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Introduction

The purpose of this note is to prove, by a method of Anderson ([1]), an
isoperimetric inequality of Gallot’s type (see [5]) for compact Riemannian orbi-
folds. An orbifold is locally a quotient U=U/G of uniformizing open set
U(SR™) by a finite subgroup G of the group of the orientation presreving dif-
feomorphisms of U, where each element of G is assumed to act on U with fixed
point set of codimension =2 (see [11] for more details). As a result, we can
generalize Gallot’s theorem on a Sobolev constant ([6]) to orbifolds. This
together with [2] implies the uniquencess of Einstein-K#hler metrics for Fano
orbifolds, which can also be obtained directly from [2] by Li-Yau’s results
([8], [9]) (see Remark 2.1).

In this note, we fix once for all a compact connected m-dimensional Rieman-
nian orbifold (M, g). A subset HCM is called a smooth hypersurface M, if
7-{UNH) ia a smooth hypersurface in U for any local uniformizing system
{0, G, »n: U=U}. By D,,V, and Ric,, we denote the diameter, total volume
and Ricci tensor of the orbifold (MM, g), respectively. Moreover, by ul" we
mean the i-dimensional measure on M associated to g. We now set J,:=
inf {u$"~(0Q)/ uy™ Q)™M Qe I} where J denotes the set of all domains Q
in M such that 2u{"(Q)<V, and that its boundary 9Q is a smooth hypersurface
in M. Then our main result states the following:

Theorem A. If Ric,=—(m—1)&%g, for some constant £=0, then there
exists a constant K,>0, depending only on m and A,:=ED,, such that

=K\ V"Dt .

Finally, the usefulness of Anderson’s method was pointed out to me by
Professor S. Bando to whom I wish to give my hearty thanks. I also wish to
thank Professor A. Kasue who taught me Li-Yau’s results. Special thanks
are due also to Professor T. Mabuchi for introducing me to this topic and also
for constant encouragements.
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1. The proof of Theorem A

Let p be an arbitary point in M. Take a local uniformizing system
{U, G, z: U—-U} over a neighborhood U of p. By aubse of terminology, let
(T,M, g,) denote the inner product tangent space (T3U, (z*g);) at some point
P in z7Y(p). For each v&T,M, consider the geodesic v,: [0, o)—>(M, g) such
that v,(0)=p and ¥,(0)=v. Note that ¢, is a V-manifold map in the sense of
[11]. We now put

Ep: = {?)ET,M; ’Y,(I)E@(M)},
UM := {veT,M;g,(v,v) = 1} =81,

where &(M) is the set of all singular points in M. The mapping exp,: T,M\
=,—>M\&(M), which sends v T,M\3, to 7,(1), is a C~ map between ordina-
ry manifolds. Let do, denote the standard volume form on U,M=S"-1. We
now define the function §,: T,M\Z,~[0, ) by (exp¥ du{™)(v)=0,(v)dr Ada,,
where 7(v):=g,(v, v)"* with v €T,M. Let UsM(=@) be the set of all v& U,M
such that 2o &3, for some £>0. Then for v UyM, we can define ¢(v) as the
supremum of all £>>0 such that v, |, is a minimizing geodesic. Define the as-
sociated cut locus Cut(p) by Cut(p):= U ,er%u exp,(c(v)v). For each §=0, let
bg(r) and s4(r) be the total volume of a geodesic r-ball and r-sphere, respective-
ly, in a simply connected m-dimensional space form of constant curvature —8&2
Throughout this note, we assume Ric,= —(m—1)&% for some constant £=0.
Then Bishop’s inequality for ordinary manifolds is valid also for orbifolds, i.e.,

0,(tv)(&7* sinh(&z))~"=6,(t'v) ('€ sinh(&t’)) ",

whenever v € UM and 0<t=<t'=<c(v).
By Bishop’s inequality, Gromov’s result ([7; (B)]) for ordinary manifolds
is valid also for orbifolds. Therefore, we obtain

Lemma 1.1. Let W be a Borel set in M and H a smooth hypersurface in

M. Let q be a point in M such that, for all pc W, any minimizing geodesic oy
between p and q always meets H. Moreover, let h be the point in H Ny nearest
top. Now, for ve UM, we put

dy(v) := dist,(q, k),

dy(v) := min (sup{t=0; v,(t) e W}, ¢(v)),
where UFM( Q) is the set of all ve Uy M such that v,(t)EW and that v,|( . is
a miniging geodesic for some t>0. Then

pg (W) (H)= , ESI(IJQM({b.(dz(v))—be(dl(%))}/ $(d(75))) -

By this lemma and Bishop’s inequality, Anderson’s result ([1; Lemmas
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4.2, 4.3]) for ordinary manifolds is true also for orbifolds as follows. (To
obtain a correct statement, the condition (1.2.1) below seems to be necessary,
though Anderson does not state it explicitly.)

