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0. Introduction

It is well-known that for the Schrodinger operator (—1/2)A + V' with a nonnega-
tive continuous potential V' in the space Ly(R?), the Trotter product formula

n— oo
and its variant

(02) lim (e—tV/Zne—t(——(1/2)A)/ne—tV/2n)n — e—l(—(l/?)A+V)

n—oo

hold in the strong operator topology. It has recently been discussed that if V' is e.g. in
C? and satisfies

V(z) > c(1+ |z]|*)*/?

0.3)
V™V ()| < em(1+ |z[2)P~™+/2, m=1,2

for some 0 < p < 00, 0 < ¢ < o0 and 0 < ¢;, ¢ < oo (which is the condition
from [2]), (0.1) and (0.2) are convergent in the L,-operator norm (1 < p < 0o). More
precisely, as t | 0

(04) ”(e—tV/ne—t(—(1/2)A)/n)n _ e—t(—(1/2)A+V) ”p—)p

_ (l)2/(2\//7)0(t1/2+1/(1vp))
n

(0.5) [|(e=tV/2ne—H-(/DA) ne=tV/nyn _ o=t(~(1/DA+V))

_ (1)2/(2VP)0(t1+2/(2VP))’

n
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where ||-||,—p stands for the L,-operator norm. This convergence in the operator norm
is proved in [4], [5], [1], [6], [2] and [10], though these works except [6] and [10]
deal only with the convergence in La-operator norm.

In [2], however, the convergence in the trace norm is further studied. Namely,
when p > 0 in (0.3), they have shown operator-theoretically that

(0.6) ”(e—tV/ne—t(—(1/2)A)/n)n _ e—z(—(1/2)A+v)“tme _ 0((1)

2/(2Vp)
D)

—tV/2n —t(— no—tV/ann  —t(— 1y2/(2ve)
0.7) [|(e~tV/2re=t(=(1/2)A)/ng=tV/2nyn _ o—t( (1/2)A+V)“tmce:0((ﬁ) )’

as n — 0o, locally uniformly in ¢ > 0, where ||||trace Stands for the trace norm. Since
Il ll2=2 < || - |ltraces the convergence in the trace norm implies that in the Ly-operator
norm, so that their result in the trace norm is better compared with the others. But
they have not observed the behavior of the error bounds in (0.6) and (0.7) as ¢ | 0.

The aim of this paper is to take care of this point to give another proof to the
trace norm convergence of (0.1) and (0.2), that is, a probabilistic proof following the
lines of [2]. It should be emphasized here that in the one-dimensional case (d = 1) the
convergence of (0.1) and (0.2) in the trace norm may hold, locally uniformly even in
t>0.

In Section 1, the condition on V is presented, which relaxes (0.3), and Theorem
is stated. Its proof is done in Section 4. For this, Sections 2 and 3 are devoted to pre-
liminaries. Section 5 deals as a remark with the case of less regular potentials V.

1. Presentation of Theorem

First we present the condition on a scalar potential V: Let 0 < p < 00, 0< 4 <1,
0<C,Ch<ooand 0 < p, v <oo. Let V. R? - [0,00) be a C'-function such
that

.. V(z)
(©  liminf 72" >0
A O V(@) <+ V()

(ii) [VV(z) — VV(y)|
<C{V@ 19 (1+ |z - yl#) + 1+ [z =yl }Iz - yl.
RemMARK 1. (i) The conditions (o) and (i) in (A)} imply 1/8 > p.
(ii) The condition (o) in (A)} is equivalent to that
(1.1 V(z) > clz|f - ¢, zeR?

for some positive constants ¢ and c'.

ReMARK 2. The condition (0.3) implies (A),(i) and (ii) with 6 = 1A(1/p), Cy =
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crc”=INA/R) | Oy = ¢p2(P3)+ (¢~ (1-2(1A(1/P))+ /2V1), p=0and v = (p - 2);.
In the following let V' be as above. Set

H = —%A +7V,
K(t) = etV/2e—t(-(1/DA)=tV/2.
G(t) = e Vet (=(1/2)8),
R(t) = e~t(-(1/28)/2,-tV =t(~(1/2)A)/2.

By the condition (0), e~ *¥, K(t), G(t) and R(t) (t > 0) are trace class operators. Let
us denote by || - ||trace the trace norm.

Theorem. Let T >1and 0<t<T. Then
(i) Forn>2

[ ()" e
n
where const depends only on Cy1, Cs, 6, u, v, p, ¢, ¢/, d and T (c and c' are

positive constants in (1.1)).
@ii) Forn>3

N _iH
le(z) e
where const depends only on Cy, Cs, 6, u, v, p, ¢, ¢/, d and T.
(iii) Forn>3

Iy -

where const depends only on Cy, Cs, 6, u, v, p, ¢, ¢, d and T.

