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1. Introduction

Let kG be the group algebra of a finite group G over an algebraically
closed field k of characteristic p >0, and let P be a Sylow p-subgroup of G.

Following Motose and Ninomiya [9] we call G p-radical if the induced
module (kp)¢ of the trivial kP-module kp is completely reducible as
a right kG-module.

In [10], Okuyama has proved that p-radical groups are p-
solvable. And Tsushima has characterlized p-radical groups which are
p-nilpotent by group theoretical properties (see Lemma 2.2). So it seems
to be interesting to investigate the structure of p-radical groups of p-length
2 and in this paper we shall treat such a group with some additional
properties.

Before describing our result we need to define some notations. Let
F=GF(q") be a finite field of ¢" elements for prime ¢q. Let I be the
additive group of F. Let T(q¢") be the set of semilinear transformations
of the form v — av” with velV, 0#a€F, and ¢ a fied automorphism (see
[11, p229]). Then we can consider the semidirect product V'T(q") of VV
by T(q¢"). Let A be a generater of the multiplicative group of F and
v=A7""1 for some integer r with 7|n. Let T,={v— av’jae <v>,
o€ Gal(F/GF(¢""))}. 'Then we define 4,,,= VT, < VT(¢").

Theorem 1. Let G be a finite group with the following conditions.

(1) |G: O, (G)=p, O,(G)=1 and O (G)=G.

(2) A Sylow p-subgroup Py of O, ,(G) is abelian.

(3) V=[0,(G),P,] is a minimal normal subgroup of G.
Then G 1is p-radical if and only if the following conditions (A),
(B) and (C) hold.

(A) G=G/VP, is a Frobenius group with kernel Op,(G-).

(B) V is an elementary abelian q-group for some prime q(#p).

(C) One of the following (1) and (2) holds.
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(1) The following (1)-(vii) hold. G
(i) G=VN4xP,) and VANy(Py)=1. il
(1) Py<IPHPy H<s>, where |s|=p and H is a “p

p'-group. H|P
(ii1) By conjugation, we can regard V as an irreducible +
Ng(Po)-module. Then V=V,x--xV, where =°P-
Vi, 1<i<p, are the homogeneous components of Vp,. T
(iv) Set Pi=Cp(V XXV, X Vipy XX V), Vie
1<i<p. 1

Then Py=P X ---x P,
(V) Vi=Vie, PY=Piy, 0<i<p—1.
(vi) V; and P; are H-invariant, 1 <i<p, and VPy=(V P,)x -+ X
(V,P,).
(vit) Set r=|H/Cyx(V,)| and p™=|P,|, ¢"=|V,|.
Then r|n and q({' /r__11 =p"and ViIPH/Cy(V)~ A, ,,,

(2) Cg(v) € Oy p p(G) for any element v of V*,

1 <i<p.

Next, let t(G) be the nilpotency index of the radical J(kG) of kG
and let p® be the order of Sylow p-subgroups of G.
Wallace [14] proved that if G is p-solvable, then a(p —1)+1 <(G)<p®. If
G has p-length 1, then by Motose and Ninomiya [8] #(G)=a(p—1)+1
if and only if P is elementary abelian.

All known examples of p-solvable group G with #G)=a(p—1)+1
have p-length at most 2. Using Theorem 1, we can prove the following
theorem.

Theorem 2. If G is a p-radical group with (G)=a(p—1)+1, then
G=0, , ,,(G). In particular, the p-length of G is at most 2.
2. Preliminaries

In this section, we shall give some lemmas which will be used to
prove the theorems.

Lemma 2.1. ([1, Theorem 6.5]). Suppose that N<]G. Then the
following (1)—(3) hold.

(1) If G is p-radical, so are N and G/N.

(2) If Nisap-group, then G is p-radical if and only if G/N is p-radical.

(3) IfG/Nisap'-group, then G is p-radical if and only if N is p-radical.
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Lemma 2.2. ([13, Theorem 2]). Let G=PN be a p-nilpotent group
with N=0,(G). Then G is p-radical if and only if [N,D]nCy(D)=1
for any p-subgroup D of G. In particular, if N is abelian, then G is
p-radical.

