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Introduction

Det =, be a closed oriented surface of genus g>2. By an automorphism
of 3,, we mean an element of the mapping class group M, of =,, which is the
group of all isotopy classes of orientation preserving ditfeomorphisms of 3.
The Nielsen-Thurston theory classifies the automorphisms of =, into the fol-
lowing three types ([11]); (i) periodic, (ii) reducible, and (iii) pseudo-Anosov
(the necessary definitions will be recalled in §1).

It is easy to see that the types (i) and (ii) have some overlap, although the
type (iii) does not have any intersection with (i) nor (ii). The geometric charac-
terization of this overlap was first obtained by Gilman [2] (Proposition 2.1).
Recently, the author obtained the same characterization by a ditferent approach
making use of hyperbolic geometry ([4]).

In this paper, we apply the geometric characterization to consider the re-
lationship between reducibility and orders of periodic automorphisms of 3.
Intuitively speaking, periodic automrophisms would tend to be irreducible
when their orders grow since the number of components of an essential 1-
submanifold, which should be invariant under reducible autuomorphisms, is
known to be at most 3g—3.

Recalling some definitions and necessary results, we shall proceed to justify
the naive argument above by getting both the minimum order of periodic and
irreducible automorphisms and the maximum order of periodic and reducible
ones. The main result is given in §4. While the former value is obtained as
a direct consequence of the geometric characterization, the latter requires some
complicated calculations, all of which are elementary, however.
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geyuki Morita and Professor Sadayoshi Kojima for their suggestions and encour-
agements. He is also grateful to Professor Shigenori Matsumoto and Professor
Yukio Matsumoto for their advices.

The author should acknowledge the referee unknown to him for pointing
out that the geometric characterization is contained in a work of J. Gilman.
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1. The geometric characterization

We first recall some definitions mainly from [1] and [9]. An automor-
phism of =, is periodic if it has finite order in the group H,. Let fEH, be
a periodic automorphism of order N>1. By the Nielsen realization theorem,
there exists a diffeomorphism f: 5,3, representing f such that the N-th
iteration f¥ is the identity ([5], [7]). We call f simply a realization of f. The
diffeomorphism f induces an etfective Zy-action on X, and the quotient space,
denoted by Oy, has naturally a structure of hyperbolic orbifold. Such an orbi-
fold is topologically characterized by the genus of the underlying surface | Of|,
which is closed and orientable, and the cone type singular points x;, x;, ***, Xy,
with their indices m;, -, m,, respectively. For convenience, we write O,=3y
(my, +++, m,) where v is the genus of |Of|. We also write O;=S8%m,, -+, m,)
when y=0.

Let z: =,—0O; denote the canonical projection. Then we have the so-called
Riemann-Hurwitz formula:

2--2g
1.1 LTAS =
(1) N

For more details of the orbifold, see [9], [10, chapter 13].

The orbifold type of O, and the projection z: %,—~O; does not depend
on the choice of the realization f. In fact, making use of the main theorem of
Nielsen [8], for any other realization f’, it can be seen that there exists an orien-
tation preserving homemorophism A: 3,—3, such that f’==hofoh™([6]).
Henceforth, we shall denote O; by O, with some realization f specified, which
would make no confusions.

An essential 1-submanifold of =, is a disjoint union of simple closed curves
in %, each component of which does not bound a disk in X, and no two com-
ponents of which are homotopic. An automorphism of 3, is reducible if it has
a representative which leaves some essential 1-submanifold of =, invariant.
An srreducible automorphism is the one which is not reducible.

The next theorem, which characterizes the reducibility of a periodic auto-
morphism f&€ H,, was first given by Gilman [2].

2-27+ 3 (i—l).

Proposition 1.1. A periodic automorphism & M, is irreducible if and only
if the underlying surface of its quotient orbifold Oy is homeomorphic to the two-sphere
S? and the singular locus of Oy consists of three cone points.

2. Cyclic orbifolds

In this section, we recall Harvey’s result on cyclic orbiofolds. By a Zy-cyclic
orbifold, we mean a quotient orbifold O, where f is an orientation preserving
periodic diffeomorphism of order N on some closed orientable surface 5. The
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next theorem gives a necessary and sufficient condition for a two-orbifold to be
Zy-cyclic one. Let M denote the least common multiple of {m,, m,, ++-, m,},
and M; denote lcm(m;, ---, M, -+, m,) where #; indicates that m; is omitted.

