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1. Introduction

Let g=3 be an integer, and D, the dihedral group of order 2g generated by
two elements @ and b with relations a?=b*>=abab=1. Let S?™*! and S' be
the unit spheres in the complex (m+ 1)-space C™*! and the real (/+ 1)-space R'*!
respectively. Then D, operates on the product space S>"*!x S' by

{a “(z,x)=(exp2n/ —1/q)" z,x)

b (z,x)=(z,—x)
for (z,x)e S*™* ! x S!, where 7 is the conjugate of z. We set

D(q)2m+1 l_(SZm+1 X Sl)/Dq,
D(g)*™ = {[(z0,**zmx)] € D(g)*"* |z, is real 20},
‘ D(q)m lu_ ( )m lUD(q)i’l+1UD(q)'"+l’j.

Then D(g)™° is naturally identified with the space L7 defined in [6], and
D(g)™ ~(Ly x S")/(Z ] 2), where the action of Z/2 is given by b-([z],x)= =([2],~x).
Complex K-rings K(D(q)™') for odd q are studied in [9]. KO-groups KO(D(q)'" Y
and  J-groups J(D(q)™") for odd g are studied in [8] and [16]. Let m, n, I, k,
i, j, ¢ and d be integers with m=n>0, [2k=20, m+12izn—1, [+12j=2k—1,
m+1=2c=n and I+1=2d=k. We set

{D(q)m 4=D(@™ | (D@™ U Dgr ™",
DIgYyitih=D(@)™ | (Dlgy™+~ 1<~ 1+~ D(gy = 1=1),

Let ¢ be an odd integer. Then the group KO(S’D( q)r) is decomposed to a
direct sum of KO-groups of suspensions of stunted lens spaces modg or mod 2
(Theorem 1). J-groups J(S’'D(q)™})) of suspensions S/D(g)7{ of the spaces D(q);
are determined for the case in which g is an odd prime (Theorems 2 and
3). Combining the results in [6] and [16], we obtain a sufficient condition for
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the spaces D(q)5;) and D(q)5, 5 #1, to have the same stable homotopy type for
the case g=1 (mod2) (Theorem 4). As an application of Theorems 1, 2 and 3,
we obtain some necessary conditions for the spaces D(g)3rs " and D(q)35f7ss i+
to have the same stable homotopy type for the case in which ¢ is an odd prime
(Theorem 5).

The paper is organized as follows. In section 2 we state main theorems. In
section 3 we prepare some lemmas and recall known results in [5], [10], [16]
and [18]. The proofs of Theorems 1 and 2 are given in section 4. Theorem 3 is
proved in section 5. We prove Theorems 4 and 5 in the final section.

I would like to express my gratitude to Professor Akie Tamamura and Professor
Katsuo Kawakubo for helpful suggestions and constant encouragement.

2. Statement of results

In this section ¢ denotes an odd integer with ¢=3. In order to state theorems,
we set

Z/2®Z/2 (n=1 (mod 8))
2.1 Gon)=+1Z/2 (n=0 or 2 (mod?8))
0 (otherwise).
Q) A@ikr= {KO(SM(L;" [T (=k42 (modd)
0 (otherwise).
o JISTTHLT /LYY (i=k+2 (mod4))
@3) Ba.j. k= {O (otherwise).
2.4 RP,=RP()/ RP(k—1).

Theorem 1. Let m, n,l and k be integers withm=n=0andI>k=0. Then
(1) KO(STD@3rt 1 )= Alg— 1+ D3, @A, DE o
2) KOS D(q)imiii) = ISQ(S Dig)snty ,k)Cﬁ_{(O(S JHmRPR LY.
®) KOWD@3m )= KOS D@3 ® KOs "RPg1LLY).
@) KO(S'D(q)5m)= KO(S'D(g)sni, ) ®KO(ST*"RP, 1)),
ReMARK. (1) If /=k, then
SID(@)i = STTHLy /Ly~ )

(Lemma 3.11), and groups I?OJ(S"“‘(L;" /L3~ ") are studied in [19].
(2) The partial results for the case j=n=k =0 of this theorem have been obtained
in [16] (Proposition 3.20 (1)).
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(3) KO-groups of suspensions of stunted real projective spaces are determined
completely in [7].

Let v,(s) denote the exponent of the prime p in the prime power decomposition
of 5, and m(s) the function defined on positive integers as follows (cf. [3]):

A+ ()s/—D]-[s—1 /=D  @p#2)

v (m(s)= {
(1+v5()[s /2]~ [s—1)/2]) +1 (p=2).

Theorem 2. Letm,n,landk be integers withm=n=0and>k=0. Then
(1) J(SID(@)3m 1.0 = Blgj— Lk + 13, @ BggiDons -
) J(SID(@r L) =TS D@3 1 OIS "RPp LY.
() JS'D@iy = IS D@ @IS "RPRLLY).
@) If (k—j,j+2n+k)#(0,0) (mod4) and (I+2—j,j+2n+0)#(0,0) (mod4), or
(m—n)n=0, then

JS'D(g)3m) = J(S'D(g)3r s DTS "RP, LY.
(5) Suppose m>n>0 and j—I+2=j+2n+[=0 (mod4).
i) Ifj+n=1 (mod 4), then
J(SID(@)5md) = B(g, j— 1,k + 157 @ Blg, 1, 3 ®Golj+ 2n +k).
ii) If j+n=3 (mod4), then
J(SD(@)omi) = B(g, j— 1,k + 1304 @ Blg, . )3

(6) Suppose m>n>0 and j—k=j+2n+k=0 (mod4).
i) If j+n=2 (mod4), then

J(S'D(@)imi) = B(g, j— 1,k + )30 @ B(g, j, ons 1 ®Golj +2n+1+0 7471,
i) If j4+n=0 (mod4), then
TSID(g)3miins Lk )= T(SD@3nd 1 OIS "RPy i 1).
iii) If j+n=0 (mod4) and I=j+2 (mod4), then
TS D(@omi) = TS D@)5mii anil™ ™ O B@d.Dan 1
and JSID@3miaa ik 2 B(g, j— Lk + D)3 @ TS "RP, L),

ReMARK. The partial results for the case j=n=k=0 of this theorem have
been obtained in [16] (Proposition 3.20 (2)).

Let p be an odd prime. In order to state next theorem, we set
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(2.5) om)=[m/4)+[(m+7)/8]+[(m+6)/8].
(26) a)mn)=pm)—[(n+1)/4]—[(n+7)/8]—[(n+6)/8].
2.7 a,mn)=[m/2(p—1)]—-[n+1)/2(p—1)].

a,(m,n) (j=0)

28)  ba(jm,m)= {min{vz( N+Lam+jn+p} (>0

a,(m,n) (j=0)

29) b j,mn)= {min D+ am+jn+j)y  (j>0).

Theorem 3. Let p be an odd prime. Suppose m>n>0, [>k=0, j=k (mod4)
and j+n=0 (mod4). Then

TS DY) = B, j, Dins | ®Z /25~ P P M®Z | 2°® Z | p,
where M=m((j+2n+k)/2), b, =b,y(j+n,n+1Ln+k), b,=b,(j+k,2m,2n), i,=min{b,,
vy(n+k)} and i,=min{b,,v,(n),v,(M)}.

REMARK. Combining Theorem 2, Theorem 3, [13] and [14], we obtain
complete results of groups J(S/D(p)).