Lemma 2.3. If G is p-radical, then OP(G) is solvable.

Proof. Suppose it is false and let G be a minimal couterexample.
Then we have G=0(G). By Theorem 1 of [10], G is p-solvable.
If O,(G)#1, then G/O,(G) is solvable since G/O,(G) is p-radical. Hence
G is solvable, a contradiction. Hence O,(G)=1, and so O,(G)#1.
Let P be a Sylow p-subgroup of O, ,(G), and set W= <[O,(G),x]|
x€Q(Z(P)>. If W=1, then 1#£Q,(Z(P)) =C4(0,(G)) = 0,(G), a
contradiction. Since G=0,(G)Ng(P), 1#W<IG. Furthermore, for
x€Q(Z(P)) [0,(G),x] is a normal subgroup of O,(G) and is nilpotent
by Thompson [12] as Cop 6(x) N[0,(G),x]=1 (see Lemma 2.2). Hence
W is solvable. Since G/W is p-radical, G/W is solvable. This implies
that G is solvable, contrary to our choice of G.

Let B be a block of kG. We call B a p-radical block if kQpB is
semisimple. Let N<]G and b, a block of RN that is covered by B. Let
T be the inertia group of b,. Then there exists a unique block b of kT
with 8°=B. We call b the Fong correspondent of B w.r.t.(K,T). Then
the next lemma holds.

Lemma 2.4. The following (1) and (2) hold.

(1) B is p-radical if and only if kQpy b is a semisimple kT-module
for any yeG.

(2) ([13] Tsushima) If |G:T| is a power of p, then B is p-radical if and
only if b is p-radical.

Proof. (1) Various facts are known about the relationship between
B and b. B=(kG)b(kG) and J(B)=(kG)J(b)(kG). Furthermore, (kRG)b
is a direct summand of B as a k(G x T)-module. Hence k@ p(kG)b 1s a
direct summand of k®pB as a right kT-module. On the other hand,

kQpkG~ @ R®py,rkT by Mackey decomposition, and so k® p(kG)b =~

yeP|G/T
@® ®py.rb as right kT-modules.
yeP|G/T
Assume that B is p-radical. Since (k®pB)J(b) < (k®pB)J(B)=0,
(k®py70)J(6) =0, and so k®py.rb is semisimple.
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Conversely, assume that A® py7b is a semisimple 27T-module for any
y€G. Then k®p(kG)b is a semisimple kT-module. Therefore U=
(kF®p(kRG)D)® kG is semisimple by Fong’s theory. Since k@pB is a
natural homomorphic image of U, it is also semisimple.

(2) Since G=PT by assumption, P’ N T is a Sylow p-subgroup of
T for any ye G, and hence k®py, b is semisimple if and only if b is
p-radical. Therefore (2) follows from (1).

Let G>>V. Welet Irr(V) be the set of ordinary irreducible characters
of IV and let I;(¢) be the inertia group of @€ Irr(1).
Furthermore, for a block B of kG, let Irr(B) be the set of irreducible
characters of G belonging to B.

Lemma 2.5. Let G=LVD>V, where V is an abelian p'-group with
LnV=1. Let oelrr(V) with I(p)=G. Then L 1is p-radical if and
only if all blocks which cover @ are p-radical.

Proof. Let b be a block of kG which covers ¢. Let yelrr(d).
Then each irreducible constituent of x, is ¢. Set U=Kergp. Then we
have Kery 2 U, and so Kerb 2 U. Set G=G/U, then G=Lx V. Let
e be a centrally primitive idempotent corresponding to ¢@. Then the
sum of all blocks which cover ¢ is isomorphic to kL®,ke~kL. Then
the lemma follows immediately.

Throught this paper, we let #be the family of all finite group G
such that t(G)=a(p—1)+1, where p°® is the order of a Sylow p-subgroup
of G.

Lemma 2.6. Let G be a p-solvable group and NG. If Ge%,
then G/Ne % .

