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1. Introduction

After the C, ,-capacity associated with a general Markov semigroup (7;);»o on
LP-space was introduced by Fukushima-Kaneko [3], Kaneko [5] constructed a Hunt
process associated with (T;),.o uniquely up to C, ,-equivalence in the case that the
underlying space is locally compact and the semigroup is analytic. Fukushima [2] ex-
tended Kaneko’s result to the non-locally compact case. In this paper we release the
restriction of the analyticity of the semigroup. The difficulty to deal with this case is
that the transition kernel of process can not be directly constructed from semigroup
since T, f has no quasi-continuous m-version for general f € L?(E;m). To overcome
this difficulty, we first compactify the underlying space and then use the weak conver-
gence of probability measures on compact space to construct a transition kernel. Sim-
ilar to [S] and [2] we construct a Hunt process on the compactified space and then
use the tightness property of C, , capacity to restrict the process back to the original
space. Therefore in the case 1 € F,,, we improve the corresponding result of [2].
Furthermore, we mention that the result can be applied to the case in [6].

Let E be a Hausdorff topological space and m be a o-finite measure on the Borel
o-field B(E). Let (T;);>0 be a strongly continuous contraction semigroup on L?(E;m),
which is Markovian, i.e. 0 <u < 1, m-a.e. implies 0 < T,u < 1, m-a.e.

Let (V,),>o be the I' transformation of (T;),-0:

v, = ! f et 4y
"2 Jo '
and F,., = V(LP), lull,p = I fllee for u = V. f, f € LP. It is well known that
(F.p» || - ) is a Banach space. For r > 0, a > 0, put
Ve = 1 f+oo 12 1e= T, dt
"I/ Jo o

Then «’/2V? is a Markovian contraction operator on LP(E;m), a’/?V* — I strongly
as a — 0o and the range of V* equals F, , ([6]).
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For open subset U C E, the C, ,-capacity is defined by
Crp(U) =inf{||ull?, :u € Frp,u > 1,m-a.e. on U}
and for an arbitrary set B C X
Cap, ,(B) :=inf{C,,,(U) : U open and U C B}.

“C,, p-quasi-everywhere” or briefly “C, ,-q.e.” means that a statement holds except on a

C, p-capacity zero set. An increasing sequence of closed sets {Ey}i> is called a C; -

nest if C,,(Ef) | 0 as k — 0o. A function u is called C, ,-quasi-continuous if there

exists a C, ,-nest {E;}i>1 such that the restriction of f to Ej is continuous. For a

fixed C, p-nest {Ei}i>1, let C({E¢}) := {f : flg, is continuous on E; for k > 1}. We

denote by # the C, ,-quasi-continuous m-version of u. A set of functions D is said

to separate the points of E if for any x,y € E, x # y, there exist # € D such that

u(x) # u(y).

_ In this paper, we make the following basic assumptions:

(A.1) The capacity is tight: there exist increasing compact subsets E; (k =.1,...) of
E satisfying C, ,(E;) | 0 as n — o0.

(A.2) There exists a dense subset .7-'? » C F:.p such that each element of .7-'? p has a
C,,p-quasi-continuous m-version.

(A.3) There exists a countable Q-algebra D C F?, such that D separates points of
E\ N for some C, p-exceptional set N and 1 € D, where D:={it : u € D}.

For an operator T on LP(E;m), TD = {Tu : u € D} TD = {ﬂz :u € D). De-
fine :f‘, p as {it : u € F,,}. The symbol “%” means weak convergence of probability
measures. A sequence of functions {u,},>1 is called C, ,-quasi-uniformly convergence
if there exists u C .7'::,, p and a C; p-nest {Eg}i>1 such that u, converges to.u uniformly
on each E;.

The main result is

Theorem. For r > 2, p > 1, there exists a Hunt process M = (, F, F:, Q:, X4,
P;);ee such that Q. f is a C, ,-quasi-continuous m-version of T, f for bounded f €
Fr.p-

2. Preparation and a lemma

With the basic assumptions as in Section 1, similarly to the case of [7, IIL1.3], [3],
[6] we can show the following properties:
(@ If u is a C; p-quasi-continuous function and u > 0 m-a.e. then u > 0 C; ,-q.e.
(b) For u € F,p, there exists C,, ,-quasi-continuous modification i of u satisfying