Considering the (Z/g)-action on S?"*!x C given by

exp(2ny/ —1/q) (z,v)=(exp(n/ —1/q) "z, exp(n/ —1/q)v)

for (z,v)e S?™*1 x C, we have a complex line bundle
ng: (S 'xQ/(Z)q)—» Li™ .

We denote the restriction of n, to Ly by n, (0=n=2m+1). Let h(gk) denotes

the order of J(r(nq)—2)e.7(L’,;), which has been determined completely (cf.

[6]). Spaces X and Y are said to have the same stable homotopy type (X~ Y)
S

if there exist non-negative integers ¢ and d such that S°X and S?Y have the same
homotopy type (S X~S?Y).

Theorem 4. If s=0 (mod h(g,m)) and t= —s (mod 2°?), then D(q)5it™**" and
D(q)Zri3simk* ! have the same stable homotopy type.

REMARK. (1) The partial results for the case in which ¢ is an odd prime,
and m=1 (mod2), n=5s=0 or k=t=0, m=/=7 (mod 8) of this theorem have been
obtained in [8].

(2) Let g be an odd prime. Then A(g, m)=q™2@~ 0 (cf. [11]).
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In order to state the next theorem, we prepare functions f§ and y defined by

(2.10) P(k,n) is equal to the corresponding integer in the following table:

k (mod 8)
0 1 2 3 4 5 6 7
n(mod 4)
0 0 0 0 0 0 0 0 0
1 1 1 0 1 0 0 0 1
2 1 0 0 0 0 0 1 1
3 0 0 0 1 0 1 1 1

@11) yg.k,n=[(n+k—2[n/2]-2)/(g— D]

Theorem 5. Suppose D(g)imi'' and D(g)inii7silit*' have the same stable

homotopy type, where m, n, I, k, s and t are integers with m=n=0, [>k=0, s=20 and
k+t=0. Then

(1) Set v=v,(ls+#|+2") and vy=v,(n+k+2"). Then

i) vx[log,(!—k)]+1.

i) v=o(—k)—1+max{p(l—k,n+k), p(l—k,m+k+1)}.

i) If max{v, vy(n+l+1), vym+k+1), v(m+I+2)}Z¢(l—k)—1, then
v o(l—k).
(2) Let q be an odd prime. Set v,=v(n+q™). Then

i) v(s+gm=max{yg,m—nn+k), g m—nn+I+1)}.
“) I_f max{(_1)(u+k)(n+l+l)vq, (__1)(m+l)(m+k+1)vq(m+1)}2[(m_n)/(q_1)],
then v (s+q™)z[(m—n)/(g—1)].

REMARK. Let g be an odd prime. It follows from Theorems 4 and 5 that
we have obtained the necessary and sufficient condition for spaces D(¢)3": ' and
D(g)imi2si i to have the same stable homotopy type if following conditions (1)
and (2) are satisfied.

(1) One of the following conditions:

) k<I<k+$,
i) max{B(l—k,n+k), pl—k,m+k+1)}=1,
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i) max{vy(n+k+2", vy(n+I+1), vym+k+1), vym+1+2)} 2 o(—k)—1.

2) One of the following conditions:

( g
) nSm<n+q-—1,
") max{y(q’ m-—n,hn +k), )’(q, m—n,n+ l+ 1)} = [(m —n)/(q - l)]7
lll) max{(—-— 1)(n+k)(n+l+ l)vq(n +qm)’ (_ 1)(m+l)(m+k+ “vq(m+ 1)}

2[(m—n)/(g—1)].
3. Preliminaries

We begin by recalling some notation in [18]. Let afu,p) (1<i<8) be the
integers defined by

) al(u,v)=< 2u )(—1)"'",

u—v
@) a4(u,v)=(“+”‘1),
Uu—vuv
@) as(u,v)=<2“'”_1)(~1>"-”,
Uu—v

1
GD | g a7(u,v)=<"‘1),
Uu—=uv

5) ozwv)=a,u—1,vo—1)—a,(u—1,v+1),
(6) oy(up)=o,m+1,v+1)—a,(u—1,v+1),
(7 aswy)=au+1l,o+1)+a(u—1,0),
8) agwv)y=oagu—1,v—1)+agu,v+1).

We set elements a?’"™(q), b?*"™(q) and c?"™(q) of 1?6(521;") by

aimig)=r(F(n)f ~1))
0 | ping={nm Bl =0 modd)
. T, iwaling)  (j=1 (mod2)
| ctimig)=rFn,— 1)),

where r:K — KO denotes the real restriction and I:K(X)— K(S2X) is the Bott
periodicity isomorphism.

Lemma 3.3 (Tamamura [18]). The elements a?"™(q), b}™(q) and c?"™(q)
satisfy following relations.

(1) al"(q)=b}"(g)=c}"(q).
@) amig)= {2;=,a2({,u)bz{~'"(q) (/=0 (mod2)
Zio b g (=1 (mod2),
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3) aff~'"(q)=z,i=(L)cff""(q).

@ cmg)=Z,- 1<£>( —""a}i"(q).

0= 1o5(iu)bg"™(q) (/=0 (mod?2))
X = 10(i)bg " "(q) (=1 (mod?2)).
AR (A7) ) (/=0 (mod2))
.- 1tg(iu)ci™(q) (j=1 (mod2)).

(6) c’™g)= {

(6) b.-z"’"(q)={
Lemma 3.4 (Tamamura [18]). Let g=3 be an odd integer and d=(q—1)/2.
Then
b +g) = —Zi_1as(g,d+)bTENg),

where u=0 is an integer.
By Lemmas 3.3 and 3.4, we obtain

Lemma 3.5. Let p be an odd prime, and d=(p—1)/2. Then
KO(SZjL$)= <{C%{f‘j+ PN Sis dy>.
For each integer n with 0 <n<m, we denote the inclusion map of L} into L7
by i, and the kernel of the homomorphism
>4 . ~~ .
(i) : KO(S*Ly) — KO(S*Lj)

by VO%,(g), and set

3:6) UO(9= 2<ﬂke(¢" -y 03.{..((1))-
k\e

Proposition 3.7 (Tamamura [18]). Let p be an odd prime, and d=(p—1)/2.
Then the group VO3i ,.(p) is isomorphic to the direct sum of cyclic groups of order

ap(2m—4i+2j—4[j/2], 2n—4i+2j—4[j/2])

p

generated by pa,(Zn—4i+2j—4[j/2],0)+lbiZj,ZM(p) (léléd)

Proposition 3.8 ([14]). Let p be an odd prime. Then
J(SPHLy™ [ L) = VO3 24D) | UOS 24(P)
— ([p[("_ v)/(p— D]+ lcfj’z"'(p)]> ~ Z/pbp(Zj,Zm,Zn)’

where v=p—1—j+@—-1/@—1)]
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Considering the D -action on S2"*!'x S'x R and S?"*!'x S'x C given by
{a-(z, x,y)=(exp2n,/~1/4) z,x,)
b'(Z,x,J’)=(Z-, —X, —y)
for (z,x,y)eS*™*1 x S'x R and

{a-(z, x,w)=(expny/ —1/9)" z, x,exp(2n/— 1/ q)w)
b-(z,x,w)=(z, —x,w)
for (z,x,w)eS?™*! x §'x C, we have a real line bundle

&g (S x S'x R)/ D, — D(g)*™* "
and a real 2-plane bundle

n(g): (S*"*!x S'x C)/ D, — D(g)*"* ',

We denote the restriction of &(q) (resp. #(g)) to D(g)™* 0=n<2m+1, 0<k<]) by

n
&(g) (resp. n(g)). Then we have following elements of KO (D(q)™"):
(3.9) «g)=n(q)—<(g)—1.

