 

From the above result we can represent each U~,B in the form 
e 00 Ck) 

U,B = n V,B, where jU,,I(U,.=!U,.~I~EBl) is the open basis of R, and 
k~I 

(k) -
V,B are open sets. 

Let ~ be a finite subset of /3: A=j/31 , ••• , ;3,j. Then from the 

nbd finiteness of U,, N:,~= l1 U"~ · II v;,~) is obviously an open set. 
BE~ ~ i ~ 

Accordingly w;,"J = j N;,~ 1 ~ rùnning thrù aU fini te subsetes of /3! is a 
nbd finite covering of R. 

For let a ER be an arbitrary point of R and let a E U,B (/3 E ..1), 
(k). [k)_ 

a~ U11 B(/3 ~ ..1) ; then a EN"~' 1. e. 91,. covers R. The nbd finitess of 

'R~l:J is obvious. 

Next let us show that for each open set N and each point a EN 

there exist 'IR~";; such that S(a, 'iJt~lc))CN 3 ). 

Choose n such that for sorne /30 a fi Un~0CN. Let a E llnB (/3 E A 0), 

a~ UnB (;3 ~ A 0)~ and acc.ordingly ~o E A 0 ; then there exists k such that 
Ckl 1 . mCkJ I CkJ a rf_ V,~ for ali ~0 E A 0 • For these n, k,_ et us cons1der ;.~~, . fa E Nnt..• 

then from a~ V~~) (!3 E A 0) it must be Â 0C..:l. Hence N;,~CU~~~o' i.e. 
'k' 

S(a, ilè;, )CU"BoCN. 
'k) 

As we saw in 2, for every 91,, , there exist sequences of open 
• lmC"Jj. 1 2 1.' h h mCkl.o. <"'Ckl 1'h f covenngs t ;.~~,., z= , , . .. suc t at ;.~~m i+l ;.~~,. ,. ere ore we can 

construct a countable uiformity containing j il'è~"J 1 n, lc=1, 2, 3, ... j. 

Since this unifomity agrees with the topology of R, R is metrizable. 

Theorem 2. If a T-space R can be 1·ewesented in the fonn R= 

~sa, tuhe1'e jS"jaEAI is nbd finite a,nd sa a1'C closed metrizable sub-
at;.i 

spaces, then R is meb·izabk 

Proof. · 1. We shaH prove first that R is regular. 

Let N be an arbitrary open set of R and let a EN. Suppo3e that 

3) S(a, IJ1)= ~ N 
aENE\1! 
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aEB .. 1(i=l...k), a~S .. (ajcoaJ; then from the nbd finiteness of IS .. l, 
V(a)= TI s: is an open nbd of a. From the regularity of s .. _, there 

"*"i ' 
exists sorne open set Kla) in s ... such that a E K;(a)CK~(a)CN. 

' k 
Put K.( a) +S;=U;(a). Then, since· ll1(a) are open, U(a)=l'(a) ·TI 

i=l 

ll;(ct) is an open nbd of a. 
- e k c k 

Since U(a) = II s .. · li (K,(a) + SJC~K1(a), 
a:.fai [....,1 i""l 

1.; 

we have U(a)C·~ K.;(a)CN. Renee R is regular. 
i=l 

C«J' 1 2 • . . 2. Let us supbose that lU,. n=l, , ... 1 IS a countable open bas1s 

consisting of nbd fini te coverings u:"J' = 1 u:~)~ 1,8 E B l· We denote by 

lU r 1 ry E I' 1 an open covering of R sucli th at ïJ r rneets a fini te nurnber 

of u1:~ (a E A, (3 é B) only, and by u .. a nbd fini te refinement of 1 Ur • 

"1 . s c "d. u(œ) u(a)' u 1U(")IQ B .:)" ryE l'l m ... ons1 enng z = 2 1\ .. =, 2. ~ "'E l, we see 
-(a.) • ra·,! 

that for each a, ,8, U2, ~ meets a fimte number of u;_, ~~ (a E A, BE B) 

only. 

Assume that for a fixed n we get lu~;\ 1 a E A, (3 E B 1 such that 

for each a, /3, u~;) meets a finite nurhber of ïJ~.~\. ~ only, and 1("1= 
l u~:1 1/31 is a nbd finite open covering of s ... having the form U~,")= 

U~,"/ /\ u .. ; then for n+l we get l U~~I>~ 1 a E A, (3 E BI having the saine 

property in the above -manner. Thus we get sequence of coverings 
(a.) u(a.) lll(a) h h u-(a) l UH 1, l 2. ~ L 3, ~ j, ... suc- t at n+I> ~ meets a finite nurnber 

v:;) only, and 1 u;,a) 1 n=l, 2, ... j •ïs an open basis of sa consisting 

of nbd finite coverings u;, .. 1= lu~;) 1 (3 E B 1. 

rC"ol (lJC"ol 0 c ) II (U-Ca) )' v,.r= nr+•Ja. n+l>r 
o ù . o. D(") (a ) 

( "+I,r!"~U,~ro 
0 . 