1\1A28
< const(;) t1+1/\25—d(1/2+1/p)’

trace

< const(l) 1A26t1/2+6—d(1/2+1/p),
- n

trace

< ConSt(1)1A26t1/2+6_d(1/2+1/p),
- n

trace

ReMARK 3. When d = 1 and p = 1/6, ||[K(t/n)" — et ||¢race, ||G(t/n)™ —
e ||iraces [|R(E/n)™ — €7 [|irace = O((1/n)"?%) as n — oo, locally uniformly in

t>0.

2. Decomposition of K(t/n)" —e *H, G(t/n)" —e *H and R(t/n)"-
e—tH

It is observed that for n > 2 and ¢t > 0

k()

n
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= i K(%)J—l (K(%) _ e—tH/n)e—(n—j)tH/n

j=1
= ﬁ i-1 3 __—tH/n\ —(n—j)tH/n
5 () e
E Jj-1 3 __—tH/n\ —(n—j)tH/n
+ln/212<jsnK(") (5 (5;) - emtHim)ertramtin,
oLy -

_ —tV/2n n—1 1 \m=l i 1)tH/n) ~tV/2n —t(—(1/2)A)/n
e (K(——n tn — 1) e )e e

+ [e—tV/Zn’e—(n—l)tH/n]e—tV/2ne—t(—(1/2)A)/n
t
—(n—-1)tH/n Y _ _—tH/n
+e (@(5) -<),

Ry

n

— —t(=(1/2)A)/2n ~tV/2n n—=1 1 \r=1 o 1)H/n
e e (K(———n tn — 1) e )
« e—tV/2ng—t(~(1/2)A)/2n

+ e—t(=(1/2)8)/2n [e—tV/Zr;’e—(n—l)tH/n]e—tV/2ne—t(—(1/2)A)/2n

+ [e—t(—(1/2)A)/2n’e—(n—l)tH/n]e—tV/ne—t(——(l/2)A)/2n

+ e~(n=1)tH/n (R(%) - e_m/n).

Here we use the following fundamental inequalities (cf. e.g. [3]):
(i)  For trace class operators A and B on Ly(R?)

(21) ”A + B”trace S ||A”trace + ||B||trace~
(ii) For a trace class operator A and a bounded operator B on Ly(R%)

“AB”trace < ”A”trace ||B||2——>2,

|BAlltrace < [|Bll2—2 [|Alltrace

2.2)

where || -||2—2 denotes the Lo-operator norm. By (2.1), (2.2) and the contraction
property of e~tV and e~*(~(1/2)4) we have

@ () -

trace
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< () -

22

x{ Z”e—(n—j)tH/n”"ace+ Z “K(Zi—lj_ii)j_l
1<j<[n/2) [n/2]<j<n

e [o(7) -,

n—1 1 \n-1
< _ ,—(n—-1)tH/n
- “K( n tn - 1) €

}
trace

trace

+ ” [e—tV/2ny e—(n—l)tH/n]

trace

G(i) _e—tH/n

n

’
trace 22

+ ”e—(n—l)tH/n

@9 [r(Z)" -,

n—1 1 n—1
< _ ,—(n-1)tH/n
- ”K( n tn - 1) €

trace

+ [e—tV/2n,e—-(n—1)tH/n]

trace

+ [e—t(—-(l/Z)A)/2n,e—(n—l)tH/n]

trace

e~ (n=1)tH/n R(i) _ e—tH/n

n

+

trace 252 ’

3. Kernels of e *H, K(t/n)", G(t/n)" and R(t/n)"

Let (W, Py) be a d-dimensional Wiener space: W is the totality of all continuous
functions w : [0,1] — R? such that w(0) = 0 with the topology of uniform conver-
gence and P, is the Wiener measure on W. Set

X(t,w) = w(t),
Xo(t,w) = X(t,w) —tX(1,w) = w(t) — tw(1),

Il

and

p(t,z) := Po(w(t) € dz)/dz = (%)d/2 exp{—%}.

Note that (Xo(t))o<t<1 is the Brownian bridge, i.e., the probability law of Xy(-) co-
incides with Py(-|X (1) = 0). By using this, the integral kernels of e~*#, K(t/n)",
G(t/n)™ and R(t/n)™ are expressed as follows (cf. [8], [9]):
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Proposition 1.

3.1 e H(z,y) =p(t,z—y)

x By [exp{~t /0 Vietsy—g)+ ViXo(s)ds}],
¢n  K(2) '@y =pta-y
« Eo [exp{—% (/01 V(o + 52 (y — @) + ViXo(s3))ds
+ /01 V(z + sty - o) + ViXo(sh)ds) }],
63 G() @y =ptz-y)
x Eo [exp{—t /0 1 Vz+so(y —z) + \/Zxo(s;))ds}],
69 R(:) @y =ptz-1)
« [exp{—t/ol Viz+ %(s; +sH)(y - 7) + \/ZXO(%(s; +sp)ds)].