We denote by X” the Thom complex of a vector bundle y over a finite CW-complex
X. Define a map

f: S2m+1 XS'XDZ" X Dk __)52m+2n+1 st-k
by setting
Sz x,0,w)=((v,(1 =[] *)*2), (w,(1 = [Iw[?)'*x)).
Then f induces homeomorphisms
f: (D(q)2m+ l,l)m;(q)@k{(q) - D(q)%:l: 2n+1,l+k

and f| D(g)*™":(D(q)*™y"@®k@ — D(g)jmF > **. Thus we obtain
Lemma 3.10. (D(q)™)"@®*@ js homeomorphic to D(g)jnt™" *".

ReEMARK. The partial results for the case in which ¢ is an odd prime and
m=1 (mod 2) have been obtained in [8].

Lemma 3.11. There are following homeomorphisms:
(1) D(Qimk=S"RPm L,
) D@smiti=S"RPRIY,
() Dghy=S(Ly /LY.
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Proof. By Lemma 3.10, we obtain
D(g)3mt M~ (D(g)"+~Hym@oki@,
Define a map
h: S'x S * xC—-S'xS"* xC

by setting A((z, x, v))=(z,x,2z?" 'v). Then h induces a bundle isomorphism /:#(q)
— 1®¢&(q) over D(g)!"'~*. This implies

D@ M~ (D(g) O SmDg) v,
D(q)3mi~S™(D(g)*' ™)+ @ & SmRP(I— k)™ 4@~ STRPR T
and
D@3 L S™(D(g)" 4@ | SmD(g)otHym s
RS™((S'TFx DY) /(SR x S™H) /(2] 2))
~S™RP(I—k)mtk+r 1@ gmppmiitl
By the homemorphism D(g)™' ~(L]' x S')/(Z/2),
D(g)yi (L x DY) /(Lg x S'™Hu(Ly™' x DY)
~(L7 x SY /(L7 x *) ULy~ x Sh)
~((Lg /Ly~ xS /(L7 /Ly~ ) x Hu(*x Sh)
~SYLy /Ly~ qe.d.

Let t(g)*™**': TD(g)*"* " — D(g)*"*!"! be the tangent bundle of D(g)*™*'".
Then we have

Lemma 3.12. 1(q)>"*"'®2 is isomorphic to (m+ (@)@ + 1)&(g).
Proof. There exists an equivariant isomorphism
h: T(s2m+l XSI)XRZ —>S2"'+1 xslxcm+l le+1,

which induces a bundle isomorphism

h': (T(S2m+1 XSI)/Dq)XRZ _)(S2m+l XS'X Cm+1 le+1)/Dq
from t(g)*"* @2 to (m+ n(@)@( +1)&g). qe.d.

Lemma 3.13. Let N and M be integers with N=0 (mod h(q,2m —2n+ 1)), M=0
(mod2°¢~®), N>m+1 and M>N+I+2. Then the S-dual of D(g)3ni"' is
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2N—-2n—1,M—-N—k—1
D(q)2N—2m—2,M—N—l-1'

Proof. By Lemma 3.10, Lemma 3.12 and [5, Proposition (2.6) and Theorem
(3.5)], the S-dual of

D(q)gm,:- 1,1 ~ (D(q)Zm -2n+ 1,l—k)ml(q)®k§(q)
n,
is

(D(q)Zm— 2n+ l.l—k)(N—n)q(q)@(M—N—k)«:(q) —t(q)?m-2nt1L1-k

> (D(g)?m 2+ L= kN =M@ @M ~ N =K@ ~ (m=n+ @@~k + 1i@)

z(D(q)Zm—2n+1,l—k)(N—m—l)r](q)Q)(M—-N—l—l){(q)
~D(@IN IS NN ge.d.
According to [10], D(g)™" has a cellular decomposition
{(C,DYI0<ism, 051,
where dim (C, D;)=i+; and boundary operations are given by

ACy D)=q(Cpi—1, D)+ ((— 1) +(— 1Y) Cys D;_,),

(3.14) { ‘ o
HCaiv 1, D) =((—1)'+(=1Y" NCi 1, Dj-y).

We denote by (c',d’) the dual cochain of (C, D).
Lemma 3.15. Suppose g=1 (mod 2).
(1) H*(D(q)gnm:l-ll,k)g(@ 2n<4i-2ks< wmlZ [ QLc* 2%, d")])
(D 2n<4i—21—2gzm(Z/‘I)[(C4i_2l_2, d’)])-
@) HXD@)5mi 106 Z/2)=0.
Lemma 3.16. Suppose q=1 (mod2) and [>k. Then there exists a split
short exact sequence

G1T) 0 A(g, j, D3 s = KOSD(@r 1) = Ag, j— Lk + 130 =0
of W-groups.

Proof. It follows from Lemma 3.15 and the ’_,:Adtiyah-Hirzebruch spectral
sequence for KO-theory that the order of the group KO(S'D(g)3m!, ) is a divisor
of g®Ummbh - where
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[m+k)/2]—[(n+K)/2])+ [(m+1+1)/ 2] —[(n +1+1)/2]
(i=k=I1+2 (mod4))

a(jm,n,Lk)y=- [(m+k)/2]—[(n+k)/2] (j=k#I[+2 (mod4))
[m+1+1)/2]1—[(n+1+1)/2] (j=14+2#k (mod4))
0 (otherwise).

In the case k=/ (mod?2), the order of the group If(\OJ(S"D(q)i,',";’I,,‘) is equal to
q°¢mmtk By Lemma 3.11, we obtain a sequence

RO #1127 1127 > KOS Diqyig ) = RO(S L2/ 129)
of y-groups with h,oh,;=0. It follows from [19] that
KOS+ y(L2m | L2m)~0
and the order of I?é(S“(Lﬁ"’/ L") is equal to glm*/V21-l+)/21 ngpect the
commutative diagram

~ . N -~ . h2
- KO(S'D(9)34 1.4+1) = KO(S'D(@)33 1) »KOSTHLI"/LY") —

T I T
~ . hy 92 ~~ .
- KO(S*(LI"/Lm) — KO(S'D(@)iniie) —KOS' D@yt —

with exact rows. Suppose j=k=/(mod4). Then g,=0. This implies that 4, =0,
h, is an isomorphism and g, is an isomorphism. Suppose j—2=k=/
(mod4). Then g,=0. This implies that 4,=0, A, is an isomorphism and g, is
an isomorphism. Thus we obtain the lemma for the case k=/ (mod4) and it is
shown that the order of 1?0/(S"'D(q)§;"’+',’k) is equal to g*UmmtR §f k=]-3
(mod4). Suppose j=k=/—3 (mod4). Then g,=h,=0. This implies that 4, is
an isomorphism and g, is a monomorphism. Suppose j—1=k=[/—3 (mod4).
Then h,=g,=0. This implies that g, is an epimorphism and kA, is an
isomorphism. Thus we obtain the lemma for the case k=/—3 (mod4). Suppose
j=k=[-2(mod4). Then A, is a monomorphism and A, is an epimorphism. This
implies that Imh, =Kerh,. Using the isomorphism

KOwsD@ritd) 5 KOS HLm/L)
we obtain a y-map
hy: KO(STHLIMLE) — KOS'D(@t 1

with h,0hy=1. Thus we obta}.ig the lemma for the case k=/—2 (mod4) and it
is shown that the order of KO(S'D(g)i™!,,) is equal to g“Ummtb if k=]—1
(mod4). Suppose j=k=/—1(mod4). Then g,=h,=0. This implies that &, and
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g, are isomorphisms. Suppose j+1=k=/—1 (mod4). Then h,=g,=0. This
implies that g, and A, are isomorphisms. Thus we obtain the lemma for the case
k=l—1 (mod4). qg.ed.