3. Put 

(a) -(a) 

then l',~. r is an open set of R from the nbd finiteness of 1 U,+l· ~ 1 
d (a) u(a.) an l',.~ ·S .. = nr .• 

h Ca.) c . • 
Put W,.l= TI Vnr'c• J ·II s. (A=I(a1(3(a1))jz=l ... kj, at=FaJ 

hl i "*"t 
for i=Fj) ; then m.\_= 1 W,J.I A running thru aU sets having the form of 
the above A 1 is obviously an open covering of R. Let us .show that 
~n is nbd finite. 

Let a ER be an arbitrary point of R. 

(a=FaJ and a EU~:~;, rca;li=l...k); then 
If a ES .. (i=l...k) a~s .. 

t 
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k ra ) . e k (a ) 
a E U(a) = 11 cu~+\~(")+ s~t). II Sa.C ~ Un+'r W'). 

t~l t "*"t 1~! ' i 

-(Œt) v(Œ) 1 h u(«) u-(Œ!) . -(ai) 
Since U.,.+ 1, ~cat) meets "~ on y w en "~ · "+1, ~ca1)=f:«;;>, U,.+l, ~ca1 ) 

meets a finite number of v~;) for a fixed n. we denote by v~;~~~l(i=l... 
(a) • ca,) éa;) 

l) all V,.~ whtch meets U,., 1, ~ca,)· Renee W,~ · U"+l, ~caJ4=1> only when 

.:l C l(a1, !S'(a1))1i=l...q, i.e. U~.:~;. Ha, meets a finite numbet of 
k ) 

w;.~ only. Therefore ~ U~";; ~ca) or U(a) meets only a finite number 
i=l , i 

of w,~, i. e. ~n is nbd finite. 

4. Finally, we. can show that 1 ~ul n=l, 2, ... 1 is an open basis 

of R. For assume that a EN. N 1s an arbitrary open set of R and 

that a E Sa. (i=l, ... , k), a~ Sa(u~t=a,); a Eu~;~~) CN. (i=l, ... , k). For ,, t 

.:l=l(ajJjS'(a1))1i=l...kl, we get aEW>d and 

k k é") k k k ca) k («) 

W,.l=W,.~ · ~ S,., C II V,.~1ca.) • ~ S,.1 = ~ (Sa1 ·II V~~~a1 )) C ~ S,. · V,.~~at) 
k Î~l loJ ' /#] • i~l . J~l l~l i 

= E u~;f,. )CN, i.e. l ~~~ 1 is an open basis of R. 
t~l i 

Therefore from theorem 1 R is metrizable. 

Theorem 3. In o·rder that a lully 1wrmal space R is completely 

metrizable, it is necessary and sufjicient that R is topologica.lly complete 

and satisfies the a-countability ŒXiom. 

Proof. Since the necessity of the condition is obvious, we shall 
prove only the sufficiency. 

Let R be a fully normal and topologically complete space satis­
fying the a-countability axiom. Since R is topologically complete, 

from N. A. Shanin's theorem 4 ) there e:xists a countable collection 
1 tt,. 1 n=l, 2, ... 1 of open coverings tt,., which bas the following p_roperty : 

If a maximum fil ter ~= 1 Fa 1 of closed ·sets Fa bas no convergent th en 

point, for the open covering @=IIi':!, there exists sorne element Un= 1 U~ 1 
of 1 D,. 1 such that for every !S'and sorne a, fJ~CF:. 

Since R is fully normal, each tt,. bas a nbd refinernent, which we 

denote by tt~. 

Denote by {lB,.l the countable collect~on of nbd finite open cover­

ings satisfying the condition of a-countability. ThE:n ~ .. =U~ 1\ ~ .. are 

nbd fini te and llllin l satisfies th~ condition of a-countability as well 

4) N. A. Shanin, On the Theory of Bicompact Extension of Topo!ogical Spaces, C. R. 
URSS, 38 (1943) No. 5-6. 
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as the above mentioned condition satisfied by Ill,.}. 

Let N be an open set of R. Then we can show that for an 

arbitrary point a; of N there exist sorne ?mn. and sorne Wn. (i=l...k) 
• • 1< 

such that a;E nw,. CN. W,. E?ffi,._. 
1=1 i ' • 

To show this, assume the contrary. If we denote by W 1 , W 2 , ••• 

ali the elements of sorne m" which contain a, then since the condition of 

a -countability is satisfied by 1 ~" 1, 1 G' · W., [ n=1, 2, .. . } is a closed filter 

having no cluster point. We denote by ·Î'=IHa[AI a maximum clos­

ed filter containing 1 G' . W, l and by ~~ the open covering 1 n: [A}. 