Here s} := ([ns] +1)/n and s;; := [ns]/n.

There is another description of the Brownian bridge. For £, € R? and 0 < to <
1, let (X;O'n(t))ogtSto be the solution of the following SDE (cf. [7], p. 243-244):

to— 1t

doe = dw + 17— 2t dt,  0<t<to
(3.5)

Zg =£

Then (X" (t))ose<to £ (€4 (t/t0)(n — €) + w(t) — (t/to)w(to))o<et,- In particular,

(Xé’o(t))ostsl £ (Xo(t))o<t<1. By this and the scaling property, the expressions in
Proposition 1 are rewritten as follows:

Proposition 2.
t
(3.6) e (z,y) =p(t,z —y)Eo [exp{—/ V(Xi’y(s))ds}],
0

6D K(:) @) =pltz—y)
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e ([ v () [ v (e () D))

59 6(8) stz fo{- [ v(x() )]

0

69 #(8) @) =stn-nsfoo-[v(x22(H()+ ()}

4. Proof of Theorem

CramM 1. Let t > 0. Then
(@) HK(t) _ e—tH”2_’2 < const {012(t3 + t1+26) +C2(t2 4 ¢1+1A26 +t1+y/2+1/\26 +
t2+v/2)}, where const depends only on 4, u, v and d.
(i) ||G(t) — et |22 < const {Cy(t3/2 + t1/248) + C}(t3 + t'+%9) + Co(t? +
t1+1/25)1 " where const depends only on & and d.
(i) ||R(t) — e"t||am2 < const {C)(t3/2 + t1/249) 4 C2(£3 + t1120) 4+ Cy(t? +
t1+1728)1 where const depends only on & and d.

Proof.  We here show the estimate in the kernel level: As for (i)

IEO [exp{— /Ot V(X;’y(s))ds}] - exp{—%(V(x) + V(y)) }l

@.1) < const {Cf(t3 + 172) 4 Cy(t]z — y|? + t2 + 172 | — y|? 4 11N

+ t1/\25|z —y[tE 4 $lHm/241028 | tlz — y[2+ + t2+u/2)},
where const depends only on 4, u, v and d. As for (ii)
t
|E0 [exp{—/ V(Xf;y(s))ds}] —e V@
0

(4.2) < const {C1 (tlz — y| + 372 + |z — y| + t1/240) 4 C2(£3 + t1+%9)

+ 02(t2 + t”’l’\”)},

where const depends only on § and d. As for (iii)

mfess{~ [ vexzsas)] - mofese{ - (x22()]

(43) < const {C’l(tlw —y|+ 32 4+ )z — y| + t1/2H0) 4 C2(£ + t1129)

4Oyt + t1+1/\26)},
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where const depends only on § and d. From these estimates Claim 1 follows immedi-

ately.
First suppose that V' : RY - [0,00) is a C2-function and satisfies (A)4(i) and (ii).
Let 0 < T <T. By noting (3.5), Itd’s formula gives us that

ewp{- [ vixzrnas}enf L5 (vixEr @) + vw)}

{5 (V&) + V() }

=3 [Mel- [ Vool T3 (v + Vi)

i=1

v (—T—é_—t)BiV(Xf*y(t))dwf

+ [ " exp{- / VT (e)ds} exp{ -t (VXTo ) + V) )
x {5(V) ~ VXP¥(@) ~ (WV(XT¥(0), - XT (D)

STt avirse) + C L ovaTsae)ar

exp{— /OTx V(X,T’y(s))ds} exp{—(T - TI)V(X,T”’(TI))} - TV(@)

= Z/OT‘ exp{_ /Ot V(XZ»y(s))ds} exp{—(T - t)V(XZ’y(t))}

i—1

-

x (=(T = )%V (X ¥(t))dw;

+/Tl exp{—/OtV(XZ"y(s))ds}exp{—(T—t)V(Xf’y(t))}

0
x {~(VV(XT¥(t)),y - XT (1))

(T -1
2

- ——T; EAV(XTY(2)) +

2

YV (XT¥ (1) }t.
Hence, by taking expectation
4.4) Ep [exp{— /OT V(XZ’y(s))ds}] - exp{ - % (V(x) + V(y)) }

- o fex{ - / VX)) en{ - tvi)
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< (3 (OV(e+om) - TV (s exp{ TV i)

- avgen{-Ttvie)

(T —t)?