We consider the following maps

iyt L™ > D(g)*™* ", iy: RP() > D(g)***!
(318) ZPO:D(q)Zm-fl,l__}RP(l), pl :D(q)2m+1,l_)le:m+l,
pZZD(q)2m+1’l—*SmRP',:111+I-

We set the following homomorphisms

S KO(LZ'") - KO(D(q)2m+1 B,
10 KO(S L2m)___)K0(SlL2m+l)
fz—(P ) olo KO(SILZ"‘)—-»KO(D(q)z"'“ l)

(3.19)

where f| is defined by fl(r(nq—l)) o(q), and i, is a right inverse of the restriction
homomorphism KO(S L2m+1) — KO(S’LZ"')

Proposition 3.20 ([16]). Suppose g=1 (mod2) and [>0.
(1) The homomorphism

£ KO(L2™ @ A(g.0.)2"® KO(RP()® KO(S™RPIL* 1) - KO(D(g)*™* )

defined by f(x,y,z,w)=f1(x)+1,(0)+(0o)'(2) +(p,)'(w) is an isomorphism.
(2) The homomorphism

g: JIL;M®Bg0.)i"® T RPD)®T(S"RPRIL) - J(D(g)"* )

defined by g(J(x),J»),J(2),J(W))=J(f1(x) +/2,() + (20)'(2) + (p2) (W) is an isomorphism.

4. Proof of Theorems 1 and 2

The part (1) of Theorems 1 and 2 is a direct consequence of Lemma 3.16.
It follows from Lemma 3.11 that there exists a commutative diagram

~ . P J2
0 — KOS'D(@imiti) — KO(S'Dig)imi>') »KOS'Dig)me) » 0

7| l I
0 — KOS*™RPmHILL) — KOSID(g)im ) »KOS'Dig)am) —» 0

with exact rows. Since E‘é(sfp(q)gzif;;) has an odd order, f3=0 and we obtain
the following commutative diagram
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= T Qi 2m,1
Cokerf;, =  KO(S'D(g)snx

! I
0 — KO(ST*"RPtLY )~ KOS'D(g)ami ™) —» KO(S'D(g)2mh — 0,

in which the row is exact. Thus we obtain
KO(S'D(@)mit ) = KO(ST*"RPy 1 )@ KO(S D@t
and J(S'D(q)2m i1 = J(SI*mRP L)@ IS/ D(g)3™)).  Similarly we obtain
KO(sID(gyans ) = KOS mRPy 1) @ KOS D@3 1«
and J(S'D(@)3n 1) = JS"RPR LA DOIS D) 1)
Since the short exact sequence
0- KO(S’D(q)Z"‘ - KO(S’D(q)(Z, - KO(S’RP’) 0
of y-groups splits, we obtain
KO(S’D(q)Z'” ) = KO(SjD(q)Z"' ')@KO(S’RPD
and J(S'D(q)a™") = J(S'D(q)¥Y® J(S'RPY).
Suppose n>0. There exists a commutative diagram

0 — KO(S'Dig)iwi1) = KO(S'D(ghinx) — KOST*"RP,1) — 0
I ! !
0 — KO(S'D(g)5mi 1) = KOS'D(@)3n 1) — KO(S'D(g)3nt4) = O

with exact rows. If —1—-2,j+2n+0)%#(0,0) (mod4) and (j—k, j+2n+k)#(0,0)
(mod 4), then KO(S’'D(g)3r, ) = 0. Hence

N . ~ .
KO(SiD(g)mt) = KO(S'Di@)ins , )®KO(ST*"RP; 1)
and J(S'D(g)5mi) = J(S'D(@)3r 1 DTS "RP LY.

Suppose m>n>0 and j—I—2=j+2n+I/=0 (mod4). Then j+n=1 (mod2)
and we obtain a commutative diagram
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0 0 0
~ . S o~ . f —~ .
0 - KOs L) - Ko uzmez) = RO -0
“l 92 | o |
(90 I3 ~ . f4 o~ .
0 — KOWS'Dg2rl,) - KOS'D@Zmh - KOS/*"RPIEH -0
hy l h2 l hs3 l
~ . Is P fe ~~
0 — KOS'Dgmith) —» KOSDigimi™) — KOS/*"RPIIEY - 0
0 0 0

of exact sequences. Sincej—/—1=1%#0(mod4) and j+r=1%£0 (mod 2), there exists
a Y-map

f+:KO(SID(@)3i=") » KOS D@3t
with f;ofs=1. By Lemma 3.16, we obtain a yy-map
hy: KO(SID(g)3 7 1) — KOS D@3t o
with hyoh,=1. If KO(S*"RP L") = 0, then
KO(ST*"RP™ ) = KO(SI* 2"+ ~ Z,
fs is an isomorphism,
KO(S’D(Q)§” g ko(s D@5 k)@KO(S ITTRPLLY)
and
JS'D(g)imh) = TSI D@ T )@ TSI (LFm/LE" )
= B(g, j—1, k+ 137 . @B(g, ), )3

Suppose m>n>0, j—[—2=j+n—3=0 (mod4), j+/+2n=4 (mod8) and />k+1.
Then

KO(SI+"RP-Y) ~ Z/2,
KO(Si*"RP" ) ~ KOS+ "y = Z

and I’(.b/(SjD(q)ﬁ,,”'k’)~KO(S’D(q)%,’{'Jl,‘)®KO(S”"R Ptl). Choose generators o€
KO(S7*2*Y and BeKO(SI*"RP':Y) with gy(9)=28. Choose ze KO(S'D(g)i™!
with f,(z)=p. Set

y=z—(f30hsof70°h))2).
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Since f4(h,(22)) =h3(2f4(2)) =h3(2B) =0, there exists an element ue 1/(\6(5 iDig)amith
with f5(u)=h,(2z). Then
ha(2y) =hy(22) —f5(f7(h,(22))
=f5() —f5s(f7(/5(w)
=f5(u)—fs(w)=0.

So, there exists an element er?OI(S“’(Lj"'/L;"")) with g,(x)=2y. Then
fox)=a. Since KO(S/*HLZ"/L?™) has an odd order, the homomorphism

io: KO(S ™ (L2m/L2") > KOS+ H(L2m/L2")

defined by iy(a)=2a is an isomorphism. Let
fo: KOSI* 24y KO(S7H(L3m/L2 )
be the homomorphism defined by fg(ax)=ax for ae Z, and
Jo: KOST*27+1) > KO(S'Dlg)3m)

the homomorphism defined by fy(ax)=ay for ae Z. Define the homomorphism

go: KO(SI*HLZ/L2~1) » KO(S' D@}t
by setting

2o(@=13(g1(i '(f1 (@—fs(f2(@)) +/o(/2(a)).

