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1. Introduction

In this paper, we shall study twisted linear actions of SL(n,C) on the (2n+k—
1)-sphere and of SL(n,H) on the (4n+k—1)-sphere. A twisted linear action was
introduced by F.Uchida [1].

There have been uncountably many topologically distinct analytic actions of SL(n,
R) on the (n+k—1)-sphere [2]. He studied the orbit of L(n) that is a subgroup of
SL(n, R) to obtain the above result. We shall show that Uchida’s method is useful to
our problem.

In particular, we shall show that there are uncountably many topologically dis-
tinct analytic actions and uncountably many C'-differentiably distinct but topologically
equivalent analytic actions of SL(n,C) on the (2n+k—1)-sphere.

2. Twisted linear actions

Here, we recall the definition of twisted linear actions.

Let u = (u;) and v = (v;) be column vectors in R". As usual, we define their
inner product by u - v = ¥;u;v; and the length of u by |ju|| = u-u. Let M =
(ms;) be a square matrix of degree n. We say that M satisfies the condition (T) if the
quadratic form

Tz Mz = E mM;;T;T 5
,J

is positive definite. It is easy to see that M satisfies (T) if and only if
(1) %”exp(tM)xH >0  for each z€ Rf =R"—{0},tc R.

If M satisfies (T), then

. liin |lexp (tM)z|| = +o0  and t_l_’ir_noo |lexp (tM)z|| =0
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for each z € Ry, and hence there exists a unique real valued function 7 on R{ such
that

lexp (T(z)M)z| =1 for z € Rg.

Therefore, we can define an analytic mapping 7™ of R onto the unit (n—1)-sphere
S™~1 by

M (z) = exp (7(x) M)z for z € Ry,
if M satisfies the condition (T).

Let G be a Lie group, p : G — GL(n, R) a matricial representation, and M a
square matrix of degree n satisfying (T). We call (p, M) a TC-pair of degree n, if
p(g)M = Mp(g) for each g € G.

For a TC-pair (p, M) of degree n, we can define an analytic mapping

£:G xS = 8™ by €£(g,2) = M (p(9)z),

and we see that ¢ is an analytic G-action on S”~1. We call ¢ = £(»M) a twisted linear
action of G on S™~! determined by the TC-pair (p, M), and we say that £ is associated
to the matricial representation p.

For a given Lie group G, we introduce certain equivalence relations on TC-pairs.
Let (p, M) and (0, N) be TC-pairs of degree n. We say that (p, M) is algebraically
equivalent to (o, N), if there exist A € GL(n, R) and a positive real number c satisfy-
ing

(%) cN = AMA™! and o(g) = Ap(g)A™" for each g € G.

We say that (p, M) is C"-equivalent to (o, N), if there exists a C"-diffeomorphism f
of S™~1 onto itself such that the following diagram is commutative :

axgnt X, g gt

lg(ﬂ-M) ng(d.N)

Sn— 1 f Sn— 1 .
We call f a G-equivariant C"-diffeomorphism.

Lemma 2.1. If (p, M) is algebraically equivalent to (o, N), then (p, M) is C*-
equivalent to (o, N).

Proof. It has been proved in the paper [1], but we give a proof for completeness.
Suppose that there exist A € GL(n, R) and a positive real number c satisfying (¥*).
Define analytic mappings h4 and k4 of S™~! into itself by

ha(z) =7V (Az) and ka(y) =M (A7 ly).
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Then the composites hska and kqh,4 are the identity mapping on S™~! by the con-
dition ¢cN = AMA~!, and hence h4 is a C“-diffeomorphism . Furtheremore, the
equality

ha(€®M(g,z)) = €™ (g, ha(z))
holds for each g € G and z € S"~! | by the condition (*). O

Let us define mappings ¢; by the forms

L1 : Mn(C) g Mzn(R)
xvive (3 Y
to : My(H) — My,(C)

) for X,Y € M,,(R)

. X -Y
X+]Yi—>(Y X) for X,Y € M,(C)
L3 =1101L2
14 :C" — R™

a:+iy»—>(2) for z,ye R"
s H"—C™

x+jyr—>(z> for z,ye C™

L6 =1401Ls5

3. First examples

Here we shall study twisted linear actions of G = SL(n, C) on the (2n+k—1)-
sphere associated to the representation p defined by p(A)=t1(A) @ Ix.
Let A and B be square matrices of degrees n and k, respectively. We denote by

A @ B the matrix
A 0
0 B

of degree n + k. We obtain the following lemma.