+ SR wveres{-Tvo})|,

dt
=Xf‘”(t),n=y—xf’”(t)] ’

45) Eo [exp{-— /T V(Xf’y(s))ds}] — e TV(2)
0

_ /0 " B, [exp{ - /0 tV(XzT’y(s))ds}

x (~(vV(©),me=V© - LAy (g)emr-0v©
42
+ ulvv(§)|2e—(T—t)v(§))|

2 =XV (t)n=y— X7 '"(t)]

By (A)4(i) and (ii), and the inequality: tbe=t < (b/e),t > 0,b > 0 (where
(0/€)® := 1), it is observed that for £, n € R? and 7 > 0

1
[ vie+om - v, mas VO]
0
1-26 (1-204 .
< (B2 T 020 (g 4 o) - pal? 4+l

_ (1-28)
IAV(é)e—TV(f)I < 2C2d{1 + (%) +

T*(1—25)+},
(V@ me @ < {1+ (L22) s}y,
IVV(&)[2e ™V ® < 2012{1 + (ile__ﬁ)2(l_6)7.—2+25}‘

Using these estimates in (4.4) and (4.5), we have

IEO [exp{— /OT V(Xz’”(s))ds}] - exp{—% (V(a:) + V(y)) }‘

< /OT [% ((2(1 - 26)+)<1—26>+ (T — 1)-(-20)4

x (Bolly = XT9@)*] + Eolly - XT¥())**+#])
+ Eolly - XT¥()2) + Bolly — X7 (8)[*+])
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Cod ((2(1 —26)+ )(1—25)+ (T — )N 4T — t)

2 e
.\ %12_((@)2(1—6)(11 — ¥ 4 (T—t)z)]dt,

IEO [exp{_/TV(XZ’y(s))ds}] —e_TV(I)
' 0

< [Me(i+ (E52) @ - 074 Bty - xT501)
+ Czd(((—l——j‘s)—*)(l_26)+(T R t)
+C? ((@)2(1'6)(1“ — )2 (T - t)2)]dt.
Therefore, from the moment estimate:

(4.6) Eolly — XY (t)|°]

< 3(a=D+ {(%)m —y|* +2C(a,d)|T - t|“/2}, a>0
where C(a,d) := Eo[|X(1)|*] = [za ly|*p(1,y)dy, it follows that
IEO [exp{— /OT V(XzT’y(s))ds}] - exp{—% (V(x) + V(y)) }‘

< const {Cf(Ta+T1+25)+Cz(T2+Tix-—y|2+T1+1A2‘s+T1"2‘5]z—y|2

4+ THu/2+1028 TN | — y[2+0 4 T2H/2 4 T|g — y|2+u)},

where const depends only on d, u, v and d, and

’_EO [exp{_ /TV(XzT’y(S))dS}] — ~TV(2)
0

< const {c1 (T3/% + T|x — y| + TY**° + T%|z — y|) + C2(T? + T**29)

+ 02(T2 + T1+1/\25)}’

where const depends only on é and d. These are just (4.1) and (4.2).

Next we consider the general case that V : R¢ — [0,00) is a C'-function satisfy-
ing (A)j(i) and (ii). To this end take a ¢ € C$°(R? — [0, 00)) such that Jga Y(2)dz =
1 and set Vi (x) := [pa ¥e(z — y)V (y)dy where ¢(2) := (1/e)%(z/€) (e > 0). Then
Ve is smooth and satisfies (A)5(i) and (ii) with the same constants as V has. From
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what was seen above, (4.1) and (4.2) hold for V.. Since V. — V compact uniformly
as € } 0, these estimates are valid for V.

It remains to show (4.3). We note the following: For &, n € R? and 0 <t <
to <1,

4.7) PO(X§°"'(~+t1) € ftl) = Po(Xé‘j‘t""(-) € *)

a=X"(t1)

where F, is the sub o-field generated by w(t), 0 <t < 7, and

.8) (xem0) £ (xteto - 1))

0<t<to 0<t<to

By (4.7) we have

E, [exp{ - /Ot V(X;’y(s))ds}]

t/2 t/2

v(xer(s+ g)es}]

t/2

V(X;’y(s))ds} exp{—— /

= FEy [exp{ — |

0

= E [exp{— /Ot/2 V(X;’y(s))ds}Eo [exp{—/o
By this together with (4.8) and (4.7) we see
Bafexo{~ [ Vxoas)] - Ba[exn{ v (X2 (£)}]

= Ey [(exp{—- Ot/:) V(X;’y(s))ds}Eo [exp{ - /Ot/2 V(Xz/%y(s))ds}]

_ e~tV<s)/2e—tv<e)/2)|

- Eofexp{- [

« Bafexp{ - [

Bl [ vexia- onas) - emnf-gv (37 ()
<on{- v (x*(3))]

t/2

V(X,‘;y(s))ds}

V(Xft/my(s))ds}] L:X:'”(t/z)] )

£:X§”u/n]
t/2
V(X;»y(s))ds}

t/2

V(Xé/z’y(s))dS} _ e—tv(f)/z] ’5=x;>”(t/2)]

