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1. Introduction

The complex cobordism group MU*(CP®) is isomorphic to the ring
of formal power series MU"[[x]], where x=¢,,,(1) is the Euler class of
the tautological line bundle over the infinite complex projective space

CP”. ) Since MU*(CP® x CP®)=MU[[x,,%,]], %; =eyy(n®1) and x,=
equ(1®n), we can write

eMU(']®'1) =Z a.‘jX'lx’z
The formal power series induces a formal group law over MU*
Fry(x,y) =Z aﬁx‘yj~

The complex cobordism ring MU" with the formal group law Fy is
isomorphic to Lazard’s ring with the universal formal group law
[8]. Given any formal group law F(x,y) over a commutative ring R,
there is a ring homomorphism @:MU*— R which is called a multiplicative
genus. In this paper we study the multiplicative genus ¢,,: MU —Q
associated with the formal group law

x+y—2axy

F(x,y)=—————
(x.) 1—(a®+b%)xy

which is related to the following formal power series, called the logarithm
for F(x,y),

(=) r ! d
= X,
o 1—2ax+(a®+b?)x?

which satisfies I(F(x,y))=I(x)+I(y). The characteristic power series
O(2)=2/1"'(2) (cf. [3]) for the multiplicative genus is given by
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2(b+ atan bz)

tan bz

O(=)=
The cobordism classes of Milnor manifolds
H;j={([20,21, 21, [0, w3, -+,w}]) |2owo + 2,20y + -+ + 2w, =0}
cCP'xCP,

where 1<j, and.t}.]e complex projective spaces CP" generate MU*. Let
H(x,y) =Z[H;}x'y’, and

cey . {
1 =——2"""
ogpy(z)= 1

which is the logarithm for Fyy(x,y)=X a? x'y’ Then relations on ag,
[H;;] and [CP"] are given by the followmg [2]:

H(x,y)=d logpy(x) d logpyy(y)

F ¥).
dx dy mu(x,9)

We use the relations to calculate the multiplicative genus ¢,,: MU —»Q
associated with the above formal group law for Milnor manifolds. The
main theorem of this paper is the following.

Theorem 1.1. Let ¢,,: MU —»Q be the multiplicative genus asso-
ciated with the formal group law F(x,y)=(x+y—2axy)/(1—(a’®+b?)xy).
The values of ¢, for the Milnor manifolds H,,, s<k, are as follows:

s+1 ﬂs+1) ( _ﬁk)
Putl[H, ) = ( ) Co5)
where a=a+b./—1 and f=a—b./ —1.

The paper is organized as follows. In Section 2 we study
multiplicative idempotent natural transformations over the cobordism
cohomology MU*(—)®Q which induce multiplicative genera. In Section
3 we investigate the multiplicative genus ¢, ,: MU"—Q and we give a proof
of Theorem 1.1. In Section 4 we discuss multiplicative genus related
to the logarithm given by the integral of 1/{a polynomial}.

2. The decomposition of MU*® Q and the multiplicative genus

Let p(¢y,-:-,t,) be a symmetric polynomial, and let
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p(tl!“')tn)=P(61)"')6n)

where o; is the i-th elementary symmetric polynomial. For a complex
vector bundle ¢ over X with dim.£=n we have

P(cy(8),+,ea(8)) e MU(X)

where ¢(€) is the i-th complex cobordism Chern class, and

Sp(E) =DPler(&),+,cu(8)) € MU(T(®))

where T({) is the Thom complex of ¢ and @, is the Thom
isomorphism. Let

a={h} e MUX)=1lim[S> " *X* MU(n)],,

h: 82" kXt S MU®@m)=T®G",

where y"— BU(n) is the universal complex vector bundle over BU(n). The
complex cobordism cohomology operation Sp: MUY (X)—» MU*(X) is given
by

Sp(@) =" 2"h"(Sp(y"))

where ¢*~2" denotes the (k—2n)-fold suspension isomorphism. For any
set w=(iy,"*-,i,;) of positive integers, denote S,(¢) the smallest symmetric
function of variable ¢;, 1 <j<n, which contains the monomial ¢}---t7 and
write

Sw(t) =Pw(al»' ' 'so-n)'

Then we have the Landweber-Novikov operation S, («)=Sp (&) (cf. [6]
and [4]).