Proof. Let p° p° be the orders of Sylow p-subgroups of G and N,
respectively.

At first, assume N is a p’-group. By Theorem 2.2, 3.3 of [14],
a(p—1)+1<t(G/N)<t(G)=a(p—1)+1. Hence (G/N)=a(p—1)+1,
and so G/Ne%.

Next, assume N is a p-group. By Theorem 2.4, 3.3 of [14],
b(p—1)+(a—b)p—1)+1<t(N)+t(G/N)—1<t(G)=a(p—1)+1. Hence
t(N)=b(p—1)+1 and t(G/N)=(a—b)(p—1)+1, and so G/Ne F.

Now, we shall consider the general case. If N#1, 0,(N)#1 or
0,(N) #1since N is p-solvable. By induction on |N], the lemma follows.
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Lemma 2.7. Let G=LV[>V, where V is a p-group and L is a p-
radical p-nilpotent group with LV =1. If GEF, then < VO, (L)s>eF
for any p-element seL.

Proof. Set H=0,(L). By Theorem 3.1 of [14], |s|=p and V is
elementary abelian. Since L is p-radical, [H,s] <s> is a Frobenius group
by Lemma 2.2. By Theorem 2.7 of [5], gr kI is semisimple as a
kG-module. Let N=V[H,s]<s><|G. Then gr kV is semisimple as a
kN-module, and so Ne # by Theorem 2.7 of [5]. Set M= < VO,(L),s>.
Since M[>N and M/N is a p’-group, MeZ.

3. Proof of Theorem 1

First we shall prove the if -part of Theorem 1. Let G be a finite
group with conditions (1)—(3) in Theorem 1 and we assume that G is
p-radical.

Lemma 3.1. V=[0?(G),P,] is an elementary abelian G
g-group for some prime q(#p) and Ng(Py) is a complement of ] p
Vin G. 1

Ly |7

Proof. Since G is p-radical with OP(G)=G, G is solvable

by Lemma 2.3. In particular, I is solvable. Then I is an Polp

elementary abelian g¢-group for some prime ¢(#p) by the T

condition (3) in Theorem 1. Vie
Next, G=VNg4zP,) by the Frattini argument. Since 1

[Ny(Po), Pl S VAPy=1, Ny(Py) < Cy(Py)=1. Thus NgzP,) is a
complement of V in G.

Now, set L=N4z(P,) and let P be a Sylow p-subgroup of L.

Lemma 3.2. L=L/P, is a Frobenius group with kernel Op,(E) and
complement P.

Proof. By the condition (1) in Theorem 1, OP(L)y=L. 'Then
L=[0,(L),P]P since L=0, /(L). Furthermore, since Izz G/VP,, L is
p-radical by Lemma 2.1 (1), and so [O,(L),P]nCoq (P)=1. Thus L
is a Frobenius group.

By Lemma 3.2, G satisfies the condition (A) in Theorem 1.

Lemma 3.3. Let oelrr(V) with o#1,. Then one of the following
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(1) and (2) holds.

(1) IG(‘P) S Op’,p,p’(G)'
(2) L=I(@)P, and I (¢p)nPy=1.

Proof. Set T=1I4(¢) and assume that T€O0,, , .(G). Let b, be a
block of KV with ¢eb,. Let B be a block of #G which covers b, and
let b be the Fong correspondent of B w.r.t.(V,T). Let D be a defect
group of b and let P* be a Sylow p-subgroup of G which contains
D. Since B is p-radical, k@ psy b is semisimple for any y€ G by Lemma
2.4. On the other hand, there exists an irreducible kT-module in b with
vertex D (see [1, Lemma 4.6]). Hence P*NT 2 D for some teT, in
particular P*'nT=D. Set G=G/VP,. Since D&O, , (G), D"=P*"
=D#1. Since G is a Frobenius group, yte P*. Hence ye TP*=TP,.
This implies that G=TP,, and so L=(LNT)P,.

Next, set O=(LnT)P,. Since P, is abelian, Q<JL. Since
[V,0] < ker@#V and [V,Q] is L-invariant, [V,Q]=1 by the minimality
of V, and so Q € O,(G)=1.