Suppose go(@)=0. Then f,(go(@)=fs(fo(f>(@))=0. This implies that f,(a)=0.
Hence f3(g,(io (f; "(@))))=0. Since f3 and g, are monomorphisms, this implies
that a=0. Thus g, is a monomorphism. Since g, is given by

82(@)=g,(a—f3(/2(@)) +82(fs(/2(a)))
=g,(f1lic '2f1 (a—Sa(f2(@)) +2fo(f2(a))
=2f3(g1lic '(fi "(a—/fa(/2@)) + 2fo(f2(a))
=2g(a),

g,=2go. This implies that the homomorphism g, is a y-map. Consider the
sequence

70h2

940 ~~ I ~ .
4.1) 0 A(g, j, D37 — KO(S'D(g)3m%) = KO(S'D(g)5n314) = 0.

Noting that f;oh,of;0h,=f,ofs=1, it is not difficult to see that (4.1) is a split
exact sequence of y-groups. Thus we obtain
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TS'D@3m) = TS D@t T H@ TS (L3/Ly )
;B(q, 1 k+1)2n+1@B(q’j’ %

Suppose m>n>0, j—I—2=n+j—1=0 (mod4) and />k+1. In the commutative
diagram

0 — KOS'D@rith) — KOS'D@3mit") - KOS T "RPIELY) - 0
ky l k2 l k3 l
~ . Is a0 J6 A~ .
0 — KO(S'D(g)3ni1h) = KO(S'D(g)imi™") = KO(S'*"RP,1i™") - 0
with exact rows, kK, and k; are isomorphisms. This implies that k, is an
isomorphism. Using k,, we obtain a y-map
hy: KO(SID(@)3 =) » KOS D@3yt
with hyohg=1. Thus we have
KOS'D(g)3md) = KO(STH(L2"/L2 )@ KOS D(g)3mi ™
> A(q, j, D3 1 @ ZD Alg, j—1, k+ D3, @KO(ST+H"RPITLY)
~ kKO(S ‘Digins, DOKOST*"RP; LY
and
JSID(g)3md) = J(STHHLE™/ L2 )@ IS Dig)ims ™)
= B(g, j,D5n®B(g, j—1, k+1)37 1 @Go(j + 2n+ k).

Suppose m>n>0 and j—k=j+2n+k=0 (mod4). Then j+n=0 (mod2). If
n+j=2 (mod4) and j+2n+k =4 (mod 8), then we obtain the following commutative
diagram

0 0 0
l l l
~ . It ~ . f2 o~ .
0 - KOS'Dgimiive+) =  KOS'D@ini+1) — KOS "RPyLiiy) — 0
g1 l 92 l g3 l
~ . f3 ~ . Ja A~
0 - KOS'D@iwiiw —  KOSD@im) - KOS™"RPL) -0
hy l h2 l h3 l
Is fe ~ .
0 - KOS*™H LML) — KOS/ LML) - KOS+ -0
! ! !

0 0 0
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of exact sequences. Choose r>/ with r#j+2 (mod4) and j+2n+r=34,56 or 7
(mod 8). Then, in the commutative diagram
N . o .
0 - KO(S'D@sniied =  KOSD@imi) - KO(S*"RPIT}) - 0
ky l k2 l k3 L
~ . Is ~o . fe ~ .

0 —» KO(S7*HL2"/L2") — KO(ST*MLZ™/L ™) - KO(S'**"*%) -0
with exact rows, k, and k; are isomorphisms. This implies that k, is an
isomorphism. Using k,, we obtain a y-map

N . N .
hs: KO(SI*MLZ"/L2"~ 1) — KO(S'D(q)im
with h,ohs=1. Since j+n=0 (mod2) and j—k—1=3#0 (mod4), there exists a
y-map
f2:KO(ST*"RPy2L 1) » KO(S'D(g)mt- o
with f,of;=1. Thus we obtain
KO(siD(g)Zr ~KO(S’”‘(LZ"'/LZ" NOKO(S D3+
= A(g,j—1Lk+ )37, @ Z®AlgjD3n. 1@KO(SJ+"RP:+H ")
~ KO(S'D)3y 1,k)®K0(S STMRPLLL)
and
J(S'D(g)am) = J(STHHLIm /LI )@ IS D)o+ 1

= B(q .]_ 1 k + 1)211 @B(qz],l)ln-i- 1®G0(i+2n +l)

Ifn+j=2(mod4)andj+2n+k=0(mod 8), then we obtain a commutative diagram

0 - %(Si+k+l(L§m/LZ"_l)) - I’(b’(sj+2n+k+l) -0
! el s
~ . J1 ~ . f2 ~o
0 — KO(S'D(@ni1ast) = KO(S'D(g)iic - KO(ST*"RP}1441) = O
g1 l g2 l g3 l
~ . f3 ~ . Sa ~ .
0 - KOSD@isi0 — KO(S"D(g)sm - KO(S"*"RPyL) -0
hy l h2 l h3 l
~ . Ss ~ . Sfe ~ .
0 - KO(SI*HL2"/L¥M) —» KOSTHHLILIY) - KOS -0
!
0

of exact sequences. If /=k+1, then I?OI(S"D(q)%:,"J,'1 v+1)=0 and there exists a
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homotopy equivalence
g:SItRPIEL = Sitantk+1y gitintk
Using g, we obtain a y-map
261 KO(ST* Ry Y) » KO(ST* 214+ 1)
with gcogy=1. Define a y-map
g5: KO(S'D(@ini* ") » KOS D(@)mtt )
by gs5(@)=/; '(g6(fa(a)) for GE%(SJD(Q)gﬁkk+I)~ Then
g5°82=f7 'ogcofso82=15 ‘086830 fa=17 "o fa=1.
Thus we obtain
KOSID(g)3mt* ) = KOS HHLIm /L2 )@ KOS+ 24+ 1)
> KOSHHLI LD ZDZ 2
=~ KO(S'D(@)iyti @ KOS +"RPy 151
and
J(SD(@mit 1) = HSTHHLIm LY~ @IS+ )
~ B(g,j—1,k+1)"®Z/2.
If I>k+1, then Imhy=2KO(Si*2"*¥), Im h, =2KO(S/+¥L2"/L2"~')) and
Kerg, = Kerg, = KOS+ ¥+ 1) = Z /2.