Lemma 3.1. Let n > 2 and k > 2. Let M be a real square matrix of degree
2n + k. Then

M(Ll (A) (&) Ik) = (Ll(A) ©® Ik)—M
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for each A € SL(n,C), if and only if M= 1,(cI,,) ® M for some real square matrix
M of degree k and a complex number c. Furthermore, M = 11(cl,) ® M satisfies

the condition (T'), if and only if ¢ has positive real part and M satisfies the condition
(1)

Let M be a real square matrix of degree k satisfying the condition (T). Let ¢ be
a complex number of which real part is equal to 1. Denote by x“™ the twisted linear
SL(n,C)-action on the (2n+k—1)-sphere determined by the TC-pair (p, ¢1(cI,,)®M).
Then x>M is written in the form

XM (A, 14(u) ® v) = 14(e® Au) ® My
for a real number 6 which is uniquely determined by the condition
lea(e®® Au)|® + [|e®Mo]? = 1,
where w is a column vector in C™ and v is a column vector in R* satisfying ||e4(u) |2+

o]l = 1.
Let us define closed subgroups L(n) , N(n) and N.(n) of SL(n, C) by the forms

so-{(12)} ww{(3 1) ree-m}

N ={(3 1) Goelapim(o) - A}

Denote by F(c, M) the fixed point set of L(n) with respect to the twisted linear
action x> . Then we obtain the following lemma.

Lemma 3.2. With respect to the twisted linear action x>,
F(c, M) = {ts(aer) ®v :a € C,af* + ||v]* = 1}

where e =t (1,0, --,0) € C™. The isotropy group at 0 ® v coincides with SL(n,C),
the one at 14(ae1)®0 coincides with N.(n), and if a||v|| # 0, then the one at 14(ae;)Dv
coincides with L(n).

Let N(L(n)) be the normalizer of L(n). Then N(L(n)) = N(n) and the factor
group N(L(n))/L(n) is naturally isomorphic to the multiplicative group C — {0}. Let
us investigate the induced N(L(n))/L(n) action on F(c, M) via x®™. Leaving fixed
any point ¢4(ae;) ® v of F(c, M) satisfying al|v|| # 0, we have real valued analytic
function 6=6()\), determined by

xoM <( 3 : >,L4(ael)€Bv> = 14(eAae;) @ My
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and |e®\a|? + [|e?Mv]||2 = 1 . Then §()) = 6(|A|) and

i9<0<i

for A €C-{0}. Furthermore, we obtain

1
lim O(A) =—-o00, lim €|\ ==, lim [|®Mv||=0,
|X|—o0 [X[—o0 la]” 1A=

and

lim €|\ =0, lim My =naM(v).
IA|—0+ IA|—0+

Denote by S?"*+*~1(c, M) the sphere with the twisted linear SL(n,C)-action
c,M

X
Theorem 3.3. Let M, N be any real square matrices of degree k satisfying the

condition (T'). Let c,c’ € C, Re(c) = Re(c) = 1 and Im(c) # Im(c'). Then there is

no SL(n, C)-equivariant homeomorphism from S?"+k=1(c, M) to S?"+k=1(¢', N).

Proof.  Assume that f is equivariant homeomorphism from S?"**=1(¢c, M) to
S2n+k-1(¢' N). By considering the restricted L(n)-action , f(F(c, M)) = f(F(c', N)).
Furthermore, considering points of F'(c, M) and F(c’, N) whose isotropy groups
coincide with neither SL(n, C) nor L(n), we obtain f({c4(ae1)®0 }) = {ts(ae1) &0
}. Then isotropy groups of corresponding points induce a contradiction. O

Theorem 3.4. Let M,N be any square matrices of degree k satisfying the condition
(T"). Let ¢ be a complex number whose real part is equal to 1. Then there exists an
SL(n,C)-equivariant homeomorphism f of S*"**~1(c, M) onto S*"**~1(c, N).

Proof. By the above investigation, we can construct uniquely an N(L(n))/L(n)-
equivariant homeomorphism fy of F(c, M) onto F(c, N) satisfying the following con-
ditions

f(ta(aer) ®v) = t4(aer) dv forlal]=1 or %,
’ ]_ ’
fo0@eMv)=0@e® N for |jv]|=—=, [e"™Mv]|=1 and ||® Vv| =1,
V2
1
Fox®™M (A, t4(aer) ®v)) = XN (A, tu(aer) ®v)  for |a| = 7 and A € N(n).

