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1. Introduction

An important question in the study of reaction-diffusion systems is the
identification of all steady states and the classification of their stability. In
this note, we give a contribution to this question for a class of systems with two
diffusing and reacting components.

(1.1) o, —d;Au; = f(u,, u,) (t=1,2)

in some cylindrical time-space domain QX (0, o) CR¥*!, together with zero
Neumann boundary data on the lateral boundary 9QX(0, ) and suitable
initial data on QX {0}. Then all equilibria of the associated system of ordi-
nary differential equations

(1.2) yi=fny) (@E=12)
are also spatially constant steady states of (1.1). Consider now the special case
(1-3) fi(ul) uz) = ui(aio_ailul—aizuz)

with a;;>0 for all 7,j . In this case, it turns out that the unique positive equi-
librium of (1.2) (if it exists) is globally asymptotically stable for (1.1) if and only
if it is so for (1.2). 'This will be the case if and only if

(1.4) fu s o s G

Ay Ay a4

see [12] for a detailed study and for results on other possible combinations of
coeflicients.

of.
Note that in this case 5;fL <0 for zj; such a vector field is called competi-
J

tive. On the other hand, it was shown in [11] that for competitive vector
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field with two zeroes that are asymptotically stable for (1.2), non-constant stable
steady states of (1.1) can exist, if the domain Q and the diffusion coefficients
d,, d, are chosen appropriately. This “pattern formation” phenomenon cannot
occur if £ is convex ([8]) or if the diffusion coefficients are large ([2]).

The purpose of this note is a study of a certain borderline case in which the
zero set Z of the vector field f in the first quadrant

(1.5) Z = {(wy, ;) |0y, u, >0, fi(u, ) =0 for i=1,2}

is a continuum. An example is the vector field (1.3) with all inequalities in
(1.4) replaced by equality. In this case, the zero set Z consists of the coordinate
axes and a straight line that divides the positive quadrant R%=[0, o)X [0, o)
into two components, one of which is bounded, and all these zeroes are stable
equilibira of (1.2).

We shall discuss two possible generalizations oi this example and give suf-
ficient conditions that imply that every solution of (1.1) converges to a unique
spatially constant solution with values in Z. Our first result uses the maximum
principle and is given in section 2; our second result uses Lyapunov functions
and is given in section 3. It will turn out that the vector field f does not have
to be competitive for either generalization, but the competitive case is included
in both results. In section 4, we discuss the stability of these steady states and
give comments on extensions to systems with more than two components and on
relations to recent work on order preserving semiflows. For other results on the
asymptotic behavior of solutions of reaction-diffusion systems, the reader is
referred to the bibliographies in [4], [10], [18], [19]. For some related work on
predator-prey systems of the form (1.1) with vector fields of the form (1.3), see
[15]. For other uses of Lyapunov techniques in the study of parabolic systems,
see e.g. [1] and [14].

To conclude this introduction, we list the main assumptions and give a basic
existence and uniqueness result that serves as the framework of what follows.
The set QC RY is an open and bounded domain with C?**-boundary 8Q and
unit exterior normal vector field #. The constants d; are positive; after rescal-
ing, we may assume that d;=1 and d,=d>0. Problem (1.1) is considered
together with zero Neumann boundary conditions

(1.6) ou, =0 (=12
on the lateral boundary 9Q X (0, o) and initial conditions
(1.7) u(-,0)=u! (=12

on Q. The initial data are always assumed to be non-negative and not identi-
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cally zero. The vector field f R:—>R? is of class C'. The zero set Z is assum-
ed to be of the form Z=({0} < (0, o)) U((0, e)x {0}) U Z, with

(1.8) Zy = {(w, ) |4,>0, fiu,u) =0 (i=1,2)}.

We also assume that there exists a number M >0 such that f;(u;, u,)<O if u,>
M or u,>M.