Thus we obtain the commutative diagram
0 0 0

! ! |

~ . J1 S2
0 - KO(S'D(g)3nix+1) —  Cokerh, — Coker kg -0

g1 l 92 l 93 l
~ . f3 A~ . f4 A~ .
0 - KOMS'D@)5ie — KOSD(@imi) = KOS "RP,TY) — 0
hy l Fz l EJ l
~ . Is Te
0 » KOS*HLZ™L2) > Imh, - Imhy; -0
! ! !
0 0 0
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of exact swquences. Since j+n=0 (mod 2) and j—k —1=3%#0 (mod 4), there exists
a Yy-map

17: KOS D@3t 1) > KOS D@3t 1 14
with f;of, =1. Since l?b(S’D(q 2ml k+1) has an odd order, f; induces a y-map
J»:Coker hy —» KO(S'D(gR30 1 41

with f5of,=1. Choose an integer r=/ with j+2n+r=5 (mod8). Then j#r+2
(mod 4) and using the isomorphism

f3: KOS D(g)3m) — Imhy,
we obtain a y-map
he:1m hy, > KO(S'D(g)2m})
with A,ohg=1. Thus we obtain
KO(S'D(g)2™}) ~ Im h,@® Coker h,
= KOS HL2m /L3~ )@ KO(SID(@3 1 4+ )®Coker hg
= A(g,j—Lk+ 1) (@ ZDA(g))5ms 1 ®Goli+2n+))
> KO(S'D(g)3r, 0@ KOS+ RPy 1L
and
J(SID(g)3™) = J"(Im h,)@J"(Coker h,)
= Blg,j— 1,k + 150 ®B(@j.)in+ 1 ®Golj +2n+1).

Suppose j—k=j+n=0 (mod4). Then, there exists a commutative diagram

0 0
! !
~ . f1 ~ . J2 o~ .
0 - KO(S'D@3m 1) > KOS'Dgiey) = KOSI*"RP3EL,,) = 0
g1 l 92 l ||
[P J3 o~ fa o~ .
0 » KOS'D@i) ~ KOSDg3miaih™) » KOS *"RPy L) = 0
hy l h2 l
KO(s+HLzmL2m) = KO(SI*HLm/L3")
! !

0 0
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of exact sequences. Since j+n=0 (mod4) and j—k—1=3#0 (mod 4), there exists
a Y-map
f5: KOS+ "RPYLL ) — KO(SID(@)3mt
with f,ofgs=1. Thus we obtain
KO(SID@3méns 1Y) = KOS "RPy 1 )@ KOS DIg)3 1
and  J(S'D@@imiini ") = HSTHRP L VOIS D(g)3n 1 1), There exists an
exact sequence
0 KO(S'D(@mi-3n7 1Y) — KOS Dig)mt) » KO(ST+27+9) 0.
Since I?é(S”“*") ~ Z, we obtain
KO(sD(@3mh = KOS Digirians it ez
~ KOS Dlg)nt , JO KOS "RPyLL, )®Z
~ KO(S'D(g)3r 1 V@ KOS +"RPyLL).
If j+n=0 (mod4) and /=j+2 (mod4), then there exists an exact sequence
0~ A(gj.D3n+ 1 5 Ko(s'D(@rd 5 KO(S'D(g)3iz ™ =1 0.
In the commutative diagram
0 - KO'D@ith) »  KOGS'Dgii™)  — KO(ST"RPE) - 0
ol k| ]

0 — KO(S'D@3mith) —» KO(SD@imiziid™™") » KOSI*"RP1) - 0
with exact rows, k, and k; are isomorphisms. This implies that k, is an
isomorphism. Using k,, we obtain a y-map

hy: KOS D@m= ") — KOS D@
with h,ohy;=1. Thus we obtain
KO(s'D(@im) = KO(S'D(@3miza™ Y@ KOS (L3"/L3")
and
TS Dig)ami) = JSTD(@3mié 2aid™ = HOISTHHLI™/LT)
= J(S'D(g)3mi o™ ™ V@ B(@)iD3ms 1-

There exists a commutative diagram



StABLE HoMoTOPY TYPES OF THOM SPACES

R Qi - oA < m,l— n,
0 — KO(S'D(@inith) = KOS'D@imizadin "

~ | !

KOS L2mL2m) = KO(S/*HL2"/L2"),

in which the row is exact. This implies that

KO(SID(Ramis12m= 1) = KO(SIHH(L2m/L2)@ KOS "RP1EL, )

and

TS D@t~ ") = HSTHLILTO IS "RPy L+ 1)

= B(q,j—1 k+1)2n+l@J(SJ+"RP"+k+1)

This completes the proof of Theorems 1 and 2.

5. Proof of Theorem 3

Suppose m>n>0, j—k=j+n=0 (mod4) and p is an odd prime.

j 2m,1—1,2nk—1
— S]D(p)Z:n",kJn,k "
S'D(p)sni
and
_ {S’D(p)%;".t;"’fl”:,’:"
- j 2m,1,2n—1,k—1
S'DP)amican+ 1k

There exists a commutative diagram

S2.1 ~ .
0 - VOIii,+l2 »  KO(S"*"RP1Y)

h2,1 T h2,2 T
~ J1 ~

0 - KO) - KO(X)
hp,1 l hp,2 l

Spa ~ ) Sp.2 ~ .
0 - VO > KOSHHLILIY) 5 RO+

(/=j+2(mod 4))
(otherwise)

(I=j+2(mod 4))
(otherwise).

f2 o~
— KO(sj+2n+k) —

with exact rows. In the diagram, h,, and h,, are epimorphisms.

Y-maps

~
21 VOIL 442 > KO(Y)

and g,:V ’Jnkzn(P)"KO(Y) with hy 0g,=1, h,,0g,=1,
Img,=Kerh, ;. For each iprime to p (resp. 2), N,

chosen to satisfy the property

431

) > KO(SI*"RP3tL,) - 0

We set

f22 ~_
- KO(SI+2n+k) - 0

0

0

There exist

Img,=Kerh,, and

(i) (resp. N,(i)) denote the integer
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¢.1) iN)=1 (modp™) (resp. iN,()=1 (mod 2Y).
In order to state the next lemma, we set

(1) v=@-G+k)/2(0—D]+1)—(+k)/2.

@ s=[h—v)/-1]

{;V,,(Z)p” 'ejtk2m(p) (i+2n+k=0 (mod8))
sHielth2m(p) (i+2n+k=4 (mod8)).

(5.2) A ®) u,=

(4) UO=X(ni(yi~1 YKO(Y)).

Lemma 5.3. There exists an element er?é(X ) such that
(1) f5(x) generates the group 1?6(5”2"“‘) ~Z
(2) The Adams operations are given by
Yi(x)="x+£1(g,(v,) +8x(v2)) (mod £,(UO)),
where u=(j+2n+k)/2,

B {—(z“/Z)uz (i=0 (mod2))
2T (@ =19 2) ) 2y (i=1 (mod2)),
» ={—(t“/p)0“"‘”""up (=0 (modp))
= =1+(+k)/2)@P = 1) /p)0* P~ Dy, (i#0 (modp)),

t=[u/(p-1)] and u, is a generator of the group VOI1} ..(2).

Proof. According to [14], there exists an element
x, € KO(SI+H(L2m/ L2 1))
such that
i) fp.a(x,) generates the group 1?(-)‘(5“2“") ~Z.
ii) The Adams operations are given by
Yie) =100 4 f (o) (mod f, (VOGS p),
where

» ={"(l1'/17)0"_“”_”up (i=0 (modp))
—((* =1+ ((+K) /2 —=1))/p)0 =P~ Dy, (i#0 (modp)),

p
u=({+2n+k)/2 and t=[u/(p-1)]. Choose an element fel?b(X) with f,(X)
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=fp.2(x,). Then, there exists an element y,e V05,5, (p) with x,—h, ,(%)=1, ,(,).
Set x=x+/1(g,(vp) and x,=h;, ,(x). Then, we have h, ,(x)=x, and f, 5(x,)=/5(x)
=fp.2(x,). It follows from [13] that the Adams operations are given by

Yix,)=i"x, +/2,1(v2),

where

{_ () 2)uy (=0 (mod2)
1)2 = .
— (=) [ 2 (=1 (mod2)),

and u, is a generator of the group VOi%%, ,.(2). We necessarily have
Y =ax+1(g,(b) +g,(c))

for some integer a and an element gz(b)+gp(c)el?5(Y). By using the y-map f,,
we see that a=i". Under h, ,, f1(g2(b)+g,(c) maps into f, ;(b) and x maps into
x,, and we see that

Yi(xy) =1, +15,4(b).