Now assume that C4(v) & O, , (G) for some ve V¥, As Vis a
p’-group, this condition is equivalent to the condition that I;(@) &
O, ,.»(G) for some @#1,€lrr(V) (see for example [3]§13). Then for
such a ¢, I;(@)Py=L and I;(¢)Py=1 by Lemma 3.3.

Let H be a Hall p’-subgroup of I;(¢) (which is also a Hall p’-subgroup
of L). Then HI,(¢) and I,(¢)=H <s> for some element s of order
p in P\P,.

We continue our discussion by assuming that there exists an element
s of order p in Np(H)\P, and shall prove that the condition (C)(1) in
Theorem 1 holds.

Lemma 3.4. If W is a subgroup of V with |V:W|=q and [s,V] = W,
then there exists a Hall p'-subgroup H, of L with [H,V] < W.

Proof. Let ¢ be an irreducible character of IV with kernel W.
Thensince [s,V] < W,seI5(¢p). Now the result follows by Lemma 3.3.

Lemma 3.5. Assume that V=WxW*x---x W', where W is
PyH-invariant. Then the following (1) and (2) hold.
(1) If W, is a subgroup of W with |W: W, |=gq, then there exsts a
Hall p'-subgroup H, of L with [H,W]< W,. In particular,
W, is H -invariant.
(2) Let W, be an irreducible Py,-module of W. Then W, is H-

invariant.
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Proof. (1) We can easily see that V=W x[V,s] as V is an abelian
p'-group. Put U=W,;x[V,s]. By Lemma 3.4, there exists a Hall
p’-subgroup H, of L with [H,,V] < U. Since H, < P,H, W is H,-invariant,
and so [H;,W] € WnU=W,. In particular, W, is H,-invariant.

(2) If W, is not H-invariant, there exists an he H with W,# Wh,
Let we W}§. Since W is elementary abelian, there exist subgroups W’
and W’ of W with Wy=<w>xW and W=W,x WhxW". Set
Wi=W x Whx W, then |W:W,|=q and Wy & W,. By (1), W, is
H,-invariant for some Hall p'-subgroup H; of L. Since he H < Py H,,
h=ah, for some ae Py and hy€ H,. Furthermore, since W, 2 Wh=Wh,

-1 -1 .
Wo=(Wh) < Wh =W, contrary to our choice of W,.

Since L acts on I by conjugation, we can regard I as an L-module.
Furthermore, since IV is a minimal normal subgroup of G, V is an
irreducible L-module.

Lemma 3.6. Let V=V x---xV,, where V;, 1<i<n, are the
homogeneous components of V with respect to P,. Then n=p and we may
take Vi =V,,,, 0<i<p—1. Furthermove, V; is an irreducible Py-module
which 1s H-invariant, 1 <i<p.

Proof. We divide the proof of Lemma 3.6 into three steps.

STeEP 1. s induces a regular permutation representation on the set

(Vi V)

Proof. Suppose it is false, and let s fix I/;. Since P, is abelian,
Py=Py/Cp,(Vy)is cyclic. Since <s>P,= <s>P,/Cp (V) has an abelian
subgroup of (p,p) type, there exists an x€ <s>P, with Cy (x)#1 and
x#1. If xeP,, then Cy (x)=1 since V, is homogeneous as a
Py-module. Hence x¢P,. Let veCy (x)*, then xeCyv). Now by
Lemma 3.3 and the remark before Lemma 3.4, Cp(v)=1. So
Cp,(Vy) € Cpy(v)=1 and P, is cyclic. Since L>P, and P, is abelian,
L=L/P, acts on P, by conjugation. Since OP(L)=L and Aut(P,) is
abelian, Op,(Ij) centralizes P,. Hence L=0, (L), and so G=0, ,(G),
contrary to the condition (1) of Theorem 1. Hence s acts regularly on
the set {Vy, -, V,}.