= Ey [exp{ - A



oo —_—
<Bfe{- [ v s} -eron)|
B~ [V (i (o+ §)) o) - exn{ v (i~ (2)})
{27 (3 (S}
= E [exp{— /0 v V(X;’y(s))ds}
x Bo[exp{ - /0 v V(XY (s))ds} - e"tVO/2] L:X;*”(tﬂ)]

+ Ey [Eo [exp{ _ /t/z V(X2 (s)) ds} —etV(n) /2] ’
0

con{-tr(xi ()]

7=Xy"(t/2)

Hence

mofexp{ - [ vextonas}] - Bofexn{ v (xt2()}]
< Bof|mfee{~ [ vextHopas) e[|
+ B | Bo[exp{ - /0‘”V(X,t/z,z(s))ds} ewon||
< const Eo[C1 (5[%27(3) =4+ (5)°+ (3) Pxe*(3) =4+ (3)™)
+2((3) + () ) re(3) T+ (@)
+eonst Bo[Ca (5307 (5) ~ 2| + (3) "+ (3) s (3) -<|+ () ™)
+ 012((%)3 4 (%)1+2J) +C2((%)1+1/\25 + (%)2)]’

where in the last inequality we have used the estimate (4.2). Combining this with (4.6)
we have (4.3) at once, and the proof is complete. d

REMARK 4. The estimates (4.1) and (4.2) are a little better than the ones in [10]
(cf. [6]). To prove them we have used It6’s formula. This treatment seems to be more
stochastic analytic than the one in [10]. The present proof is slightly simpler and prob-
ably more elegant.
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CLAM 2.
Let ¢t >0 and n € N. Then

< (ﬁc—l/p)dt—du/zﬂ/p)ew/ e 121”4
trace ™ R4 :

2d/2
+ Tz 1) x | Xo(s)| ],

< (\/z—w)"t—d(l/2+1/p>etc' / el gy
trace U R¢

2d/2
Taz+1)™ x | Xo(s)| ]

”e—tH

Eo| oo

0<s<1

A

J=(2)"

+ Eo| ma

0<s<1

Proof. By the expressions (3.1) and (3.2),

= / e (z,z)dx
trace R4

= (é%)d/2 o E, [exp{—t /01 Viz + \/ZXO(S))ds}] dz
N = LK () @000

()" [ Ble{5 (] e v

+ /0 1 V(z+ \/ZXO(S,J[))ds) }] dz.

4.9) “e-”’

w0 [x(}

By (1.1), it is clear that on {maxo<s<1 |[VtXo(s)| < |z|/2}

P !
ds — ¢

1 1
/ V(e + ViXo(st))ds > c / o]~ [ViXo(s
0

2o [ (Y as- o= e(12]) -,

1 1
/ V(z + ViXo(s))ds > c/ ’|x| - |¢Zxo(s)||pds—c'
0

e [ (Y ds - =e('2])" -

Hence, substituting these inequalities into (4.9) and (4.10), we have

v
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/
v < ()" [ ew{=t(e(5)" - @) Jaa
()" [ o Vexe(o) 2 ) ds,
oo < )" [ exo{-t(c(5)" - ) Jaa

N (_;%)dﬂ /Rd PO(O??%II\/ZXO(SN > l—;—l)dm

Each term on the RHS of (4.11) and (4.12) is computed as follows:

1 \d/2 ,,
The first term = (———) etc / e~telvl”odgy
2mt R4

@.11) ”e“”

@ ()

Ve [ e 0t
R4

) / ~121? gy gd/p4=d(1/2+1/0)gte’

The second term =

i) / Py (2 mas, 1Xo(o)| 2| 721 do

[ (2 g, 1Xo(o) > ol

)
)d /Sd ldw/ r 1P°(2 max |X0(S)| >r)dr
) F

/2 2qd/2

a1 >
d/2 / r P0(201£1?§(1|X0(3)I_r)dr

d/2—-1 oo d_
) I‘(d/? EO[A r 112‘“‘"‘05551IXo(S)Izrd"]

_ 2maxocs<1 [ Xo(s)| ,,.d
_ (%)d/z lﬁdE/T)EO[/ 0<s<1 [Xo (%)ldr]

= 27 o (2 g, )]

= 2 e |z o]
2d/2

T@/2+1) ° [Og.?%(l IX"(s)ld]'

The proof is complete.
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Proof of Theorem (i). Let T'>1,0< ¢t <T and n > 2. By Claim 1,

(4.13) ”K( )-e-‘”/"

¢ 14141426
. )

< const T2VW/2AVA+v/2)(02 4 ©,) (_ H1+1A26
22 1 n )

where const depends only on 4, u, v and d. Note that

L;;—lzéfor [g]<j§n.