Crp(lit] > 2) < A7PN|ullf,, A >0.
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(c) The convergence of C, ,-quasi-continuous functions in ¥, , implies the C,p
quasi-uniform convergence of some subsequence.
Similar to [7, IV.3], we can select a C;, ,-nest {E}x>; of compact metrizable sub-
sets of E such that Y := U> E; (Y is a topological Lusin space) and
(i) D separates points of Y,
(i) D, T.;D, V¥*D C C({E)) for e, r,t € Q%,

Gii) Yue D, Tu ———>uon?Y.
teQ,tl0
For simplicity, we assume that each element in D is C, ,-quasi-continuous. As in

[7, IV] we may identify LP(E;m) with LP(Y;m) canonically.
Let D :={u; :i € N}. Define

o0
1
dx,y):= Z 2—"| arctan u,(x) — arctan u,(y)|, x,y €Y.
k>1

Since D separates the points of ¥, d is a metric on Y. Define E := completion of Y,
with respect to the metric d. Let d be the natural extension of d. Then similar to [7,
IV, Lemma 3.13], we have

(iv) (E,d) is a compact metric space,

(v) d-B(Y)=B(Y),

(vi) Y e d-B(E),

(vii)) If F C Ei for some k, and F is a compact subset of Y, then F is the d-
compact set and d-topology induced on F coincides with the topology on F in-
herited from E.

Let i : Y — E be the inclusion map. Set / := m - i~'. Using the methods of [7,

VI], we can introduce an isometry i : LP(E;m) — LP(Y;m).

Define for f € LP(E;m)

T.f =i "(T(f - i)).

It is easy to show that (7;),»o is a strongly continuous contraction semigroup on
LP(E;m). Thus we can introduce F, ,, V,., on LP(E;m) of (T,);»o. It is easy to show
that
(viii) D :=={n : u € D} C .7:',',,, where @ is a continuous extension to E of u with
respect ot the metric d,

(ix) D separates points of E,
(x) D is a Q-algebra.

In fact, for @ € D,u € D, there exists w € LP(E;m) such that u = V, ,w. We
trivially extend w to E and denote it by i, then w = Woi m—a.e. on E. Since it = u
m—a.e.on E, V,,woi=V,,0 m—a.e. on E. Thus

m—a.e. on E o m—ae on E -  _

u= Vr,pw —_— Vr.pw l(V )= Vr,pw-

- m—a.. on E
U ===
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Therefore there exists @ € L?(E;m) such that & = V, ,w, i.e. # € F, . The basic as-
sumption (A.3) implies that D is a Q-algebra and D separates the points of Y implies
D separates the points of E.

Similar to [7, VI], the tightness of C;,,-capacity implies that i : E — E is quasi-
homeomorphic. Moreover, the following properties hold:

(xi) If (Fi)ken is a C, p-nest, then (Fy N Ex)en is a C,,,-nest,

(xii) N C E is C, p-exceptional if and only if NNE is C, ,-exceptional. In particular,
C.p,(E\E)=0,

(xiii) A function @ : E — R is C, ,-quasi-continuous if and only if @ o i~! is C; -
quasi-continuous,

(xiv) C,,,(A)=C,,(ANE) for ACE.

Furthermore, the basic assumptions (A.1), (A.2) and (A.3) hold with respect to
C,,p-capacity.

From now on, we restrict the discussion on (E,d). We first construct a kernel
semigroup P, on (E,d) which is a m-version of T;. Similar to [5] and [4] we con-
struct a Hunt process (X;);»o with state space E, then we show that the process
(X¢)e>0 can be restricted to E.

Denote Q*(Q) be the (positive) rational number and R* be the positive real num-
ber.

Lemma. Letr >2,t € Q% and p > 1. There exists a Markovian transition ker-
nel P, on (En, B(Ep)) (where Ea := E U{A}, A is an isolated point of E) satisfying
the following properties:

(A) P, f is a C, p-quasi-continuous m-version of T, f for f € D,
B) 0<P(z,E)<1forallzcE.

If there exists another kernel (Q,)cq+ satisfying (A) and (B), then Q(x,-) =

Pi(x,-), C,p-ge. on E.

Proof. For t,a € Q% u € D, by using the methods as in [4, Lemma 7.2], we
can choose a C; p-nest (Fi)i>1 consisting of compact metrizable sets of E such that
T,V*a € C{Fi}), T:ia € C({Fy}), and for each x € Y’ := UR, F,, there exists a unique
positive linear functional L, on C(E) satisfying:

L2@) = o' *T,V®a(x), Va e D,
IL*@)| < llilloo, Vx €Y.