This implies that b=wv,. Under A, ,, f1(g,(b)+g,(c)) maps into f, ;(c) and x maps
into x,, and we see that

l)bi(xp) = iuxp +fp,1(c)'

This implies that c=v, (mod UO%;%,,(p)).  Since g,(UO%k,,(p)) is contained in UO,
we obtain

Yi(x)=1"x +£1(g,(v,) +82(v,)) (mod f,(UO)).
This completes the proof of the lemma. g.ed.
We now recall some difinition in [3]. Let f be a function which assigns to

gggh integer i a non-negative in_vteger f(@). Given such a funciton f, we define
KO(X), to be the subgroup of KO(X) generated by

(oW — Dllic Z, ye KO(X));
that is, KO(X),={{#OW —1)p)lieZ, yeKOX)}>. According to [2], [3] and
[17], the kernel of the homomorphism J :I?é(X ) = J(X) coincides with ?],(‘5()( )ss

where the intersection runs over all functions f. Set w,=f(g,(u,)) and
w,=f1(g,(u,). Suppose that f satisfies

(54) fl)=m+I+max{v (m@))r is a prime divisor of i}

for every ie Z. 1t follows from Lemma 5.3 that we have
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#O0 —1)(x)
=IO — )x + @O — )/ 2w,
— (O =1+ G+K)/ 2@ = 1)/p)0* " Dw,  (mod £,(UO))
=IO = 1)x + (FON,(u | 22D) (i 2 — 1) —u(® — 1)) / 222w,
—(TON ([ p*» @)Y ul — D)+ u((+k) / 2)P~ ' — 1))/ p*# )02~ Dy,
= O — 1)x + (TONH(u / 220N +n—2u) | 2/ — 1) | 22w,
—(ON(u/ p**@NQu—j—k) [ 2)(i* — 1)/ p*»®)0" ~H®~ Dy (mod f,(U0))

=(if‘i)(l"— 1)/(2v2(2u)pvp(pu)))(2vz(2u)pvp<pu)x
=P PN () 220N +K) [ 2wy = 2 CON (u/ prr )00 D),

By virtue of [3; II, Theorem (2.7) and Lemma (2.12)], we have
CHUOYU{TOWY —)x)lie Z}) =fL(UO) L {mu)x — Maw, — Mw,} ),
where M, =(m(u)/2"**)N,(u/2"**)n+k) and

{(m(u) /PPN ([ p**)n =0 (mod(p—1))
0 (otherwise).

M =

p

Since this is true for every function f which satisfies (5.4), we obtain

(5.5) J(X) = KO(X)/ <f{(UOYU {m((+2n+Kk) | 2)x— Mywy— M,w,}>,
where w,={(g,(u,)), w,=f1(g,(u,), v2(M;)=v,(n+k) and

{vp(Mp)=vp(n) (G+2n+k=0 (mod2(p—1))
M,=0 (otherwise).

It follows from [13], [14] and the proof of Theorem 2 that we have
j(X) = HZ)/<{BO’BZ’Bp}>’

where Fz) is a free abelian group generated by {zy,z,,2,},
B, =2b2Utnntlnthy,
B, =Pb,,(j+k,2m,2n)zp’
By=Myzo—M,z,— Mz,

and My=m((j+2n+k)/2). Set
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(5.6) {iz =min{b,(j+n,n+1Ln+k), vy(n+k)}

i,=min{b,(j+k,2m,2n), v },
where

b - {vp(n) (M, #0)
Pm (M,=0).

For the sake of simplicity, we put b,=b,(j+n,n+/n+k) and b,=b,(j+k,2m,2n)
in the following calculation. Choose integers e,, e,, e; and e, with e,2”
—ep’ T'*M,=2" and e p’r—e,2" " 2M,=p'». We assume e, =0 if M,=0. Then
we have

B, 2b2~izpbo—iopg 7
A B2 = ezpbp_ipMozo‘I"zizZZ N
B, 422" 2Myz+p'rz,,

where
2b2—i2pbp—ip pbp—ipMz/zl'z 2bz—i2Mp/p!'P
A= ezpb"_i" ey esz/pip
e 227 e M, /2" e,
and detA=1. This implies that
JX)x Z) 2 pbr— s M D Z /22D Z P>

This completes the proof of Theorem 3.

6. Proof of Theorems 4 and 5

By Proposition 3.20, J(h(g,m)x(q))=J2°"(E(q)—1))=0. It follows from [5,
Proposition (2.6)] that '

( D(q)'"")(” +@D(k—s+1+5)8a) ~ ( D(q)m,l)m:(q) Ok —s+5)8@)
s

Theorem 4 follows from Lemma 3.10.

Suppose D(g)imi ! and D(q)3m ¢ 1+ are of the same stable homotopy type,
s20 and k+¢=0. There exists an integer j>2s+¢ and a cellular homotopy
equivalence

L Qj— 25—t 2m+2s+ 1,1+t J 2m+1,1
h:S D(Q)3n+ 2sk+i > S'D@amk s

which induces isomorphisms
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b HASID@3 3 Z/2) » ANST D@t B4 /),
i KO(S'Digami ) — KO(SI =2~ D(g)ms 25 1

and J(h): J(S'D(q)2m Y - J(ST= 37 'D(g)3m LY. If n+k=0 (mod?2), then h
induces a homotopy equivalence

. Qj-2s—t 2m+2s+1,0+8,2n+ 25— 1,k+t—1 j 2m+1,0,2n—1,k—1
h:S D(q)zn'+ 2s,k+t,2n+ 25+ 1,k +t = S'D(@)2nk 20+ 1,k .

By Lemma 3.11, we obtain

n+k+s+t

Sqi(o.j— 25— t([(CZn + 2s,dk +r])) — ( )o.j —2s —t([(CZn + 23, dettt ,)])

and Sq(d’([(c*"d9)]) = <n fk)of([(cz",a*“)]) for 1<i<l—k, where o: HXX;Z/2)
i

— H**Y(SX;Z/2) is the suspension isomorphism. Since h*o([(c*"d")]))
=072 7Y[(c*"* 25,d**Y)]), we obtain

<n-}'—k>5<n+k:-s+t> (mod2)
I

for 1<i<[—k. It follows from [12, Lemma 2.1] that v>[log,(/—k)]+1, where
v=v,(js+1t/+2". This completes the proof of the part i) of (1) of Theorem 5.