By this and Claim 2,

”e—(n—j)m/n

+ F(d2/;/i 7y Fo [oré‘f‘%‘l Xo(s)l] for 1< <[3],
i — o\ —d(1/2+1/p) .., ,
[ ) " o < (f2e) () e [ et
+ ol ] for (2] <<

Combining these with (4.13) we have by (2.3)

& ()" - e
1\ 1+1A26
)

< const T2VW/AVA+v/2)(02 4 Cz)(—
n

X 1 X {(\/Ec—l/p)dgd(l/2+1/p)erc' e—lel? gy 4=d(1/241/p)
™ R4

2:1/2
HNCIPED))

trace

tl+1/\24§

Eo [o’é‘?é IXo(S)Id] }

1y 1A26
< const (;) t1+1/\25—d(1/2+1/p),

where const in the last line depends only on Cy, Cs, 6, u, v, p, ¢, ¢, d and T. The
proof of Theorem (i) is complete. ]

CLam 3. (i) Fort>0

lle™, Vil
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< ng(t + ((1 - 26)+)(1—26)+t1/\26> L e (t2 + (2(16— 6))2(1-6)t26)

€

+ C1C(1,d) (t1/2 + (lzf‘s)l_‘st—l/zw),

where C(a,d) := Eo[|X(1)|°] = [pa ly|*p(1,y)dy, a > 0.
@ii) Fort>0 and s > 0,

AN

”[e_svae_tH]”trace = Zsll[e_tH/27V]||2—>2 “e_tH/2“t"ace’

e/, et nee < 25072, Villansz e/ irace:

Proof. As for (ii), note that
[e—sv,e—m] :/ e—uV[e—tH’V]e—(s—u)Vdu’
0
[e—s(-(1/2B) —tH] — _ / * o—u(=(1/2)8) [e—tH,%A]e—(s—un—(l/zm)du
0

_ _/’e—u(—(l/zm)[e—m,V]e—(s—u)(—(l/a)mdu,
0
[6_tH,V] — [e_tH/2,V]e_tH/2 +e—tH/2[e_tH/2,V].

By (2.1) and (2.2), these expressions give us the estimate described in (ii).
As for (i), note that the integral kernel of [e~*# V] is expressed as

@.14) e, V](z,y) = p(t,x ~y)
1
x (V(y) = V(x))Ep [exp{—t/ V(z+s(y —z) + \/EXo(s))ds}].
0
If we show the following estimate:
1
(4.15) ](V(y) —V(2))Eo [exp{—t/ V(e +s(y — z) + \/ZXo(s))ds}] |
0
(1—28)4\(O=2D+ ;05 2 (42 2(1 = 8)\2(-9) 54
< Cua (L5202 o (2L20) )
+Cile —yl(1+ (——e ) ),
the estimate in (i) follows immediately from this and (4.14).
In the following we show (4.15). To this end we may suppose without loss of

generality that V : RY — [0,00) is a C2-function and satisfies (A)4(i) and (ii) (cf.
the proof of Claim 1).
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First of all we note that for f € S(R?) and t > 0

(4.16) etH (—%A + V)f = (—%A + V)e“”f.

Let T > 0,0 <t < T andy € R% By letting f = p(T — t,-,y) in (4.16), the

Feynman-Kac formula gives us that
t
Ey [exp{— / V(z + Xs)ds}V(:c + Xe)p(T — t,x + X — y)]
0
t
—V(2)Eo [exp{— / Viz + Xs)ds}p(T —to+ X — y)]
0
1 t
= —ZAE, [exp{— / V(e + X,,)ds}p(T —tz+ X, — y)]
2 0
y)]

t
1
+E0[exp{—/ V(z+Xs)ds}§Ap(T—t,a:+Xt—
0

t
Ep [exp{—/ V(:l:+X3)ds}
0
1 [t 2
X {(——l/ VV(z + Xs)ds| + / AV (z + Xs)ds)p(T -tz + X —y)
21/, b 2
t
+ </ VYV (z + X,)ds, Vp(T — t,2 + Xy — y)>}]
0
By using the Brownian bridge (Xo(s))o<s<1, this is rewritten as

/Rd E [exp{-—t /01 Viz+s(z—z)+ \/iXo(S))ds}]

xV(2)p(T —t,z — y)p(t,z — z)dz
- V(z) /Rd Ey [exp{—t /01 Viz+s(z—z)+ \/EXo(s))ds}]

xp(T —t,z —y)p(t,z — z)dz
/Rd E, [exp{—t/o1 V(z+s(z—z)+ \/ZXo(s))ds}
X {—g‘/l VV(z +s(z —z) + \/EXo(s))ds‘2
0

+ %/01 AV(z+s(z—1z)+ \/ZXO(S))dS}]

x p(T —t,z —y)p(t,x — z)dz
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d
+§::/Rd

Ey [exp{—t /01 V(z+s(z—xz)+ \/EXo(s))ds}

1
X t/ OV(z+s(z—xz)+ \/ZXo(s))ds]
0
x 0;p(T — t,z — y)p(t,z — z)dz.

By integration by parts and the formula: 8/0z; p(t,z — z) = p(t,x — z)(z; — 2;) /t, the
second term on the RHS is further computed, so that

The RHS = /Rd Eo [exp{—t/ol V(e +s(z —z) + \/ZXO(s))ds}
X {—§</01 VV(z + s(z — ) + VtXo(s))ds,
/01(1 —25)VV(z + s(z — ) + \/ZXO(S))ds>
t

+ - /1(1 - 29)AV(z+s(z —x) + \/ZXO(S))dS
2Jo

_ </01 VV(z+s(z—z)+ \/iXo(s))ds,w — z>ds}]
x p(T —t,z —y)p(t,z — 2)dz.