'I;hus l:‘;’ admits a positive measure E"‘(x, -) on E satisfying L%(&1) = ﬁ,"‘ﬁ(x), 0 <
P*x,E)<1l,xeY’.
Denote B(E) = o(B(E), {A}). We extend (P*)cq, to (Ea, B(Ea)) by putting

Pe(x, A\A) + (1 — P2(x, E))Sa(A), x€E,

P((x,A)Z=[8A(A) x=A,
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where t € Q*, A € B(E,). For simplicity, we still denote P by P"

Note that (Ea,d) is a compact metric space, {P (x, )}a€Q+ is tight. Since each
E} is a compact metrizable space, there exists a countable dense subset {x,, Jn>1 C Ex.
Let S :=Upsq Uk {x,’,‘}, then S is the dense subset of Y’. By the usual diagonal argu-
ment, we can select a sequence of positive numbers {a,},>1 which tend to infinity as
n — oo such that forany t € Q, x e SCY’

Pr(x,) 3 Px, ),

where S is a countable dense subset of (Y’, d) and I';,(x, -) is a probability measure on
(Ea, B(EA)_)- )
Since D c C(E), for x € S, a € D

lim P a(x) = Pa(x),
n—0o0
therefore for any x € S C Y’, ﬁ,ﬁ(x) = %,ﬁ(x).

For any x € Y’, there exists {x,},>;1 C S such that x,, x € E; for some k and
X, = X as n — 00, so we have

lim T i(x,) = T1i(x).
n—0o0
Since {P;(xn, -)}ns1 is tight on (E,, d), there exists a subsequence {x,, }¢>1 and a prob-
ability measure P;(x,-) on (Ea, B(EA)) such that
P(xn, ) 5 Pilx, ) (k= 00).
Thus for any x € Y', s € D
() Ta(x) = Pa(x).

Since D separates points of E, B(E) = o(D) by [8, Proposition 1.4] and P,( A)
is B(E) N Y-measurable for A € B(E) by monotone class theorem. Thus P,( ) is a
probability kernel from (Y’, B(E)NY’) to (E, B(E)).

In order to prove the semigroup property, we need to extend (1) to all quasi-
continuous function & € F,, p- To this end we first show the following

) P.(x,N)=0 gq.e. on E.

Fix an N € B(E) with C, ,(N) =0, we can choose a decreasing sequence of open
subsets U, of E such that U, D N and C,,,(U,) | 0. For such U,, by the property of
D and E, using Urysohn lemma and Stone-Weierstrass theorem we can find g, € D
satisfying 0 < g, < 1/n on E\ U,_; and g, = 1 on U,. Then for any x € ¥’

3) P(x,N) = f I3 Pi(x, dy)
E
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< fE 8 (x)Pi(x, dy)

Ttgn(x)-

Because for n > 2, g,(x) < (1/n)Ig\y,., + euv,., m-ae. and ey, , is l-excessive, we
have 7,8,(x) < 1/n+ &y, , m-ae. This implies that

~ 1 _
@ T;8.(x) < —+ep,, q.e.onE.
n

Letting n tends to infinity, by (3) we have (2).

Fix a bounded function & € ]:',‘,,, we choose a C, ,-nest {Ei}i>, consisting of
compact sets of E such that # € C({E;}). Since D is a Q-algebra, D separates points
of Ux>1 Ey for any fixed Ej, by Stone-Weiertrass theorem and the usual diagonal argu-
ment, we can select a sequence of functions {ii,},>1 C D such that Ve > 0, AN(e, Ej),
Vn > N(e, Ey)

£
sup |in(x) — u(x)| < .
XEE* 2

Set M, :=sup,.f |i#n(x) — i1(x)|. Then

Lla, —u| = Ti|u, — mIEk + Tila, — ﬂllE,f
< &/2+ M, Toexs

< s/2+M,,eE;(x) m-a.e.