Step 2. Let {V,,---,V,} be an H-orbit of {V,,---,V,}, and set
W=V,x-xV, Then V=WxWx--x W'
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Proof. Suppose s fixes an H-orbit {Vy,---,V,}. Since H is a p’-group,
(p,t)=1. Therefore s fixes V; for some i, contrary to Step 1. Hence s
doesn’t fix an H-orbit {V,,---,V/,} and this implies that Wx W*x .- x
W' = V. Furthermore, as Wx W'x --- x W ' is L-invariant, we have
V=WxXWx--x W',

STEP 3. Proof of Lemma 3.6.

Take an irreducible Py -submodule W, in V,. Then by Lemma
3.5(2), W, is PyH-invariant. Therefore Wox W§x---x W¥ ' is L-
invariant and coincides with V. Thus Wy=1V, (and t=1 in Step 2) and
the lemma follows.

From Theorem 15.16 of [3], we obtain the following lemma.

Lemma 3.7. Let Py=2Q, 20, 2 ®(P,), where Q and Q, are
H <s>-invariant subgroups of P,. If H acts non-trivially on Q,/Q,,
then |Q1/Q,| > p".

Lemma 3.8. Let ¢ be a homomorphism of P, into Py/Cp (V) X -+ X
Po/Cp(V,) which is defined by the rule ¢(x)=(Cp,(V)x,--,Cp(V,)x).
Then ¢ is an isomorphism.

Proof. Ker¢p=Cp, (V)=1 and P, is isomorphic to a subgroup of
Po/Cp(V ) X -+ x Py/Cp(V,). On the other hand, Py/Cp (V) is cyclic,
1<i<p. Hence the rank of P, is at most p and |Py/®(P,)|<p?, and so
|Po/®(Py)|=p? by Lemma 3.7.

Suppose next that ¢ is not any epimorphism. Let Py have exponent
p™. Then p™=|Py/Cp (V)| as Py/Cp, (V) is cyclic. Set Q,,_(Py)={x¢€
Polx”m_l=1}. Then Q,,_,(P,) is <s>H-invariant and P, 2 Q, _,(P,) 2
®(Py). By Lemma 3.7, H acts trivially on both Py/Q,_,(P,) and
Q,._ 1(Po)/®(P,) which is a contradiction.

Set Pl-——CP(le"'xVl_lei+l>("'pr), 1Si£p. Then P0=
Py x---x P,by Lemma 3.8, and so VP=(VP) x --- X (V,P,). P;iscyclic
as it acts on V/; irreducibly and faithfully.

Lemma 3.9. Cp y(v) contains a Hall p'-subgroup of P H for any
velV,.

Proof. Set K=P;H. Then K acts on Irr(V;) and on the set of
elements of I7;. We claim that P;-orbits coincide with K-orbits on
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V,. LetA,,-,A4,be Pj-orbits on Irr(V,) and let B,,---,B, be P,-orbits
on the set of elements of I/;. By Corollary 6.3.3 of [3], we have m=n.

Let x be an irreducible character in 4, and set W;=Kery. Now
V=V xVix--xV{¥"' and V, is PoH-invariant. Hence, by lemma 3.5
(1), there exists a Hall p'-subgroup H; of L with [H,V,]< W,. As
Py=P,Cp (V) by the remark before Lemma 3.9, we may take H, in
K. Since K=P H=PH, and H, fixes ), A, coincides with a K-orbit
on Irr(V,). Similarly, 4;is a K-orbit on Irr(V,), 2<i<m. By Corollary
6.3.3 of [3] again, B, is a K-orbit on the set of elements of V', 1<i<m,
and our claim follows.

Let v be an element of VV;. For each element ge K, we have v?=10v"
for some x€eP; by the above claim. Hence gx '€ Cg(v), and so
g€ Cx(v)P,. This implies that K=Cg(v)P;. Hence Cg(v) contains a
Hall p’-subgroup of K.