Given a formal power series
Ffx)=14+vx+v,x%+--
flx)=xf(x)
where v,e MU %, we have a symmetric polynomial
Fty)---f(t) =Pg(0y,"",0,).
The multiplicative natural operation S;: MU (X)-»MU(X) given by
Sy(a)=Sp ()
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satisfies

(1) Syg'(@)=g"(Sy()), for any map g: Y-X
(2) Sf(“ﬁ) = Sf(“)Sf(ﬁ)
3)  Sei () =Ffles ("))

If v;,€e MU*® Q then we similarly obtain the multiplicative natural operation
Sp MUN(—-)QQ-MU(—)®Q. We now define

S,(ICPT)

e MU ®Q[[x]] (cf.[10]).
n+1

mngMU(x) = Z

Since the logarithm log,,,(x) for the formal group law F\,;(x,y) uniquely
exists,

S f(lOgMU(x)) =logpy(x)
and for x=c,(y"),
mog{m,(f(x)) =logpy(x).
MU'®Q is the polynomial ring over Q generated by {[CP'], [CP?], --,

[CP™,---}. Given a formal power series

bl 2 bn +1
=x+—x“+ - F+——x""14...
glx)=x 2x n+1 ¥
in MU*®Q[[x]], b;e MU~ %®Q, we can consider the ring homomorphism
Yy MURQ-MUQ, Y, (CP)=b,.

The formal power series g(x) is said to be projective if }, is the projection,
namely Y, =y,.

Proposition 2.1. Suppose that g(x)(e MU @ O[[x]]) is projective. Let
flx)=g *logpu(x) =x+vx2 + 0,83+ -+ " 4o

Then the multiplicative operation S;: MU(—)@Q->MU(—)®Q satisfies
the following properties.

(1) Sp(Sp(ei (@) =S ple; ("))
(2) Sy(v,)=0, for any n=>1.

Proof. Since g(f(x))=logyy(x) =moghy(f(x)) for x=c,(y'), we have
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S ([CP"])=b,. Since the operation S, on MU'®Q coincides with y, and
g(x) is projective, we get S (S ([CP"))=S ([CP"). Apply S, to
mogfy(Sy(x)) =logyy(x), x=c;(y"), to obtain

mOg{lU(Sf(Sf (%)= mOg{lU(Sf(x))-

Hence (1) follows. Apply S, to f)=x+v,x2+v,x3+ 4o x" 140,
x=cl(y1), to get

f(x)=8,(Sp(x) =f(x) + Sp(v)(f(x))> + S (v) (F(%))* + -
and Sy(v;)=0, :>0. O

Suppose that g(x)(e MU*'®Q[[x]]) is projective. Put
fx) =g~ (logpu(x))

and
fx)=x+v x> +vx°+ - +ox" 1+ 0,e MU *®Q.
Then we have a natural transformation
g MU(X)®@Q0-MU(X)®Q,
= LTk
gl@)=) v} (1,---,1,—--,k,---,k)(a)'
41 4
Theorem 2.2. The natural transformation &, satisfies the following:

(1) &, is multiplicative.
(3) (MU (—)®Q) is a generalized cohomology.