To prove the parts ii) and iii) of (1) of Theorem 5, we may assume /=k+9. So,
assume /=k+9 and v=4. If m=n, then

T(S1=2~ D@ it = TS+ RPA LY,
@J(S T TIRP LAY
and J(S'D(g)3mi ) = J(SIT"RPITD@T(ST"RPTLLY).  Suppose v,(i+n)> (I—k).
By the isomorphism J(k), we see
v+12max{a,(n+Ln+k—1), ay(n+1+1,n+k)}.
If n+k=0 (mod2?!~Y~1Y) then a,(n+Ln+k—1)=qp(/—k) and
n+k+s+t=n+k (mod2°¢H)

This implies that v=e(/—k). If n+k+1=0 (mod2°¢®~1), then a,(n+I+1,
n+k)=¢@(—k) and

n+k+1+s+t=n+k+1 (mod2°¢~H)

This implies that v=¢@(/—k). Thus the parts ii) and iii) of (1) of Theorem 5 for
the case m=n are obtained by using Lemma 3.13.
Suppose m>n. If m=n (mod4), then
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h(io(S7*" ST RP, LRSI < SID(g)3mi
and iy h'op, =0, where

;. Qjtn—s—t n+k+s+t+8 Jj—2s-1t 2n+2s,k+t+8
ig:S RP s °~ S D(@)2n1 35K +1

< §ITB DR R
is an inclusion map and
P2:SD(@)om M = SD(@)5mi L & ST TRP LY

is an identification. Let

s SR ST DR

izt STRPLL > SID(g)a Y,

R T ee-re
and iy: STk o SID(g)3m ! be inclusion maps, and

pyiSITITID(@R A o ST RPES L

an identification. Suppose v,(j+r)=@(l—k). If n+k#0 (mod 4), then J(h) induces
an isomorphism

TS+ RP1EY S (ST RISty

This implies that v,(j+n—s—1)+1=2a,(n+Ln+k—1) and v=za,(n+Ln+k—1)—1.
If n+k=0 (mod4), then J(h) induces an isomorphism

~

j+n—s—t n+1l+s+t
(S RPn+k+s+t+1 .

TS RPy ) S
This implies that v,(j+n—s—0)+1Za,n+Ln+k)=a,(n+Ln+k—1) and v=
a,(n+Ln+k—1)—1. If n4+k=0 (mod2°'"M~1) then
KOS+ 4% ~ Z.

Let x be an element of I?é(SfD(q)ﬁmf LY with r@)’(x) generates the group
KO(S7*2"*%). Then (i,)'(h'(x)) generates the group KO(S/*2"*%). 1t follows from
[13] that

(11)’0//3(}’)) — 3(j+ 2n +k)/2(i1)!(y) + ((3(j+n—s—t)/2 _ 3(j+ 2n+k)/2)/ 2)0
and
(i)' (3(x)) = 3U* 2 BI( ) (x) (39 /2 — 3U 20 RI2) /oy,

where y=h'(x), v is a generator of torsion subgroup of
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I~ .
KO(S7*"sT'RPy LAY,

and u is a generator of torsion subgroup of 1?5(81' *rrPEL). It follows from [15,
Lemma 3.1] that

(3UMI2_3U+204R02) 13 = _(n4 k) (mod 2¢~H)
and ~ (3UTnTsTO2_30t2nt0N2) 19 = _(s4t+4+n+k) (mod2°¢~M). Since J(A) in-
duces an isomorphism
ST RPy 1) S TS T RPLS )

this implies that v=e(/—k). Suppose v,(j+m)=¢@(—k). Then J(h) induces an
isomorphism

~

jtm—s—t m+l+s+t+1
(S RPm+k+s+!+1 .

TS mRPREEY S

This implies that v+12a,(m+I[+1,m+k). If m+k+1=0 (mod2°¢~Y~1) then
m+k+s+t+1=m+k+1 (mod2°'"®) and v=¢p(l—k). Thus the parts ii) and iii)
of (1) of Theorem 5 are obtained by using Lemma 3.13. This completes the proof
of the part (1) of Theorem 5.

Let ¢ be an odd prime. By the part i) of (1) of Theorem 5, s+¢=0
(mod2). Suppose j+k=0 (modgi™ "M@~ and j+k=2(—2+k—2[(n+k)/2])
(mod 2(g—1)). Then j=k (mod4), j—2s—t=k+t (mod4),

Bl j— 1K+ 1)y & Z) gt amivkean,
B(q,j~2s—t—1,k+t+1)§f;’22;+1 ~ Z/qbq(j+k—2s,2m+2s,2n+2s)’
bi+k—252m+2s,2n+2s)=min{v,(j+k—25)+1, a(j+k+2m,j+k+2n)}

and a(+k+2m,j+k+2n)=[(m+k—-2[(n+k)/2]—-2)/(q—1)]+1. Suppose j+I
=0 (modg™ ™@=Y and j+I=2(—1+1-2[(n+[+1)/2]) (mod2(g—1)). Then
j=14+2 (mod4), j—2s—t=[+t+2 (mod4),

B(q,j, I)%:‘+l ~ Z/qaq(j+l+2m,j+l+2n)’
B(q,j—2s—t,l+ t)%:‘n++22$s+l ~ Z/ qbq(j+l—2s,2m+2s,2n+2s)’
b(j+1—2s,2m+2s,2n+2s)=min{v,(j+/—25)+1, a,(j+1+2m,j+ 1+ 2n)}

and aG+1+42m,j+142n)=[(m+1-2[(n+1+1)/2]—-1)/(g—1)]+1. This implies
that

V(s +qm) 2 [(m+k—2[(n+k)/2]1-2)/(g—1)]
and v (s+q™)Z[(m+[-2[(n+I+1)/2]—1)/(g—1)] except for the case [=k+2
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(mod 4),
d=[m+k—2[(n+k)/2]-2)/(q—D]=[m+I-2[(n+I1+1)/2]-1)/(g—1)]>0,
[—k—25=0 (mod ¢°)
and /—k+2s=0 (modg’). If I=k+2 (mod4),
d=[(m+k—2[n+k)/2]1-2)/(g—D]=[(m+1-2[(n+1+1)/2]-1)/(g— 1)]>0,
I—k—25=0 (modq?
and /—k+2s=0 (mod ¢°), then /=k (mod 2q%), IZk+2¢*=k+2q,
B 774 23(L3m 2542072 | L3+ 257 y) & SID(g)g M-
and i, oh'opy, =0, where
Tot SIFATI(LINH 2202 [0 257) oy 3727 Plgyant By 242
< STTETD(g) e
is an inclusion map and
P2:S'D()mi M = SID(@3n VY & STHLIm /LY
is an identification. This implies that 4' induces isomorphisms
J(STHEZ2(LGm+ 29/ L" 29) = J(STHHLIm/LE™)

and J(SI*!m2s(L2m* 25/ 2+ 29) ~ J(SITHL2"/L2M). Thus we obtain the part i) of
(2) of Theorem 5. If n=0 (modg™ ™W@~Vh p1k=0 (mod2), j+k=0
(mod gl™~ma~V) and j+k=-—2n (mod2(q—1)), then j=k (mod4) and the
isomorphism J(k) implies

n+s=0 (mod gl™~"/@-11)

and s=0 (mod g™ ™@~Y)  If n=0 (mod g™ ™M@~V nil=1 (mod2), j+I/=0
(mod g™ ~"@=V)) and j+I/=—2n (mod2(g—1)), then j=/—2 (mod4) and the
isomorphism J(k) implies

n+s=0 (mod g™~ "/@= b}

and s=0 (mod g™ ™/@~ YY) Thus the part ii) of (2) of Theorem 5 is obtained by
using Lemma 3.13. This completes the proof of Theorem 5.
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