Lemma 3.10. Set r=|H/Cy(V,)| and p™=|P,|, ¢"=|V|. Then r|n

"1
L=" —pm and VPH/Cy(V)~A,,, 1<i<p.

and T
q

Proof. Set N=V,P,H and N=V,P,H/Cy(V,). By Lemma 3.9,
Cx(?) contains a Hall p’-subgroup of N for any veV,. Hence every
P, -orbit of V| contains an element which is centralized by H. Since
P, is cyclic, by Proposition 19.8 of [11] and Lemma 3.6, we can identify
IV, with GF(q") in such a way that PH < T(¢")={v — av°|ae GF(¢")",
o€ Gal(GF(¢")/GF(q))} and P, < {v— avlac GF(¢")*}.

As Cif(P,) is contained in any Hall p-subgroup of P, H, Cj{(P,)=1.
Since P, is cyclic and H is a p’-group, H acts regularly on P,.

Gal(GF(¢™)/GF(g)) —GF(q)

<> GF(gh

) GF(q™)

Let H=<n>, where n(v)=bv°, for some be GF(¢")* and o€
Gal(GF(q")/GF(q)) for veV,. By Proposition 19.8 of [11], H~P H/
Cra(Py) & Gal(GF(¢")/GF(g)), and so r= |H|= |o| with r|n. Then
<o6> =Gal(GF(¢")/GF(q"), where n=1r. Let P, = <x,>, where x,(v)=av,
ae GF(¢"¥. 1f a'e GF(q") for some i, then nx,(v) =n(a'v) = b(a'v)’ =(a')’br°
=a'bv’. On the other hand, x,#(v)=x,(bv")=a'bv’. Hence nx = XM,
and so ~ ‘xf=x,. Since x,=(x,), 7 (x)n=(x,). Thus a'=1 as H
acts regularly on P,. Hence <a>nNGF(¢)*=1.
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Since <a> < GF(q") is a Py-orbits, n(a’)=a' for some i. Hence
n(a')=b(a')’ =d', and so b=(a')(a )’e <a>. Thus b=a’ for some 7, and
so #=x,0. Then P H=<x,><x,0>=<x,><0>.

~ Let ¢ be any element of GF(q")*. Since {c,ca,---,ca?™ '} is a P,-orbit,
(ca')’=ca’ for some i. Hence ca'e GF(¢"). This implies that GF(¢")*=
<a>GF(¢")*. Hence ¢"—1=(¢'—1)p"=(¢""—1)p™. Furthermore, we
have /P \H=V <x,><0>~A4,,,.

Now we completed the proof of the if-part of Theorem 1 and we
shall prove the “‘only-if-part’’ of the theorem.

Lemma 3.11. Let G satisfy the conditions (1)~(3) in Theorem 1. If
G has the conditions (A), (B) and (C) of Theorem 1, then G is p-radical.

Proof. Let @elrr(V) and let B be a block of AG which covers
¢@. Then we shall prove that B is p-radical.

Case 1. ¢=1,.

Since L/P, is a Frobenius group, L is p-radical by Lemmas 2.1,
2.2. By lemma 2.5, B is p-radical.

Case 2. @#1,.

Set T=1I5¢p). Suppose that G satisfies the condition (C)(2) in
Theorem 1. By the remark before Lemma 3.4, T < O, ,, (G). Set
N=VP,, then D< N, where D is a defect group of B. Then
J(B)=J(KN)B by Theorem 2.3 of [1]. By Lemma 2.2, N is p-radical,
and so (R®pB)J(B)=k®pJ(EN)B < k®QpJ(kPy)(kN)B=0. Hence kQ B
is semisimple, and so B is p-radical.

Suppose next that G satisfies the condition (C)(1) in Theorem 1. Let
v be an element of V. Then v=v,---v,, where v;€V;, 1<i<p. Then,
by (C)(2)(vii) in Theorem 1, there exist an x;€ P; with [v7', H]=1, 1 <i<p,
where H is a Hall p’-subgroup of G. Set x=x,---x,. Then v*=v7---v;=
vit---v3?, and so [v*,H]=1. This implies that Cg(v) contains a Hall
p'-subgroup of G for each ve V. By a similar argument in the proof of
Lemma 3.9, T contains a Hall p’-subgroup.