Proof. Let
. k(a)zs(u,,..,k,..-,k)(a)

ry 4"

We then have

stap)=_ 3 SK@STp),

R’'+R"

which completes the proof of (1). We can see that g,(x)=f(x), for
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x=c,(y'), and so ¢,=S;. Therefore (2) is an immediate result of
Proposition 3.1(2) and e (MU(—)®Q) is a direct summand of
MU(-)®Q0. (3) follows from (2). O

ExampLE. (1) (Brown-Peterson) The formal power series

@ [CP" !
n=0 P

p"

is projective. Since the coefficients of f(x) =g !(logyy(x)) exist in
MU®Z, (cf. [1] and [10]), we have a natural idempotent operation

and the Brown-Peterson cohomology BP'(—)=¢,(MU'(—)®Z ).

(2) (Ochanine) The formal power series

1

— d
8 J:\/l—2[CP2]x2+(3[CP2]2—2[CP4])x4 ¥

is projective. 'The multiplicative idempotent operation &, for f(x)=
g '(logyy(x)) gives rise to a generalized cohomology r(—)=¢e,(MU(-)
®Q) with A*(a point)= Q[[CP?], [CP*]] and the multiplicative genus

@ =g, MU'—Q[[CP?,[CP*]).

The Ochanine genus ®: MU*—Q[¢,6](cf.[7] and [5]) is the multiplicative
genus associated with the formal group law F(x,y)=1"1(I(x)+I(y)) with

I(x) =f ! dx,
0 /1—20x>+ex*

and ®([CP?])=4 and ®([H; ,])=¢ (cf. Proposition 3 of [7]). Thus the
Ochanine multiplicative genus is represented as the following composite.

®
MU > Olg,0]
\ ///
O[[CP*,[CP*]]
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Here ¢ is the ring homomorphism defined by
Y([CP?))=6 and Y([CP*])=(36%—¢)/2.

(3) The formal pbwer series

1
&) 'J: 1 [CP x4 [CP 2

is projective. The multiplicative idempotent operation &, for f(x)=
g~ '(logpp(x)) induces the multiplicative genus &y MU*-Q[[CP']]. The
values for complex projective spaces are as follows.

e, ([CP™)=(—1)"[CP']*", e([CP*"*'])=(—1)"[CP']*"*!,
g,([CP**+?])=0.

3. The genus associated with (x+y—2axy)/(1 —(a’+b%)xy)

Let ¢,,: MU'>Q be the multiplicative genus associated with the
formal group law F(x,y)=(x+y—2axy)/(1—(a*+b*)xy) for rational
numbers a and b. The logarithm of ¢, is

1
I(x)= dx.
() J: 1—2ax+(a®+b?)x? *

Consider the formal power series

1
&(x) =J: 1 [CPlx+ (CPTP —[CPe? ™

which is projective. By Theorem 2.2 it induces a multiplicative
idempotent operation &, for f(x)= g '(logpy(x)) which gives a generalized
cohomology h*(—)=¢,(MU(—)®Q) with h’(a point) = Q[[CP!],[CP?]]
and the multiplicative genus

@ =g, MU - Q[[CP'],[CP?]).

The multiplicative genus ¢, , is represented as the following composite.
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(Pa,b
MU* 0
\ ﬂ

QIICP'1,[CP]]

Here  is the ring homomorphism defined by Y([CP!])=2a and
Y([CP?])=3a*—b>.

The characteristic power series for the multiplicative genus ¢, , is
given by Q(z)=2/1"'(z). Since

I(x) ! (arctan(02+b2’x a ))-l-a t a)
=— — rctan — |,
b b a?+b? b

it follows that

2(b+atan bz)
tan bz '