Lemma 1.2. Let H be a smooth hypersurface in M whick disconnects M\H
into two open sets Q, and Q,. Let B,(p) be a geodesic p-ball in M, centered
at pEM, such that

(1.2.1) pg"P(0By(p) N Cut(p)) = 0.

For q in dB,(p)\Q, let n(q) denote the distance from p to H along a minimizing
geodesic v between p and q, where n(q)=0if v and H do not intersect. Then by
setting TI(H, p):=min{ud(QyN Bu(p)), u&(Qy N Bu(p))}, we have the following

three inequalities :

(1.2.2) TL(H, p)=2b,(4p)s«(2p) " u¢" " (H N Byy(p))
(1(9)) g -1 < i
(12.3) Sqew,,m\gl SO S HNB(R))

2de)=bnl@) 4,12 im0 0 By(p) -

124 S
( ) €98, (p\ay se(p)

Proof. Following Anderson’s arguments in [1; Lemmas 4.2, 4.3], we ex-
plain the outline of the proof. By Gromov’s result ([7; (C)]), we may assume
that

QNB(p)2q and UNB,(p)2W

for some point ¢, and some subset W such that, for any point ¢ in W, each mini-
mizing geodesic 7 between ¢, and g intersects H at a point 4 satisfying

dist,(qo, k)= dist,(¢, #) and 2p5 (W) Z p§”( QN By(p))
Then by Lemma 1.1, we obtain

II(H, p)=2p5"~"(H N Byy(p)) o be(d(©))se(di(Y:)) " 5

which immediately implies (1.2.2). Next, we define a map E: UM—-M by
E(v):=exp,(pv), where UyM:={veU)M|pve=,}. By the condition (1.2.1),
there exists an open subset U of aB,(p)\S(M) with p{"~V(0B,(p))=us" " (U)
such that every g€ U and p are joined by a unique minimizing geodesic 7, from
p to gq. By setting U;:=U N(8B,(p)\y), we define a map G: E-(U,)—H by
G(v):=7gw(n(E(v)). Then Bishop’s inequality shows that

B O(H 0 By(9)) 2 u" M (GEXTY))
= S‘leUl 0P(7](q)'5"’(0))0ﬁ(/"5’q(0))—ldllfgm") ’
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from which, we obtain (1.2.3). Now, we can similarly obtain (1.2.4). W
By using these lemmas, we can now prove our main result as follows.

Proof of Theorem A. Though we basically follow the arguments in [1;
Theorem 4.1] for ordinary manifolds, the difference between his case and our
case will be emphasized down below. Fix a real number 2>2. Let Q€ and
put Q:=M\(QU3Q). For each pQ, choose a p>0 such that

(1.3) wg"(0B,(p) N Cut(p)) =0,
(14) ug(By(p) N Q) =2 (By(p) N Q)= 2kui”(By(p) N QY)

where the existence of such a p is guaranteed by p{™(Cut(p))=0 and 2u{"(Q)=<
V,. From (1.4), we have 2ku{™(B,(p)) =2(k+2)py™(Q) < (k+2)V,. By apply-
ing (1.2.3) and (1.2.4) to 0Q and Q°, we have

wr OB, (P\O)
Salp W) HOBANDIE] b))
S5 (PP (By(2) N )+ "~ D@R N By(p)) -
Then from (1.2.2), we obtain
B OEB, (PN S am, & p, D" D(OQNBy(p))

where a(m, €, p, j): =27 by(4p)se(p)se(2p) *be(p)*+1. By Bishop’s inequality, we

have
bar) <b,(r)a"( S <__sthZA A )" d >(S: (%)” a)”,

for all =1 and 0=r=<D,. From this inequality, we can show a(m, &, p,j)<
co(m, A, j) for some constant cy(m, A, j)>0 depending only on m, 4,,; (and

independent of &, p). In this note, ¢/(a, -+, ) means a positive constant depend-
ing only on &, +++, 8. 'Therefore, we obatin
(1.5) pg" (OB(P\Q)=co(m, A, Du§" V(00N Byy(P)) -

In view of (1.4), applying the same arguments as above to 0B,(p)\Q, we also
obtain

(1.6) 1" (OBy(P)\Q) = co(m, Ay, k)"~ (0Q N Byy(P)) -
Therefore, by adding (1.5) and (1.6), we have
(L.7) pg"(OBy(p)) = cr(m, A,y k)" (02 N Byo(P)) -