Lemma 1. For (u,uf)EL~(Q, R%) there exists a unique solution u=
u(-;u%): O x[0, 0)—>R% of (1.1), (1.6), (1.7) for which 0.0, u and O are
Holder continuous on X (0, o). Let u(-,t;u°) denote the restriction of u(-;u°)
to QX {t}, then [0, o) Et—u(-, t; u) is a continuous curve in L*(Q, R?) for any
p<oo. The components u; are strictly positive on QX (0, o) and essentially uni-
formly bounded on this set.

Sketch of proof. Choose p>>n and consider (1.1), (1.6), (1.7) as an abstract
semilinear evolution equation in the Banach space X=L?(Q), R?), after continu-
ing the vector field ]—" on all R? in a C'-fashion. By standard arguments (see
[6]), the problem has a unique local mild solution which is Holder continuous for
positive times. Applying the regularity thoery for parabolic equations again,
it follows that also the time derivative and all second spatial derivatives of the
solution are Holder continuous up to the boundary of Q for all positive times (see
[9]). The positivity of both components follows from the strong maximum prin-
ple (see [3]). Using a large invariant rectangle, a uniform bound for the solu-
tion components can be given which implies global existence of the solution

(see [19]). Q.E.D.

2. Convergence to Constant Equilibria I

In this section, we discuss (1.1), (1.6), (1.7) under the following assumption:

There exist 8>0 and v: [0, 8]—[0, ), continuous, strictly decreasing,
with ¥(8)=0, such that the set Z, is given by

(2.1) Z, = {(uy, uy) |01, u,>0, 0<u, <B, u, = y(u,)}.

Both f; are negative on {(u,, u,)|%,>0, u,>(u,)} and positive on the comple-
ment of this set in the first quadrant.

We still assume throughout that both components of the initial data «° are
non-negative and not identically zero.

Theorem 2.1. If (2.1) holds, then every solution u(- ; u°) of (1.1), (1.6), (1.7)
converges to some spatially constant vector (p,, p,) as t—oo, uniformly on Q, to-
gether with its first and second spatial derivatives. Here either p,=0 and p,>(0),
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or 0<p,<B and p,=p(p,), or p1=B and p,=0.
Proof. Define the usual o-limit set
o) = {pELX(Q, R?)|u(-, t,; u’)—¢ in L? as t,—co for some sequence #;}.

Then w(x°) is a compact non-empty subset of C%Q)) and independent of p, and
the convergence is actually in C¥Q)) (see [16]). We must show that w(x°) is a
singleton with two constant components. Thus let v=(v,, v,)Ew(4°) and set
a=max v,, 6=max v,.

Case 1: a>(0). We claim that in this case o(#’)= {v*} ={(0, @)} on Q. To
show this claim, suppose first that v, is not identically equal to &¢. By the strong
maximum principle, the second component of u( - ; v*) is strictly less than a for
all positive . Since u(+; v*) Ew(u’) for all ¢, the solution u(-, ¢; 4°) must there-
fore have its range in some rectangle [0, M,] X [0, «—&] for some positive & and
for some positive £. Such a rectangle is invariant, if M, is large, and therefore
v*eEw(W’), contradicting the assumption. Thus v,=a. The same argument
shows that v,=0. It remains to show that * is the only element of w(x’). To
see this, let w*=(w,, w,) Ew(4°), and set @=max w,. Then @=ea, since other-
wise an invariant rectangle could be found that contains one of the two solutions
but not the other. By the previous argument, w*=(0, a)=v*, which proves
everything in this case.

Case 2: 8>p. In this case, v*=(3, 0) and w(¥’)={v*}. The proof is as in
case 1.

Case 3: 0<a<v(0),0<86<B. This is the remaining case. Let [4, B]X
[C, D] be the smallest rectangle with sides parallel to the coordinate axes and
corners (4, D) and (B, C) on the graph of v that still contains the range of v*.
Then §<B<B and a<D<v(0). All such rectangles are invariant. If this
rectangle were not a single point, then by the strong maximum principle the
function u(-, t; v*) would have its range in a strictly smaller rectangle with the
same properties, as soon as ¢>0. Again, this implies that v*&w(#’). Thus all
elements of »(#’) must be constants on the graph of y. Let v* and w* be two
such elements of w(u’). If they were not the same, then one could find a small
invariant rectangle about v* that does not contain @w*. Thus »(%°) must reduce
to a single such point. This proves the theorem completely. Q.E.D.