Since ·Î' has no convergent point, there exists an èlement ?ffi,.= 1 W na [ 

Bl of {?fini such that fùr every elements W,.~ of ?ffi,. and sorne H,Wna 

CH: E ~~ holds. Let a E W mE ?fin, W mCR: E ~~ ; then W m' H,a E ~~ and 

W m • H 2=rp hold, which is a contradiction. Th us we have shown the 
1< 

existence of w n such th at a E n w n CN. 
i i= l i 

From ?fin=IW,.~[Bl we construct nbd open coverings ~Wn1 ... nk) 
k 

=!\ m,._. The enumerable collection Pll1.(n1 ••• nk) [ i=1, 2, ... ; n,=1, 2, 
i = 1 ., 

... } satisfies the condition of n:-countability ; hence R is metrizable by 

theorem 1. Since R is topologically complete, by Cech's theorem s) R 

is completely metrizable. 

Remark. When R is regular, /3-countability axiom contains a­

countability axiom, but a-countability axiom does not contain the lst 
countability axiom. The direct product of an . enumerable infinite 

number of unit intervals [0, lJ satisfies the a-countacility axiom but 

it does not the lst countability axiom, when its topology is the strong 

topology. This fact shows that theorem 3 is essentially different from 

theorem 1. 

Corollary 1. Let a topolog-ical space R be the sum of S": R= ~Sa, 
ŒEA. 

where !Sa[ct:EAI i~:~ nbt? finite in R, and Sa are /ully n01·mal clo~:~ed 

subspace:,; being at most of ca1·dinal numbe1· n: [Sai <n. Then in 01·der 

that R admit:,; somf; complete .uni/01'm'Ïty being at mo~:~t. of cardinal 

wumber n, it i~:~ nece:,;sary a1ul su!ficient that R ca'(L be a rneet of at 

most n nutnber of open sets in some bicotnpa,ct 1'2 -space. 

Proof. Since theorem 1, 2, 3 holds obviously about uniformity of 

5) E. Cech. On Bicompact Spaces, Anns. of Math. 38 (1939). 
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at most power n, too, the validity of this corollary is almost obv~ous 

from theorems ·1,- 2, 3, the ptoperty of cardinal riUmber, n2=n and 

the extension of Cech's theorem by the author 6 l. 

Corollary 2. In 01·de1' that a 1·egula1· space R is met1·izable, it is 

necessa1·y a.nd sufficient that the1·e exists a coollection 1 fa 1 a E A! of 

continuous functions fa such tnat 
k 

f=sup ~ f" is a continuous function, 
i ~ 1 l 

0 -s:: fJx)-:::; 1 {01· all a, 

and {01· any open set N and any point a EN, the1·e exists an element 

fa of 1/al : 
fa(a)>O, 

fa(x)=O (xE Ne). 

Proof. Necessity: We denote by U,.= 1 U na 1 a E A,.! a nbd fini te re­

finement of ®,.=llxlp(ax)>1/2~! laER!, where we denote by p the 

metric of R. Since the non-negative function PnaCx) = p(x, U~,.) is 

continuous, !,,ix)= -2~. · ":E.PnaCx~ _ is a continuos function such that 
P,a,X) 

xE Una. 
k 

function O~/,.a(x)~1/2''. Obviously sup {.;•/•t"; =1, and for any open 

set N and any point a EN, f,.a(a)>O, /,.a(x)=O (xE Ne) for U na such that 

a E U,.aCN. Hence 1/,.a\ n=l, 2, ... , a E A,.! is the collection of conti­

nuous functions in the condition of this corollary. 

Sufficiency : Let R b~ a regular space having such a family 1 f ,.1 
a E A! of continuous functiom. Let us show the nbd finiteness of the 

open covering U,.=IU,.a\aEA!, where U,,.=lxlf,.(x)>l/2"!. 

Let a be an arbitrary point of R. Then, assume that f" (a)+ ... 
1 

+/alc(a)>fCa)-1/2"+ 2 • We denote by U(a) an open nbd of a such that 

xE U(a) implies /(a.:)<!Ca)+1/2'+1 and by UtCa) nbds of a such that 

xE U;(a) implies la1 (x)>laJa)-1/k · 2"+ 2 • Then the nbd V(a)=U(a). 

"' II U1(a) is disjoint from U,.a, but Una (i=l...k). For, if there would 
i ~ 1 t 

b~ a po1nt bE V( a) · U"" (aa=f=,), then it would b~ /(b)<fCa) + 1/2" 1 1 and 
le le 

/(b) 2 ~fa (b) +lib)>~ la (a)-1/2''" 2 +1/2''> /(a)-1/2'" 1 +1/2" =/(a) 
t=! t Z""-1 i 

+ 1/2'' >1 hold at the s::tme time, which is a contradiction. Hench U" is nbd 

6) On Tovo!ogical Completeness, Sugaku, 2 (t949), in Japanes. The content of this 
paper is unpublished in foreign language. 
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fini te; 
Si nee 1 U,.l n=l, 2, ... j is obviously an open basis of R, R satisfies 

the .8-countability axiom. Therefore R is, metrizable from theorm L 
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