Next we consider the following diagram
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SU(n) x F(c, M) _dh_» §2ntk—1

1% fo | f

P2 v
SU(n) x F(e,N) —"2+ gentk-1

where
/‘/)I(Ka $) = XC’M(K’ .’L‘) = (LI(K) (&) Ik)za

Yo (K, z) = x°N (K, z) = (11 (K) ® I)z.

By the construction of f, , we see that ¥ (K,z) = v;(K’,2') if and only if
¥2(K, fo(z)) = ¥2(K', fo(z')) and hence we obtain a unique bijection f of S27+k-1
onto itself satisfying

for =1a0(1x fo).

Then f is a homeomorphism, because 1; and 1, are closed continuous mappings.

Finally, we show that f is SL(n,C)-equivariant. Let A € SL(n,C), K € SU(n)
and =z € F(c,M). Then there are B € SU(n), U € N(n) such that AK = BU, and
hence

FOEM(A (K x) = f(x*M(AK,z)) = f(x>™(BU,z))
= f((B,x*M(U,))) = v2(B, fo(x* (U, z)))
= (B, x*N (U, fo(x))) = x*N (BU, fo(z))
= x*N(AK, fo(z)) = XN (A, 92(K, fo()))
= x°N(4, f(W1 (K, z))).

Consequently, we see that f is an SL(n,C)-equivariant homeomorphism of
S2rtk=1(c M) onto S?"tk=1(c, N). 0

Theorem 3.5. Let M, N be square matrices of degree k satisfying the condition
(T). Let ¢ be a complex number whose real part is equal to 1. If there exists an
SL(n, C)-equivariant C"-diffeomorphism of S**t*=1(c, M) onto S?>"**=1(c, N), then

N =PMP™!
for some P € GL(k, R).

Proof. By the existence of such an equivariant C!-diffeomorphism f, we obtain
an N(L(n))/L(n)-equivariant C*-diffeomorphism f; : F(c, M) — F(c, N). Consid-
ering points of whose isotropy groups coincide with neither SL(n,C) nor L(n), we
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obtain fi({ta(ae;) ®0 }) = {ta(ae;) ® 0 }. Then there is a € C such that |a| = 1 and
fi(ta(er) ®0) = t4(ae1) ®0. Let Iy : F(c, N) — F(c, N) denote the mapping defined
by

lb(xel@v)=x°’N<<8 :) ,xeleav):bxel@v for|b=1.

Then,ly is an N(L(n))/L(n)-equivariant C*-diffeomorphism. Now, setting fo = [,-1 0
f1, we obtain an N(L(n))/L(n)-equivariant C*-diffeomorphism fo : F'(c, M) — F(c,
N) satisfying the following condition

fo(ea(er) ®0) = ta(er) ® 0.
Then we obtain an isomorphism
dfo : T,y(eny@oF(c; M) = Ty y(eyy@oF'(c;, N)

of tangential representation spaces of the group N.(n)/L(n).
Here we consider the representation space T,,(c,)g0F(c, M). Put F(M), = {14
(ae1) ®v € F(e, M) : |a|] # 0}, and define

YoM F(M)y — S x RF by ¢°M(14(ae;) @ v) = (el 18laleg o(—loglalMy)y,

Then ¢>M is a C“-diffeomorphism satisfying 1™ (14(e;)®0) = (1,0). Let A>M
denote the mapping on F'(c, M) defined by

XM (14(aer) ®v) = xoM (( 3 : ),L4(ael)€B'U) for ( 3 : ) € N,(n).

Then, since (log |A|)Im(c) = Argh,

POMAM (14(aer) D)) = YoM (ua(e® Naer) ® ePMo)
(e(— log [Aaf)ey 4 , e(—log I/\al)Mv)

(e~ oBlaleg | (= log DM g(~log la)M

Define Ly, : R¥ — RF by Ly(w) = e(=1°81XDMy and by, : S x R* — S x R*
by hpr = id x Lps. Then we obtain the commutative diagram

FM), 25 s R
l,\C'M th

c,M
F(M), 2 §'x Rk

Next we consider the following commutative diagram
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T1(SY) @ To(R*) il - Ty(S") @ To(RY)

c,M
w AC,M
dreM

T, y(enyo F(M)4 T, y(en)wo F(M)+

q dfo dfo q

d)\c’N
TL4(e1)€BO F(N)+ TL4(€1)G90 F(N)+

dh
Ty(S") D To(R) B Ty(S") @ To(R¥)

where ¢ is the linear mapping so that this diagram is commutative. Considering di>M,
dfo and diy>, we see that there exists P € GL(k, R) such that

1 %
=g p)e
* Therefore,

1 0 1 % _ 1 % 1 0
0 el-lgXDN 0 P) N0 P/ 0 ellshdM J~

Hence, we obtain

N =PMP!.