Proposition 2.1. (Harvey [3]).

A hyperbolic two-orbifold Zy(my, my, -+, m,) is Zy-cyclic if and only if the fol-
lowing conditions are satisfied:

(2) the lem-condition: M;=M (i=1, 2, --+, n),

(#8) M divides N, and if y=0, M=N,

(#1) n=*1, and if y=0,n>3,

(#v) if 2| M, then the number of m;’s divisible by the maximum power of 2

dividing M 1is even.

Therefore, for any periodic automorphism f&€ ¥, of order N, the quo-
tient orbifold O; must satisfy the conditions (i)-(iv).

Conversely, given any hyperbolic orbifold O=Z3y(m,, m,, -+, m,) satisfying
(i)-(i), we can construct a periodic automorphism of order N. In fact, Pro-
position 2.1 assures that there exists a certain closed orientable surface = and an
effective Zy-action on 3 such that the quotient orbifold %/Zy is isomorphic to
O. The genus g of = is uniquely determined by the Riemann-Hurwitz formula
(1.1):

_ Ty LN (11
2.1) 7= 14+N(y 1)+2N§( m)

i

Any generator of the Zy-action is the one we need.

Table 1
ExaMPLE O order genus of =
2.2 S2(2,2,2g,2g) 2g g
2.3 S2(2g+1,2g+1,2g+1) 2g+1 g
2.4 S%(g+1,2¢+2,2g+2) 2g+2 g
2.5 S2(2,2,g+1,g+1) (g: even) 2g+2 g
Table 2
Periodic automorphisms on 2 of order
N=pit.:- p/#(prime decomposition; p; <--- < p;)
ExaMPLE (0] genus of %
2 N
2.6 S2(py, p1, N, N) P (1—1)
2.7 S2(p1, pay ps; N) (N= N—L i.{._N__*_i.{_L
(D15 D2, D3 N) (N=p1 P2 P3) 5 ( 3 s s N )

28 | S oy 50 (n=1,k22)| (S1-1) (21-)
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Now, we give some examples of periodic automorphism of surface = by
this construction in Tables 1 and 2. The reducibility of each automorphism
would be seen directly by Proposition 1.1. The examples will assure later that
our estimation for order will be best possible.

REMARK 2.9. Note that the periodic automorphisms given in each example
may not be unique even if up to power. In fact, an effective Zy-action on =,
coresponds to a pair of a possible Zy-cyclic orbifold O and an epimorphism of
the orbifold fundamental group of O to Zy preserving torsion order ([8], [3]).
In general, such epimorphisms may not be unique.

Revark 2.10. Example 2.5 was given in [12], which deals with periodic
and reducible automorphisms with a connected essential 1-submanifold invari-
ant.

3. Minimum genus of periodic and reducible automorphisms

Now, we begin to estimate orders of periodic automorphisms. In this sec-
tion, we establish the following crucial step:

Theorem 3.1. et N be an integer >2 with prime decomposition pir---pi
where each p; is prime, each r;>1, and p,<<p,<<-+-<p,. Then, the minimum genus
Zmin(IN) of surfaces which admit a periodic and reducible automorphism of order
N is given by

() Zun(N) = max{2, (pl_l)g—l if n>1or N is prime,
1

J’
.. 1N N 6 N .
min]\r =N—— —_+—+_“‘—1 ’ N =
@) g = N— (4 St 1), f N=piups
and pssplpz_z l+1’
Po—P

(i) gmin(N) = (pr—1) (%i_ 1), otherwise,
1

To prove Theorem 3.1, except only for N=2, it is sufficient to estimate
the value of g in (2.1) where the orbifold Zy(m,, -++, m,) varies all Zu-~cyclic orbi-
folds with o0 or n=3 by the argument after Proposition 2.1. The excep-
tional case N=2 is considered in the beginning of the proof. The estimation for
general case is divided into five cases according to the number # of the cone sin-
gular points; n==0, 2, 3,4, and >5. Most of the difficulty lies in the case #n=4.

Proor or THECREM 3.1.  Let first N=2. Since we restrict our attention to
the case g >2, we should have gn;,(2)>2. Furthermore, it is well known that
any involution on X, is reducible (see also Theorem 4.1 (I), the proof of
which is independent of this section). Hence, we have gn;,(2)=2 as stated.
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Now, we shall consider in turn the lower bound for g in (2.1). We may
assume /N >3.