Remark 1. In the above result, it cannot be excluded that the limit (p,,
p2) lies on one of the coordinate axes. An example is given by a vector field
that has the form

(2.2) fi(ub uy) = —wy(u,+u,—1)
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for i=1, 2, near the point P=(0,1). For solutions of (1.2) with initial data
(43, 43) in a neighborhood of P, u,—u, remains constant along solutions, and thus
the limit will be (py, pg)=(0, u3—u2) if #3>ud+1 and (p, p2)=< 1;‘ , Lgi) o=
us—ul, if uy<u}+1. Obviously, solutions of (1.2) can be viewed as solutions of
(1.1), (1.6), (1.7).

ReMARK 2. A crucial assumption in the arguments above is that ¢ is
strictly decreasing. More precisely, it was used to establish that in case 3, w(u°)
contains only one element. All other arguments are still valid if ¢ is only non-
increasing; in particular, all elements of »(x°) must still be componentwise con-
stants with their range on the graph of v. We suspect that the general result
is still true in this case, but we can only prove it under additional assumptions such
as

(2.3) fec?, 21{2 0 ((wm,u)E2).

By the implicit function theorem, v is a C*-curve in this situation, and writing
f,.jzg—z{{—, we must have f;+9'f,=0 on Z,. Note that necessarily f,,<<0 on Z,
due to (12.1) and (2.3). Suppose now that only v’ <0. To show that w(°) is a
singleton, we first can exclude the possibility that o(x°) contains an element v*=
(v, v2)=(1, ¥(v1)) with 9'(v,)<<0, since in that case arbitrarily small invariant
rectangles about v* can again be found. Since w(#°) is a continuum, it must
therefore have the form w(u’)=[v,, w,] X {¥(v,)}, with o’ vanishing on [v,, @,].
We now refer to the results in [5], in particular to the proof of Theorem 3.4 in
that paper, which implies that w(x°) will be a singleton if the spectrum of the
linearization of (1.1), (1.6), (1.7) at each equilibrium point contains 0 as an alge-
braic simple eigenvalue and if the remainder of the spectrum is bounded away
from the imaginary axis. By the above arguments, we only have to show this at
points (vy, ¥(v,)) €Z; for which v'(v,)=0. Let p,=0<p,<u;<--- be the se-
quence of eigenvalues of —A with zero Neumann boundary values, then the
linearization of (1.1), (1.6), (1.7) about any such point on Z, has the spectrum

(2,4) o= {2€Clz= —u; or 2= —du+f(v), ¥(v,)) for some >0}

as a computation shows. The required condition on the spectrum therefore
holds in this situation, and »(¥°) must be a singleton.

3. Convergence to Constant Equilibria. II

In this section, we present a convergence result for systems of the form
(1.1) that have a zero set Z, wtith a more complicated structure. We assume in
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this section that

3.1) [, 45) = By(w,)g(w, 4y) t=1,2,u4,>0).

The functions 4; and g are assumed to be continuously differentiable, and
(3.2) h(0) =0, h(v)>0 (v>0).

We assume further that there exist continuous functions k;, k,: [0, c0)—R such
that

(3.3) Zy = {(uy, u,) | ;>0, ky(,)+ky(;) = O} .
The following additional asumptions have to hold:

(3.4)  g(uy, wy) (Ry(uy)+kRy(u)) <O (w,>0), with equality only if g(u;, u;)=0.

(3.5) R(0)<0 (t=1,2), Fky(v)+ky(v,)>0 forlarge v, v,.
(3.6) The functions & — %) are non-decreasing on (0, o).
3.7) Each k; has exactly one zero.

Let 1 (0, o) be any open interval and x: I—(0, o) be a solution of the ordi-
nary differential equation %,(s)£(s)=h,(x(s)) on I, then

(3.8) {sE€1I|k(s)+ky(x(s)) = O} has empty interior.
A few remarks are in order.
1. The functions k; need not be differentiable.