Therefore 1 A (ilﬁ,, —ul) <e/2+(Myég)A1 qe. on E. Since e | 0 uniformly q.e.
on E, by (3) of section 2,

6) lim Ta, =T,i gq.e. on E.

n—o00
From (2) we have ﬁ,(x, E)) — E(x, (UE})) =0 g.e. on E. Similarly we can get

(6) lim P, =Pia gq.e. on E.

n—0oo

From (1), (5) and (6), we conclude that for any bounded (:‘,‘,,-quasi-continuous
function @ € F, ,, t € Q*,

Ll

) ji=Pia gq.e. onkE.
Thus for any & € D, it holds that

®) Prysii(x) = Trisii(x)
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oo oo =
tN]
)

]
~~
=
N

, ge.onkE

since f’,ﬁ(x) = %,ﬁ(x) e F, p and %,ﬁ(x) is quasi-continuous.
From (2), similar to [7, IV lemma 3.11], we can find Y; € B(E) such that E \ Y,
is C,, ,-exceptional and

Px,E\Y)=0 VxeVY, teQ"
For t € Q*, A € B(E), set

= P(x,A4), xev,
P,(x,A) = -
((x, 4) [&m; xeE\Y,.
Thus (?,),EQ+ is a Markovian transition kernel on (Ea, B(E,)). Then (P,)co+ satisfies
the properties(A), (B) of the lemma.
Assume (Q,),€Q+ is another kernel satisfying (A) and (B). Then for any # € D,
te Q

Pii(x) = Q,i(x), q.e.on E.
Since 1 € D, and D is a Q-algebra, for any i € B(E),
P,i(x) = Qii(x), q.e.on E

by monotone class theorem. This implies that P,(x, ) = Q,(x, -) q.e. on E. O

3. Proof of Theorem

From the above section we know that (P,),GQ+ is a Markovian semigroup on
(Ea, B(E,)) satisfying
(@@ D C C(E), D separates the points of E and D is a Q-algebra.
(b) For f e D, I-’,f(x)m) fx) C,pqe xekE.
€Q*,

Similar to [5] and [4] we can construct a Hunt process M=(Q, F, F;, Qr, X:, Py)sek,
with state space (Ea, B(E,)) and time parameter R* such that the transition function
Oiii = Pii, t € Q.

Let (Ex)>1 be a C, p-nest consisting of compact sets of E, then E \ E; is an
open set in (E, d). For any E \ E;, there exists ez\g, € F,,, such that its Cy, ,-quasi-
continuous m-version &z\g, > 1 C;p-q.e. and by (7) e~ Exep\g, (X)) < ép\,(x) Cpp-

qe. on E, where E is the expectation with respect to P. Thus there exists a C, -
exceptional set Ny C B(E) such that for any x € Nf

épe(x)>1, xe€E\E, k=>1,
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and
e_’ExéE\Ek(Xt) Své,;-\gk(x), t € Q+, k Z 1.

By (2) and the definition of P,, P,(X, € Ny) = P(x,N) =0 C, ,-qe. on E, we
conclude that

P.(X; € N; for some t € 0*)=0 C, p-qg.e. on E,
therefore there exist a C,, ,-exceptional set N, C B(E) such that for any x € N§

P.(X, € N, for some t € Q%) =0.

For Ny U N,, then there exists a C, ,-exceptional set N3 € B(E) such that for any
x € N§

P. (X, e NyUN, for some t € Q*)=0.

Repeating this argument we obtain an increasing sequence (N,),>; in B(E) such that
E\ N, is C, ,-exceptional and for any x € N,

P.(X; e NyU---UN, for some t € Q*)=0.

Set N = U, N,, then for x € N¢

©) e (x)>1 x€E\E, k21,
(10) e'Exép\g, (X)) <epg(x), teQt, k>1,
an P.(X, € N, for some t € Q%) =0.

Let Y; = e~'&p\g,(X,). It is easy to check that (¥;)eq+ is a P, supermartingale for
x € N°©.
Let I :={t; :i € N} be a dense subset of Q* and define for n € N

Of\g, =inf{ti 11 <i <n and X, € E\ Ei}

(where as usual we set inf@ = 0o0). Then by (9)-(11) and the optional sampling theo-
rem for any x € N°¢,

= —0f v -0} - ~
Ere B&% < Eye BEep g (Xon ) < &p\g (%)
E\Eg

Since E\ E is open, {_ag\ Ek}"Zl decreases to o\ g, as n — o0. Let n tends to infinity,
we have for any x € N°¢

E e "0\ < &g\ g, (x).
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By (xiv) C‘,'p(E \ Ex) } 0 as k = 00, 50 [|ég\g, I, = O by the deﬁnitiorl of capacity.
Thus by (2) there exists a subsequence {kp},>1 such that &zg_ | 0 C;p-q.e. This
implies that

Px(kl_ifgo"l?\& =00)=1, C,p-q.e. on E,
i.e. there exists a C,, ,-exceptional set N such that for any x € N°
(12) Py(lim o5, =00) = 1.
Set Ny=N, Z; =Y = Up>1 E; and
Qi ={weQX,(w)e Z,U{A} fort>0 and X,_(w)e Z; U{A} for t > 0}.
By (11), we have for any x € Ny
P.(Q)=1.