Since V= T and G=VL, we have T=V(LNnT). TNL is p-closed
or TnL/Op(TNL) is a Frobenius group. In each case, TN L is p-radical
by Lemmas 2.1, 2.2. Let b be the Fong correspondent of B w.r.t.(V,T).
Then b is p-radical by Lemma 2.5. Hence B is p-radical by Lemma 2.4(2).
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4. Proof of Theorem 2

In this section, we shall prove the following theorem from which
Theorem 2 follows by using Lemma 2.6.

Theorem 3. If G is a p-radical group with G/0,(G)e#F, then
G=0,, ,,(G).

Proof. Suppose it is false and let G be a minimal counterexample
of Theorem 3. Now we divide the proof into several steps. At first,
we shall prove that G satisfies the conditions (1)-(3) in Theorem 1.

Step 1. O,(G)=1 and O”(G)=G.

Proof. Suppose that O,(G)#1. Set 6=G/OP(G). Then G is
p-radical. Furthermore, since G/Op,(G) is a homomorphic image of
G/0,(G), G/Op,(é)e.f/'— by Lemma 2.6. By the minimality of G,
G=Op,p,,p,p'(G)=Op,,p‘p,(é), and so G=0, . , ,(G), contrary to our choice
of G. Next we assume that O (G) € G. Set U=0P"(G), then since U
is p-radical and U/O,(U)e#, U=0,, , , (U)=0,, (U). Hence G=

O, p.p(G), a contradiction.

Let IV be a minimal normal subgroup of G. By Step 1 and Lemma
2.3, IV is an abelian p'-group. Furthermore, let P, be a p-subgroup of
G with O,(G/V)=P,V/V. Then we show the following Step 2.

StEP 2.
(1) G/V=0,, (G/V), in particular, G=0,, , ,» (G).
(2) Py#1 is elementary abelian.
(3) Let M be a Hall p'-subgroup of G. Then there exists an
s€ Ng(M) with |s|]=p and G=0, , ,(G)<s>.
) V=[0,(G),P,].

Proof. Set G=G/V. For (1), we note that G is p-radical and
Ge#. SinceV#1,G=0,, ,,(G)= 0, ,,(G),sothat G=0, , . (G).

For (2) and (3), let P be a Sylow p-subgroup of G such that Np(M)
is a Sylow p-subgroup of Ng(M). If Py=1, then C7=Op,,p(é), and so
G=0, ,(G), contrary to our choice of G. Hence Py#1. By Theore_m
3.1 of [14], P, is elementary abelian. Hence P, =_[P0,]\4] x Cp (M).
Since G=P,Ng(M)=P,Np(M)M, G_=[130,1\-4]MN,-:(1W). _ Fl_{rthermoxf,
[P, B0 1G and [P, MM A\ Np(¥) = [Po, M) N§(M) = [Po, M) 1 Ci, (1)
=1. Therefore Ns(M) is a complement of [Py, M]M in G. By Theorem
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3.1 of [14], Np(M) is elementary abelian. If Np(M) < P, then
G=P,M. Hence G=0, ,,(G), contrary to our choice of G. Thus
N§(M) $I30. Therefore there exists an element s€ Np(M) with |s|=p
and s¢ P,.

Now set N=0O, ,,(G)<s>. Since NG, N is p-radical by
Lemma 2.1 (1). Furthermore, N=N/Op,(G)=N/Op,(N)€97 by Lemma
2.7. If NG, then N=0O, , ,(N). Since NG, O,(N) < 0,G)=1
and O, (N)< O, (G). Hence N=O, ,, (N), and so s€0, (N)
O, .,(G), contrary to our choice of s. Thus G=0, , ,(G)<s>.

For (4), we note [0,(G),Py] € O, (G)NnPV=V.

SteEP 3. Proof of Theorem 3.

By Step 2, there exists an s with [s|=p and G=0, , ,(G)<s>. By
the remark before Lemma 3.4, the condition (C)(1) in Theorem 1
holds. We set G=G/V, then Ge%# by Lemma 2.6. Since P, is
H-invariant, P, is s-invariant (see the proof of Lemma 11(7) of [7]), and
we have a contradiction.
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