Hence, as t T T', we have
(V) ~ V(@) Bo [exp{ ~T /0 V(e +s(y — ) + VT Xo(s))ds }]
1
= Ey [exp{—T/O Vi +s(y—z)+ \/T_Xo(s))ds}
2, rl
X {—T?</O VV(z + s(y — z) + VT Xo(s))ds,
/1(1 -25)VV(z +s(y —z) + \/TXo(S))ds>
0
+ g/l(l —25)AV (z + s(y — z) + VtXo(s))ds
0

1
- / (VV(z +s(y — z) + VT Xo(s)),x — y)ds}].
0
Finally, using the estimates:

IVV(@)] < Ci(1+V(2)'?),
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|AV (z)] < 2Cod(V (z)1—29)+ 4+ 1)

and then applying Jensen’s inequality, we obtain (4.15) and the proof is complete.

O

Proof of Theorem (ii) and (iii). Let 7' > 1,0 < ¢t < T and n > 3. Note that
1/(n—1) < (3/2)(1/n), so that (n — 1)/n > 2/3. First, by Theorem (i)

n—1, 1 \n=1 . oo
4.17) “K( y tn—l) _ o—(n-1)tH/

trace

1 \1A28 ;;p — 1 \ 14+1A26—d(1/241/p)
) (5
n—1

IN

const (
n

const (g)l/\26+d(1/2+1/p) ( 1

IN

)1A26t1+1/\26—d(1/2+1/p)
b
n

where const depends only on Cy, Cs, 4, u, v, p, ¢, ¢, d and T. Second, by Claims 1
and 2

“e—(n——-l)tH/n

t
<Je(G) -],
trace n 252
<[R() - e
trace n 252

< {(\/gc—l/ﬂ)d(g)du/zﬂ/p)t‘d(l/“l/”)ew /Rd e ll? gy

2d/2
* Tz [o'élf‘é‘l Xo()I“] }

(4.18)
”e—(n—l)tH/n

1/2+6
x const T%/%(Cy + C? + 02)(%) ¢1/2+8

< const (l) 1/2+6t1/2+6_d(1/2+1/p)’
- n

where const in the last line depends only on Cy, Cs, 6, p, ¢, ¢/, d and T. Third, by
Claim 3 and Claim 2

(4.19) H[e—tV/zn,g(n—l)tﬂ/n]

' [e——t(—(l/Z)A)/2n’ e—(n—l)tH/n]

trace trace
< E” [e—(n—l)tH/Zn’ V] H “e—(n—l)tH/2’n
n 22 trace
t (1= 28)1\(1=20)+ 1 — 1 \1A26 n—1
< - At e t d
- n{Czd ( e ) ( 2n ) +C 2n t

et (M2 v r ()
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n— lt —1/2+4
2n )

raicq, d)(1 - 5) (
+CIC’(1,d)(n2:l t) /2}

y {(\/gc‘l/”)d(n2;1t) _d(1/2+1/p)e(n—l)tc'/2n /Rd o2l gy

9d/2 4
* rap e L o]}
)

I'd/2+1)

[
< %{de ((1;626 +)(1—25)+ (%)IM:IHAM + Cad %t2
(

+C1( 2(1- 5))21 ‘5)(;) F1+26 02(2) £3
@)

+CiC(L,d ( ) t3/2}

{(\/:c_l/p) 34(1/2+1/p) T /2/ e~ 1217 dg ¢—2(1/2+1/p)
RY
d/2
+ ol o]}
< %{Czd (@)(1 26)+ (%)1/\25 + Cyd %
+C'12(2(1 5))2(1 ‘5)(;)25 +C12(%)2
+CC(1, d)( ) (( ) 1/2+6V (%)-1/2%)

+CC(,d (%) }

{(\/:c—l/p) 3d(1/24+1/p) ,T<' /2 /Rd ool g

2d/2
e T [
« T5/241/2+8— d(1/2+1/p)

+C1C(1,d) (

d(1/2+1/p)
max | Xo(o) | 72024100}

(since 1/2+0 <1+1A20 <1+ 24, 2)