4. Second examples

Here we shall study twisted linear actions of G = SL(n, H) on the (4n+k—1)-
sphere associated to the representation p defined by p(A) = t13(A) @ Ix.

Lemmad4.1. Let n > 2 and k > 2. Let M be a square real matrix of degree 4n+k.
Then

M(13(A) @ I) = (13(A) & Iy) M
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for each A € SL(n, H), if and only if M= cl4,,®M for some real square matrix M of
degree k and a real number c. Futhermore, M=cl4,®M satisfies the condition (D), if
and only if ¢ is positive and M satisfies the condition (T).

Let M be a square real matrix of degree k satisfying (T). Denote by x™ the
twisted linear SL(n, H) action on the (4n + k — 1)-sphere determined by the TC-pair
( p, Isn ® M). Then xM is written in the form

xM (A, 16(u) ® v) = 16(e? Au) @ ?My
for a real number # which is uniquely determined by the condition
lle6(e® Au)|1? + [|*Mo]|? = 1,

where w is a column vector in H™ and v is a column vector in R¥ satisfying ||¢6(u)||2+
[[v]|? = 1.
Let us define closed subgroups L(n) and N(n) of SL(n, H) by the forms

o={(3 )} wo-{(3 1)}

Denote by F'(M) the fixed point set of L(n) with respect to the twisted linear
action x™ . Then we obtain the following lemma .

Lemma 4.2. With respect to the twisted linear action x™,
F(M) = {ts(ae;) ®v:a€ H,la*+ ||v]|* = 1}

where e; =t (1,0,---,0) € H". The isotropy group at 0®v coincides with SL(n, H),
the one at 1g(ae1) D0 coincides with N (n), and if a||v|| # 0, then the one at 15(ae;)Dv
coincides with L(n).

Let N(L(n)) be a normalizer of L(n). Then the factor group N(L(n))/L(n) is
naturally isomorphic to the multiplicative group H —{0}. Let us investigate the induced
N(L(n))/L(n) action on F(M) via x™. Leaving fixed any point ¢5(ae;)®v of F(M)
satisfying al|v|| # 0, we have real valued analytic function #=6()), determined by

M (( 3 : ),Le(ael)@v) = 15(e \aey) @ My

and |e®Aa|? + ||e?Mv]||2 = 1. Then 8(\) = 6(|)\|) and

d d
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for A € H-{0}. Furthermore, we obtain

lim 6(]A]) = —co, lim e"|,\|=i lim [|e?M]| =0,
|A] =00 |A]—o00 Al— o0

lal” 1Al

and
lim €’|A\| = 0.
|A]—0+

Denote by S4"+k—1( M) the sphere with the twisted linear SL(n, H) action x™.

Theorem 4.3. Let M\N be any real square matrices of degree k satisfying the
condition(T). Then there exists an SL(n, H)-equivariant homeomorphism f of S**+k=1(M)
onto S4nTk-1(N).

Proof. By the above investigation, we can construct uniquely an N(L(n))/L(n)-
equivariant homeomorphism fy of F(M) onto F(N) satisfying the following condi-
tions

1
Pv) = e1) ®v orlal=1 or —,
fo(we(ae1) ® v) = te(aey) for |a V2
’ ]. ’
fO(OEBeeMv) =09e?N  for lvl| = E , ||60Mv|| =1 and ||ee Nv|| =1,

fox™ (4, t6(aer) ®v)) = x™ (4, 16(ae1) ®v)  for |a| = —= and A€ N(L(n)).