2. In general, the functions %; are not uniquely defined. Clearly, both &,
can be modified for large arguments. Also, one can replace, e.g., &,(+) by
ky(+)+8 and ky(+) by ky(+)—3, as long as (3.6) still holds. Thus condition

(3.7) is not too restrictive.

3. Consitions (3.4) and (3.5) imply that g is positive near the origin and nega-
tive for large arguments, in agreement with the general assumptions in
section 1.

4. Suppose now that the k; are linear functions, #,(2)=z2 and A,(2)=a=z and
that Z, is the graph of a function v as in the previous section which we assume
to be continuously differentiable. We want to choose

E—vy(v) 0<Z9<8

ki(v) = £s v<f3

B
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and ky(v)=v—¢& for some suitable & Then (3.6) and (3.7) will hold for
all small € if ¥'(8)<0 and y(2)—=27'(2)>0 on [0, 8]. In this case, (3.8)
holds if every parabola of the form u,=Cuf with C>0 intersects Z, only
at isolated points. However, for linear %;, Z, need not be graph; for in-
stance it can be the intersection of the boundary of any disk containing the
origin with the first quadrant.

5. Using nonlinear functions #;, it is not hard to construct examples in which
Z, has more than one connected component.

6. The transversality condition (3.8) is a weak form of requiring that every
equilibrium of the system (1.2) with the right hand side (3.1) has a one-
dimensional center manifold.

As before we discuss (1.1), (1.6), (1.7) for non-negative initial data %°
for which neither component vanishes identically.

Theorem 3.1. If (3.1)-(3.8) kold, then for any w*EL>(Q, R%) the solution
of (1.1) (1.6), (1.7) satisfies

(3.9 u(- t;4°) = (p1, p2)

as t—oo, uniformly in & together with its first and second derivatives. Here p,
and p, are positive constants and g(p,, p,)=0.

Proof. We define the »-limit set w(x°) as in the proof of Theorem 2.1 and
must show that it is a singleton with two constant components (p,, p;) EZ,.
Set

Vo= [ 40 40

for u;,u,>0. Then V, is continuously differentiable, Vy—-+oo if u, | 0 or
u, | 0 (due to (3.2), (3.5)), and

A ZUMAR f (w1, u) <0
for all #;,>0, with equality only if g(u;, u,)=0. We then define

Vi) = | Vig@)as

for any continuous function ¢: Q—(0, «0)’. We want to use ¥ as a Lyapunov
functional for solutions of (1.1), (1.6), (1.7). To do this, we compute for £>0,
writing u(+, ¢; 4°)=(t;, 4,):
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d V . —_— s Au R (u) dx. d S A RZ(uZ) dx.
lt ( ,t )) ll‘l( 1) Zl‘z( 2)

+ SQ VVo(ul’ uz).f(uh uz) dx .

If %—‘— and % are smooth, then the first two integrals are non-positive, as an
1 2

integration by parts shows. An approximation argument implies that this is also
the case if these functions are only continuous and non-decreasing. The last in-
tegral is negative, unless (u,, #,) has all its values in the zero set Z;. Thus I
never increases along orbits with initial data #°. In particular, V(9*)<<co for
any v*Eo(4°), and thus v* cannot have an identically vanishing component. By
the results in [17], 7 is constant on (), and this set is invariant under the
solution flow of (1.1), (1.6), (1.7). This implies that

VVy(vy, vz)-f(vl, 2,)=0 on QO

for any v*=(v,;, v;)Ew(u’). Thus any function in w(%’) must have values on
Z,. 'The backwards invariance of w(#°) now implies that such functions must
be constants which cannot be zero.