O(2)=

For rational numbers a and b, put

h(x.y) x+y—2axy 1 1
x,y) = : . .
Y 1—(a?+bH)xy 1—2ax+(a®>+b*)x* 1—2ay+(a*+b*)y?
Then
(1 =(a®+bH)xy)(1 —2ax+(a® +b?)x?)(1 — 2ay + (a® + b2y )h(x,y)
=x+y—2axy
and for k>3
akh ) ) k—1
W(x,O)—k(2a+(a +b%)x) ayk_l(x,O)

k—2

+k(k—1)(a® +b2)(1 + 2ax) %(m)
y

k—3

—k(k—1)(k—2)(a®+b*)*x ?—_h(x,O) =0.
ayk 3

Proposition 3.1. Let a=a+b./—1 and f=a—b/—1. Then

ﬁ}f - k! o =B ek k+1)
6y"(x’0)_(1 —ox)(1— Bx) ( a—p T )
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Proof. Put
o*h
P,=—(x,0
k ayk( )
Qk=Pk—2akPk,1+k(k—1)(az+b2)Pk_2.
We then have
Oy —k(a*+b*)xQ;_ =0
and
Rl ak-2.k-2
Qk=?(a +b°) %" 720,

Thus it follows that

k!
P,—2akP,_, +k(k_1)("2+b2)Pk—z=E(¢12+b2)k_2xk_2Q2.

Let a=a+b./—1, f=a—b,/—1 and Ry=P;,—kaP,_,. Then we get
_,k!
Ry~ kBR, _ ;= (afx)* 2E‘Qz

and
k-2

R P2 SRy =" 2P~ 2ot P, + 20Py) 3. (@)
i=1
Note that
_ X
(1 —ax)(1—px)
_ 14apx?
T (1—ax)(1—px)
_ 2(0+ P) + 202 %3
 (d—ax)(1—Px)

P,

1

2

Then we get

1 —(ax)"(1 — )
(1 —ax)(1—px)

R+=RIp!
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and

k! (cx"—ﬂ"
Pk=
(1—ax)(1—fx) \a—p

We utilize Proposition 3.1 to obtain Theorem 1.1.

+akﬂkxk+l)' D

Proof of Theorem 1.1.
The h(x,y) is described as

oh 1 0%k 1 o*h
h(x,y) = h(x,0) +—(x,0)y +— —(x,0)y> + - +— —
Oy k! dy

—_— k ses
21 952 (x,0)y" +---.

From Proposition 3.1 it follows that

1 *h d—pr
— —(x,0)= d Z(
k! 6y a_B s=0

Z aiﬂj>xs+akﬂki< Z aiﬂj)xs+k+1

i+j=s s=0\i+j=s

and the coefficient of x*y* is

Otk—ﬂk ini_ a"—ﬂ")(a‘“—ﬂs“>
a—ﬂn;naﬁ_(a—ﬁ «wp ) "

REMARK. When b=0 in this theorem,

Pao([Hi) = (s +1)ka’* 71,

Especially ¢, o corresponds to the Euler characteristic and ¢, is the
Ochanine multiplicative genus of case = —b% and e=b*.

Let ¢ be the canonical line bundle over CP? and let P(m,n) denote
the projective space bundle associated with £"@E".

Proposition 3.2.

(m—mn)? (m—n)*+3

[P(m,n)] = — 3 [Hz,z] +

[CP?][CP"]

Proof. Put
[P(m,n)] =x[H, ;] +y[CP*][CP'] +2[CP']’.

We can determine x, y and 2 by the facts that
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Sia)(P(m,m))=2(m—n)?, S 1(P(m,n)=6, S,;,1/(P(m,n)) =6,
Sy (Hz2)=—6, Sz,1)(H;,,)=6, Sa.1.0(Hz,2)=6,

Si)(CP? x CPY) =0, S(zvl)(CP2 x CP')=6, S(M,I)(CP2 x CP')=6,
S(s)((CP1)3)=O» S(z,l)((CP1)3)=O, S(1,1.1)((CP1)3)=8- O

To the formal group law F(x,y)=(x+y—2axy)/(1—(a*+b%)xy) we
apply

and b= \/-6

a=—

The logarithm is

1
(x)=| ———— dx.
) J: 1 —dx+ 6%x2 ¥

Let ¢5; MU'-Q denote the multiplicative genus associated with the
formal group law F(x,y)=(x+y—0dxy)/(1 —6*xy). Then we have the
following.