For such an Ny, there exist U, | Nj such that C, ,(U,) | 0. Set F, := (E\U,)NE,, by
(Xiv) {Fp)ns1 is a (:‘,’p-nest. Similar to the above argument, we know that there: exists
aC, p-exceptional set N, N» D N such that for any x € N§

Px(kl_igloai\ﬁ =00)=1.

Set Z; = U1 Fil(S Zi N NY), S = {w € €|X,(w) € Z, U{A} for t > 0 and
X,—1(w) € Z, U {A} for t > 0}, then for any x € Nj

PX(QZ) =1.

Repeating the above argument, we can find a decreasing sequence (Z,),>; in B(E)NE
and an increasing sequence {N,},>; in B(E) satisfying:
@ Z,CZ,.1NN¢_,, E\Z, and N,_; are C, ,-exceptional sets.
(®) Vx e N_|, P() = 1, Q, = {w € Qu1, Xe(w) € Z, U{A)} fort > 0,
X,—(w) e Z, U{A} for t > 0}.
Set Z :=Ny>1Zn, N :=Up> Ny, Q :=Ny>1Ky, then for any x € N¢

= lim P.({w € Q,-1, X,(w) € Z, U{A},Vt > 0, X,_(w) € Z, U {A}, Vt > 0})
=1.
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Since Z, C Z,—y N Nf_;, Z C N° Thus for any x € S, P,() = 1. Note that
E\ Z is a C,, p-exceptional set, so Z is an M-invariant set (cf. [4, Theorem A. 2.8]).
Thus we know that M; = (R, F N Q, F, N Q, O/lz,, Xs, (Py)xez,) is again a Hunt
process with state space (Za, B(Z,)). By [4, Theorem A. 2.9], we extend M; to
M = (Q,F, F:, O, Xi, (Po)xek,) Which is a Hunt process with state space E and
Qt('a )= Qi(-, ) on Zj.

The last step is to show that for bounded function u € F; ,, Qu is a C, p-quasi-
continuous m-version of T,u. -

Since for @ € D, t € Q% Pi(x) = Ta(x) by (1), so Pii(x) is C, ,-quasi-
continuous. By the property of Hunt process, similar to the above lemma we can ex-
tend P, onto R* such that for t € R*

(13) Qii=Pa, P;= %,ﬁ(x), g.e. on E.

Furthermore, by the argument similar to that of the lemma we conclude that for
any bounded function i € F, , and t € R*

(14) Qi=Pia=Ta ge onkE

and Qi is C,,,-quasi-continuous.

Since E is a metrizable space and 7 is finite on B(E), m is regular [1]. Thus for
N € B(E), m(N) = 0, there exists a decreasing sequence of open sets V; of E such
that Vi | N. For fixed k, similar to the C,,, case, we can find a sequence of functions
fn € D satisfying that f,=1on V, and 0 < f, <1/non E\V,_;. Forx e Y C E

Pt(st)=f1NPt(xvdy)
E

IA

/E fa(x)Pi(x, dy)

T folx)

1 =~
S - +T’1Vk
n

— 0 rm-ae. as n —> 00, k —> 00,

since T; is continuous in LP(E;m). Thus we have P,(x, N) = 0 m-a.e. For bounded
function u € F;, there exists a bounded function u; € F. p such that u = u; m-ae.
Thus we have Q,u = Pu; m-a.e. by (13) and (14), then Q,u is C, ,-quasi-continuous
on E. Since Q;u = Q,u on E by (xiv), Qu is C,.p-quasi-continuous on E. Therefore
the process M satisfies the desired request.

ReMARk. (a) Let v, f = 1/T(r/2) [y t"/*'e™* Q. fdt, for f € B(E), f > O.
Then v, f is a C, p-quasi-continuous m-version of v, f for f € LP(E;m).
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In fact, let H := {f € LP(E;m)| v, f is C, p-quasi-continuous, f bounded}. Then

it is easy to check that (1) H > D; (2) 1 € H; (3) Yuj,us € H, ¢1,¢2 € R, cju; +
cu; € H; (4) Yu, € H,u, 1 u, u bounded, u € H. By monotone class theorem,
‘H O LP(E;m). Thus we get the conclusion.

(b) It is easy to see that the conditions in [6] and [5] satisfy the conditions of

the above theorem.
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