For each g=Q, we define p(q) to be the smallest positive real number satisfying
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(1.3) and (1.4). Then there exists a finite points p,, p,, **+, py in Q such that
Bt )(9:), =1, 2, ---, N are mutually disjoint and that U {.,Bgs,)(9:)=Q. Then
by (1.7),

min {u{" (0B, () 1 (Bocsp(£:)) "5 i=1, 2, -+, N}
Scy(m, Ag, k)ug"~D(0Q)/ pg(Q) ™D

Therefore, we obtain

(1.8)  Jy=cy(m, Ag, k) inf {uf"~(8B,(p))/ us™(B,(p)) " V/"; By(p) € B},

where B is the set of all geodesic balls B,(p) in M such that 2ku{™(B,(p))=
(k+2)V, and that p{"~V(0B,(p) N Cut(p))=0. Take a B,(p,)EB for arbitary
PEM. If there exists a point p, M such that dist,(p,, p;)=3p, then by Lem-
ma 1.1 applied to H=08B,(p,)\{S(M) U Cut(p,)}, g=p, and W=B,(p,), we have

g (Bo(0)) =be(8p)se(p) 1"~ (0B,(0)) -

Otherwise, by Lemma 1.1 applied to H=08B,(p,)\{&(M)U Cut(p,)}, g=p, and
W=MN\(B,(po) UdB,(p,)), We obtain

15 (Bo( o) = 3"(k+2) (k—2)""b(3p)se(p) " 1" (0By(ps)) -
In both cases, by b(p)se(p) "' < be(p)™so(1) ™, it now follows that

(1.9) 1" (Bo(po) = ci(m, Ay, R)so(1)™"by(p) " " (0By(p0)) -
Finally, Theorem A is straightforward from (1.8), (1.9) and Bishop’s inequali-
ty. W

2. Applications

In this section, we shall give applications of Theorem A. First, we im-
mediately obtain the following Sobolev inequality of Gallot’s type, by the me-
thods in [6].

Theorem B. Let Li(M) be the Sobolev space of all functions f on a Rieman-
nian orbifold (M, g) satisfying ||fl|.s=-1ldf||Lp<<oo, in terms of orbifold L?*-norm.
Assume Ric,= —(m—1)&% for some constant €=0. Then there exists a constant
K,>0, depending only on m and A,:=ED,, such that

{”dfl|L2%KzV}/"'DEIHfHLWW-z), if m=3;
llafll 2= KV * Dl £zt s if m=2,

for all f ELYM) with [, fdug=0.

As in [6], approximation of C*= functions by Morse functions gives us an
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effective tool in the proof of the Sobolev inequality for ordinary manifolds.
For orbifolds, this approximation is also possible by the same methods as in
[10; Theorem 2.7], though we have to use [12; Lemma 4.8] in place of [10;
Lemma A]. Note that Theorem B implies the following theorem by the same
arguments as in [2].

Theorem C. Let G,(p, q) be the Green function (see [3]) for the Laplacian
A, on a Riemannian orbifold (M,g). If Ric,=—(m—1)&% for some constant
&=0, then we have a constant K;>>0, depending only on m and A :=ED,, such
that

Gy(p, 9)2—K:DiV"
for all (p, ) € M X M with p=q.

RemMaRk 2.1. For m=3, Theorem C can be proved without using The-
orem B as follows. We denote by H(p, g,¢) the heat kernel for (M, g) (see [3]).
A simple calculation shows Hy(p,p, t):=H(p,p, t)—V 7 *<e ™ H(p, p, t[2),
where ), is the first positive eigenvalues for —A,. This inequality and Li-
Yau'’s results ([8; Theorem 7], [9; Corollary 3.1]) are valid also for orbifolds, and
hence

Hy(p, p, t)<cs(m, AV (¢Dg") ™",

for all peM and t=>c¢m, A,)D:. Thus, we can prove Theorem C by same
arguments as in [2].

Now, we assume that X is a compact connected complex orbifold having
positive first Chern class in the sense of orbifolds. Let &(X) denote the set
of all Einstein-Kihler orbifold metrics g such that Ric,=g.

Exampre 2.2. In [4], Galicki-Nitta constructed examples of compact
self-dual Einstein orbifolds, of real dimension 4, by quaternionic Kihler reduc-
tion. Their twistor spaces are compact Einstein-Kahler orbifolds, of complex
dimension 3, with positive first Chern class.

Let Aut(X) be the group of all automorphisms of X and Aut(X) its iden-
tity component. Then Aut’(X) naturally acts on &(X). In view of Theorem
C, we can also prove the following theorem by the same arguements as in [2].

Theorem D. If &(X) =0, then £(X) consists of a single Aut’(X)-orbit.
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