Theorem 3.3. The ideal in MU'®Q consisting of o with @za)=0
for any & is generated by cobordism classes of fibre bundles over CP?.

Proof. Let S (M) denote the characteristic number of M
corresponding to the symmetric polynomial X#!. The characteristic
number of the Milnor manifold (cf.[9]) is

S(n+m—l)(Hn,m)= _<n+m>) 2<n<m.
n

We take a generating set {[CP'],[CP?],[H,]lj>2} of the ring
MU'®Q. We use Theorem 1.1 to get @4([CP!])=6, ¢;([CP?])=0 and
@s([H,;1)=0, j>2. Therefore the kernel of ¢, is generated by {{cP?,
[sz], j=2}. If j>2, H,; is a fibre bundle over CP? with the fibre
CP/™!. By using Proposition 3.3 we see that [H, ,] belongs to the ideal
generated by cobordism classes of fibre bundles over CP?2. O

4. Genera cancelling [H, ], j>n

We discuss the multiplicative genus associated with the formal group
law F(x,y)=1"'(I(x)+I(y)) with the logarithm I(x) given by the integral
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of 1/{a polynomial} which is a generalization of the logarithm for the
multiplicative genus ¢4 in Section 3. For rational numbers 6,,0,, :-,0,,
we consider a formal power series
z 1
()= dx
(=) ol +0,x+03x% + 5,6 + - +5,x"+!

and denote the multiplicative genus associated with the formal group law
F(x,y)=1"'(Ux)+1(»)) by

(pal,“.'&n: MU*_)Q.

We then have the following

Proposition 4.1.
(1) (pél,-“,t’n([CPl]): —51’ (péh'“,é"([cpz]):Os (pél,---,én([HZ,l]):é%
741

(2) (p,;l,...,a,.([Hz,j])z 0’ j>n

Proof. The logarithm Il(x) for F(x,y) is described as

l(x):Z%ﬂ) X+

We obtain (1) by the facts that
o
I(2)==2— —2122 + higher terms of degree>4

and [H2,1]=[CP1]2. Consider the formal power series
h(x,y) = Z(pél,n-,é..([Hi,j])xiyj-
The Buchstaber formula [2]
H(x,9) = [CP"Ix") L ICP"y") Fpu(x,y)

implies
h(x,y) =I'(x)l' V) F(x,y)
" n+1)
=<l’(0)+l 1(? x4 +l( n'(o)x"+ ) I'(y)-
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1 °F 1 F
— ——(0,)x%+ -+ — 0,y)x"+--- ).
21 a2 O A G O )

1 oF
1! ox

Comparing the coefficients of x2, we have
h2'0+h2’1y+112‘2y2+-"+h2‘,,y"+"'

1(0) 0*F oF 13)(0)
—(0,) +1"(0)=—(0,
5 axz( y) ()ax( )+ 5

where h; ;=q;, .5 ([H;;]). Since I(F(x,y))=1I(x)+I(y), it follows that

=l'(y)‘< F(O,y)>,

oF
I'(F (x,y))—a =l(x)
X

and
2

" aF U a F "
U(F(x,9)) ()2 + U (F(x,9)) - =1"(x).
Ox Ox
From the facts that I'(0)=1, I"(0)= —4J, and I¥(0)=0, it follows that

hyo+hy y+hy y*+ e +hy "+

n+1
5 n
2 ny

3
=—51+5fy+552y2+---+

and we complete the proof of (2). O

We can take a generating set {[CP'], [CP?], [H, ,],"--,[H; ).} for
the polynomial ring MU*® Q. Therefore it follows from Proposition 4.1
that

Theorem 4.2. [M]J(e MU ®Q) belongs to the ideal generated by
{[CP?],[H, ;1 >n)}in MU '®Q if and only if for any 8,,-++,0,_ ; and d,(€ Q)

(PJ‘,...’J"([]W]) =0.
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