Si-

Next we consider the following diagram "
Sp(n) x F(M) ~ ———  gin+k-1

1 x fo L f

¥
Sp(n) x F(N) _wz_. Gn+k—1

b

where

(K, z) = xM(K,z) = (13(K) ® I)z,

Yo (K, z) = XN (K, ) = (13(K) & Iy)z.
By the construction of fo, we see that ¥, (K, z) = v, (K’,z’) if and only if ¥ (K, fo
(x)) = 2 (K', fo(z")) and hence we obtain unique bijection f of S***+*~1 onto itself

satisfying

for =1a0(1x fo).
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Then f is a homeomorphism, because ; and 1, are closed continuous mappings.

Finally, we show that f is SL(n, H)-equivariant. Let A € SL(n, H), K € Sp(n)
and x € F(M). Then there are B € Sp(n), U € N(n) such that AK = BU, and
hence

FM(A (K, x) = F(XM(AK,z)) = f(x™ (BU, x))
= f(u(B,x™(U,x))) = ¥2(B, fo(x™ (U, z)))
= (B, xN(U, fo(x))) = x" (BU, fo())
XN (AK, fo(2)) = x" (A, ¥2(K, fo(x)))
= (A f(h (K, x))).

Consequently, we see that f is an SL(n, H)-equivariant homeomorphism of
S4n+k—1(M) onto S4n+k_1(N). O

Theorem 4.4. Let M, N be square real matrices of degree k satisfying the condi-
tion (T). If there exists an SL(n, H)-equivariant C'-diffeomorphism of S*"+*—1(M)
onto S*"tk=1(N), then

N =PMP™!
for some P € GL(k, R).

Proof. By the existence of such an equivariant C!-diffeomorphism f, we obtain
an N(L(n))/L(n)-equivariant C!-diffeomorphism f; : F(M) — F(N). Considering
points of whose isotropy groups coincide with neither SL(n, H) nor L(n), we obtain

fi{te(ae1) ® 0}) = {i6(ae1) ® 0}. Then there is a € H such that |a| = 1 and
fi(ee(e1) ®0) = tg(aer) ®0. Let I, : F(N) — F(N) denote the mapping defined by

lb(:cel@v)=xN<<8 :) , a:eﬁBv) for |b|=1, be H.

Then,l, is an N(n)/L(n)-equivariant C*-diffeomorphism. Now, setting fo = l,-1 o
f1, we obtain an N(n)/L(n)-equivariant C!-diffeomorphism fo : F(M) — F(N)
satisfying the following condition

folte(er) ®0) = g(e1) ® 0.

Then we obtain an isomorphism

dfO L6(€1)@0F(M) - L6(€1)€B0F(N)

of tangential representation spaces of the isotropy group N(n)/L(n).
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Here we consider the representation space T, (c,)g0F (M). Put F(M), = {u(
ae1) ®v € F(M) : Re(a) > 0}. We identify R® with {¢(1,*) € R*} and define

M F(M); — R*®R* by YM (16(aer)®v) = 1g(e 198 (Re(“))a)eae" log (Re(a)) My,

Then %™ is a C“-diffeomorphism satisfying Y™ (16(e;) ® 0) = 0 ® 0. Let A\M :
F(M) — F(M) denote the mapping defined by

MM (16(aer) @ v) = xM (( 3 : ),Le(ael)@’v) for ( ;)\

Then,

PM(AM (16(aer) B v))

:)ENM)

M (16(ef raey) ® e?Mu)
Le(e(_ log Re()\a)/\a) ® e(— log Re()\a))M,v

Le(e_ log Re(a)a) D e(— log /\)Me(— log Re(a))MU)_

Define L : R — R* by L (w) = e(~108 )My, and hy, R}*® R* - R*® R* by
hpar = id @ Lys. Then we obtain the commutative diagram

M
FM)y ——

R*® RF

b

FOD, Y. R*eR*

Next we consider the following commutative diagram

TO ( R3+k)

dh
M TO (R3+k)

W

q dfo

dyN

TO (R3+k)

TL6(81)@0 F(M)+

TLe(e1)$0 F(N)+

/d;b B
dAM

TL6(€1)€B0 F(M)+

dfo q
d\N
Ty (eny@o F(N)+
WN
dhn \

TO (R3+k) ’
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where ¢ is a linear mapping so that this diagram is commutative. Considering dy™ , dfy
and dy", there exists P € GL(k, R) such that

q(z) = ( I03 ;; )x .
Therefore,
(13 0 )(13 *)_(Ig *)(Ig 0 )
0 el-logA)N o P/ \Lo P 0 el-logM | -
Hence,we obtain

N=PMP',
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