It remains to show that »(«°) is a singleton. Thus let v*=(v,, v,) and w*=
(wy, ;) be two different elements of w(u’). Without loss of generality, v;<<w,.
Then there exists a continuum of points (£, {) Ew(u’) that connects v* to w*,
Since V is constant on w(«°), this implies that

(3.10) [ :—i% ar+ ¢ _:.z% dr = const .
and
(3.11) Ry(E)+R(5) =0

for v,<& <w, and the corresponding £. Without loss of generality, k,({)=£0 for
9,<¢{<w,. Then the solution set of (3.10) is locally the graph of a C'-function
p, and we obtain the differential equation

RE) o ADE) _
(312) m® 7 Onpe) = °

on some £-interval. Using (3.11), it follows that

(3.13) h(E)p' () = h(p(E))

on some &-interval and that the solution p of this differential equation lies en-
titely in Z;. 'This contradicts assumption (3.8). Therefore w(#°) must be a sin-
gleton, and the theorem is completely proved. Q.E.D
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There is a systematic way to get the function V,: Choose a C'-function
X that has the same sign behavior as —g and solve the first order partial dif-
ferential equation

(3.14) Vo p 1 Vo g —x.
ou, ou,

If for such a solution the matrix
(3.15) diag(1, d)-V?V,

is positive semidefinite, then V), can serve as a Lyapunov functional. In the
argument above, we took both X and V/; as sums of functions of %, and u, alone.
In the special linear case hy(u;)=u,, hy(u,)=au, with >0, the general solution
of (3.14) is given by

1 1 o,
(3.16) Vi, ) = & (“_;)+$ Klru, 1°%5) g4,

U 1/uy r
where ¢ is an arbitrary C'-function. It would be interesting to have more
general conditions on ¢ and X that imply that the matrix in (3.15) is positive
semidefinite.

4, Additional Remarks

1. The results in section 2 remain true if the operator diag(—A, —dA) is replac-
ed by any diagonal second order elliptic operator that allows the use of the maxi-
mum principle. The results in section 3 remain true if this operator is replac-
ed by a diagonal elliptic operator of divergence form.

2. The techniques of section 3 permit an obvious extension to systems with
M>2 components and coupling terms

fd) = h(u)g@), @E=1,-,M).

The zero set of g should be given in the form
N . Lo
Z, = {u>0]|g(u) = 0} = {u| g_‘l. ki(u;) = O},

and conditions (3.4)-(3.8) have to be generalized accordingly. It is not clear
how the results of section 2 can be generalized to the case of M >2 components.
The principal difficulty is that such a system will have very few invariant sets,
if all diffusion coefficients are different and the coupling terms have a common
zero set Z; that is, say, an (M—1)-dimensional hypersurface. We note that
indeed few general results are known for competitive systems with more than two
species, even in the absence of diffusion.
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3. Although we showed that w(u°) is a subset of Z; and a singleton, not all
points on Z, will be stable. Unstable points on Z; can occur in particular in the
situation of section 3, if Z, is locally a graph and g is negative below and positive
above Z;. Such a behavior is possible, if Z; is globally not a graph. On the
other hand, if Z, is locally a decreasing graph and g is negative above and positive
below Z;, then all points on this portion of Z, are stable for (1.1), (1.6), (1.7), as
was shown implicitly in section 2. A more subtle problem occurs if Z, is local-
ly an increasing graph and g is locally positive below and negative above this seg-
ment of Z,. Such a segment will again be unstable if the slope of Z, is larger
than the slope of the characteristics of the vector field f (given in (3.8)). In
the opposite case, it can be shown to be stable under suitable restrictions on the
diffusion coefficient d, using the arguments in [5].

4. As indicated in section 1, there is some overlap between the class of com-
petitive vector fields and the classes that are considered in section 2 and 3. In
particular, if a competitive vector field ]7 has the property that f, and f, vanish on
the same set Z which is in addition the graph of a function v, then ¥ must be
non-increasing, and the results of section 2 (possibly modified by the remarks
after the proof of the main result) imply that w(«°) is a singleton for all initial
data . On the other hand, it is well-known that competitive vector fields
together with diffusion generate strongly orderpreserving semiflows which will
converge for “almost all”’ #° to some equilibrium; see [7], [13], [20], [21], [22].
Thus the question arises whether there are general properties for semiflows
(not necessarily the property of preserving order) that could extend the results
of section 2 and 3.

References

[1] N.D. Alikakos: Remarks on invariance in reaction-diffusion equations, Nonlinear
Analysis, TMA 5 (1981), 593-614.