< const l t1/2+6_d(1/2+1/p),

where const depends only on Ci, Cs, 6, p, ¢, ¢/, d and T. Therefore, combining
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(4.17), (4.18) and (4.19), we have by (2.4) and (2.5)

o=l I -

< const (1)1/\25 $1H1N26-d(1/241/p) L const l $1/2+6—d(1/2+1/p)
s ~ -

I
trace trace

+const (%) 1/2+6t1/2+6—d(1/2+1/p)

< const (1)1/\26 $1/2+6—d(1/2+1/p)
- n
(since 1A26 <1/2+54,1)

and the proof is complete. ]

5. Remark

The condition (A)j is just (A)z in [10] plus the condition (0). So for (A)y and
(A); in [10] we can consider (A)y and (A)] respectively:

V :R? = [0,00) is a function such that
. V(z)

A)f (o) liminf
(Ao 2|00 |T|P

@) |V(z) = V()| < Cilz -y,

>0

V :R? 5 [0,00) is a C'-function such that

(o) liminf Viz)
(A / |z|—o0 |x|p
@) |VV(z)| < Ci(1 +V(2)' ™)
(i) |[VV(z) - VV(y)| < Ca|z — y|*.
Here 0< p<00,0<v<1,0<(C},C2<00,0<0<1land 0<k<1.
Under these conditions Claims 1 and 3(i) are restated as follows:

>0

CLamm 4. Lett > 0.
(i) Under (A)g

K () — e~ Hlamsz, IG() — e H|lassa, |R(t) — e |22 < const(y,d)Cyt' 772,
(ii) Under (A)}

K (t) — e |22
< const(4, &, d){Cf(t3 + t1428) 4 T (+m)/2 o C§t2+1+"},
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1G(t) — e |22, [IR() — e |22
< const(4, k, d){Cl(tS/z +t1/2H0) L C2(83 + 1420 4 !t (IHR)/2 4 c§t2+1+~}.

Claim 4 can be shown in the same way as in [10] or [6] without using Itd’s for-

mula (cf. Remark 4).

Ciam 5. Fort>0

const (v, d)C1t7/? under (A)j

e tH v <
& e < const(&,n,d){Cl (t1/2 447 1/248) 4 C’gt(“")/z} under (A);.

As in the proof of Claim 3(i), Claim 5 follows from the following estimate:

1
V) - V() exp{—t/o Via+s(y — ) +VEXo(s))ds }

Cilz —y|” under (A)g
<

€

1—6\1-6 !
Cy (1 + ( ) )Ix -yl + Cz/ | Xo(s)|"ds t*/?|z — y| under (A)].
0

The former estimate is clear by the condition (A)y(i). The latter is easily seen from
the following:

V(y) - V(=)

= I/01<VV(:B +s(y — ) + VtXo(s)),y — z>ds

_ /01<VV(2: + sy —z) + VtXo(s)) = VV(z + s(y — z)),y — :L'>dsl

1

< [ 19V G+ sty — 2) + ViXo(s)ldslo ]

0

+ /01 |VV (2 + s(y — 2) + VtXo(s)) — VV(z + s(y — z))|ds|z — y]
< /1 Ci(1+V(z +s(y — z) + VtXo(s)) ~®)ds|z — y|

0

1
+ /0 Cat™?| Xo(s)|"ds|z — y|

1-6

<G (1+ (/01 V(:v+s(y—z)+\/ZXo(s)ds) )|:c—y|
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1
+Cy / | Xo(s)["ds t*/|z — y|
0

where the last inequality is due to Jensen’s inequality.
Now let us look over the proof of Theorem. This time we use Claims 4 and 5
instead of Claims 1 and 3(i), so that we have the following theorem:

Theorem’. LetT>1and 0<t<T.
(i) Forn>2

K —tH
“ ( trace
const(C1,7, p, ¢, c,d, T)( ) tl'”/2 d(1/2+1/p) under (A)j
const(Cy,Cs, 6, k, p,c,c,d, T)(TIL)26A((1+N)/2)t1+26/\((1+~)/2)—d(1/2+1/p)
under (A)].

(ii) Forn>3

o2 - )

/2
const(C1,7, p, ¢, c,d, T)(n)A’ glt/2-d(1/2+1/p) under (A)j

)
trace trace

<

1\ 26A((14+5)/2)
const(Cy, Cs, 8, K, p, ¢, ¢, d, T)(—) t1/2+8=d(L/241/0) ynder (A),.

As an example of our conditions (A)y, (A); and (A)j we give the following: Let
Vo(z) = |z|? (0 < p < 00). Then
(i) if0<p<1, (A) holds with C; =1, v = p,
(i) if1<p<2 (A) holds with C; =p, § =1/p, Cy = p2°~2 and k = p — 1,
(iii) if p > 2, (A), holds with C; = p, § = 1/p, C2 = p(p — 1)2(P=3+, 4 = 0 and

v=p-—2.

Thus it turns out that the conditions (A); and (A)] treat the case of less regular

potentials V' than the condition (A)j.
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