[2] E. Conway, D. Hoff and J. Smoller: Large time behavior of solutions of systems of
nonlinear reaction-diffusion equations, SIAM J. Appl. Math. 35 (1978), 1-16.

[3] A. Friedman: Partial Differential Equations of Parabolic Type, Prentice-Hall,
Englewood Cliffs, New Jersey, 1964.

[4] P.C. Fife: Mathematical Aspects of Reacting and Diffusing Systems, Lecture
Notes in Biomath. 28, Springer, Berlin-Heidelberg-New York, 1979.

[51 J.K. Hale and P. Massatt: Asymptotic behavior of gradient-link systems, In: A.R.
Bednarek and L. Cesari (Eds.), Dynamical Systems, Vol. II. Proc. 2"¢ International
Symposium, U. of Florida, Gainesville, Florida, 1981, Academic Press, 1982.

[6] D.Henry: Geometric Theory of Semilinear Parabolic Equations, Lecture Notes
in Math. 840, Springer, Berlin-Heidelberg-New York, 1981.

[71 M.W. Hirsch: Stability and convergence in strongly monotone dynamical systems,
J. Reine Angew. Math. 383 (1988), 1-53.



(8]

(9
[10]
(11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]

[22]

CONVERGENCE TO EQUILIBRIA 481

K. Kishimoto and H.F. Weinberger: The spatial homogeneity of stable equilibria
of some reaction-diffusion systems on convex domains, J. Diff. Eq. 58 (1985), 15-21.
O.A. Ladyzenskaya, N.N. Ural’ceva and V.A. Solonnikov: Linear and Quasili-
near Equations of Parabolic T'ype, American Math. Soc., Providence, R.I., 1968.
A.W. Leung: Systems of Nonlinear Partial Differential Equations, Applications
to Biology and Engineering, Kluwer Academic Publ., Dordrecht, Boston, 1989.
H. Matano and M. Mimura: Pattern formation in some competition-diffusion equa-
tions in nonconvex domains, Publ. RIMS 19 (1983), 1049-1079.

C.V. Pao: Coexistence and stability of a competition-diffusion system in population
dynamics, J. Math. Anal. Appl, 83 (1981), 54-76.

P. Pol4cik: Convergence in smooth strongly monotone flows defined by semilinear
parabolic equations, J. Diff. Eq. 79 (1988), 89-110.

R. Redheffer, R. Redlinger and W. Walter: A theorem of Lasalle-Lyapunov type
for parabolic systems, SIAM J. Math. Anal. 19 (1988), 121-132.

R. Redheffer and W. Walter: On parabolic systems of Volterra predator-prey type,
Nonlinear Analysis, TMA 7 (1983), 333-347.

R. Redlinger: Uber die C?*-Kompaktheit der Bahn von Lisungen semilinearer pa-
rabolischer Systeme, Proc. Roy. Soc. Edinburgh A 93 (1983), 99-103.

R. Redlinger and W. Walter: Weakly coupled systems of parabolic differential
equations : Asymptotic behavior via inequality methods, Preprint, 1990.

F. Rothe: Global Solutions to Reaction-Diffusion Equations, Lecture Notes in
Math. 1072, Springer, Berlin-Heidelberg-New York, 1984.

J. Smoller: Shock Waves and Reaction-Diffusion Equations, Springer, Berlin-
Heidelberg-New York, 1983.

H.L. Smith and H.R. Thieme: Quasi convergence and stability for strongly order-
preserving semiflows, SIAM J. Math. Anal. 21 (1990), 673-692.

H.L. Smith and H.R. Thieme: Convergence for strongly order preserving semiflows,
Preprint, 1990.

P. Takaé: Domains of attraction of generic w-limit sets for strongly monotone semi-
flows, Preprint, 1990.

Hans Engler

Department of Mathematics
Georgetown University
Washington, DC 20057
U.S.A.

Georg Hetzer

Division of Mathematics
Foundations, Analysis, and Topology
Auburn University

Auburn, AL 36849-5310

U.S.A.