(I) »=0: Equation (2.1) is g=1+N(y—1). The lower bound is N+1
since we consider only the case g>2.

(II) m==2: Equation (2.1) is g==1-+N" ————N( 1 +l> This implies
m, m,
v>0 since g=>2. Therefore g> 1+N-—;——1+N(1——;) (because m; > p,).
1
(IT) n=3: In this case,g—=1+N («y+i)—ﬁ (—+i+l). By Pro-
2 2 m, m; m,

posmon 1.1, we obtain y>0. Therefore g=>1-+— <N_P_) (because ¢>1,
= py)-
(IV) n=4: By equation (2.1),g=1—{~N(fy+1)——% NA, where A4=—+
1, 1,1 m
7;2 ms_rm;

If >0, then g has the lower bound 142 (N ——%) when y=1 and each
1

m;=p,. 'This is larger than the minimum in the case of (II).

7
If =0, then g=1+N—% A,. In this case, the bound for g corresponds

to the upper bound for A4=—1——l—---+i. The Iem-condition for (m, -+, m,)
m, m,

is lem (my, ms, my)=lcm (mg, m,, my)=lcm (m,, m,, my)==Ilcm (m,, my, mg)=N.
We define a function 4,: N"—@Q by
A, (myy -+, m,) = 2 — for (my,--,m,)EN".

i=1 1,
For an arbitrary subset F, of N", we write A,(F, ):max 4,. We also write

E,={(my, -+, m,)EN"; m;>2, M;=N for each i=1,2, -+ ,n}, and A,=A,(E,).
The upper bound for A,, denoted by A,, is given by the next theorem.
Recall that the prime decomposition of N is given by pi1 pjz--- pit where p,<<p,
<o < Py
Theorem 3.2.
(2) if r,.>1or N is prime, then
1

A, = —-+ __+ +—.
YT pp NN

(i) if N=py po py and p,< P12t 4y

Z_Pl

—+++—.
41’11’2P3N
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(#22) otherwise, we have

1 1 Pl Pl
Ay = —F—FL£2 £
= N+N

For an integer N>>1, we denote by f(IN) the excepted value for A,.

Remark 3.3. In case (ii), the condition that p;< Pip=2pt1 equivalent

2 —D

| 1.1,p
tothat L4ty l 111 +1’1+1’1. Therefore, f(N)>-— 4211
o p P2 ps N pp pp N erefore, f(N) »n p N

]j\)/f if =1 and N is not prime.

Proof. At first, we see that there exists an element of F4 attaining f(N) by
putting (my, =+, my)=(p1, 1, N, N), (P, P2, 3 N), ( Pi pl,;, J]Tv) corresponding
1

1
to cases (i), (i), (iit), respectively. So, it is sufficient to prove A, < f(NV).

If N is a power of a prime pi1, at least two of m;’s should be equal to N
for any (m,, -+, m,)E E,. We may assume that m, and m, are equal to N without
loss of generality. Since (V, N, ms, m,,)EF‘ for any m; and m, which divide N

and are larger than 1, we have A4(F4)—-~+_-I—ma ( 1 +i):~+ _|_ +
my m/ N N p
—, which is equal to f(N).

Pl
Hereafter, we may assume k>2. We denote by Ef tlie subset of E,:

E? = {(my, -+, m,)EE,;; my = a} .

Thus, E,= UE4, and A,(E,) ==max A(E?). For (my, -+, m,)EE,, suppose that

none of m;’s is prime. Then we have m; > pi>2p,. Therefore, 4,= 24} lsg,

i=1 m; Pl
which is less than f(/N) by Remark 3.3. Hence, we have A,=max A,(F%).

Therefore the calculation of A, is reduced to that of A,(E%)’s. 1sis
The next theorem is fundamenal.
Proposition 3.4. (Harvey |3]).
(@) Let Ry={(»,y); x,yEN, lem(x,y)=L}. Then,
1 1

; 1
= m: 4 ) =14+
Az(RL) n}la;lx < x + ¥ > 1 1 L .

(b) Let Ri={(x,y)ER.; x>1,y>1} for L=pf1---pix>1 where pii---p/X
is the prime decomposition and p,<--+<p,. Then Ay(R%) is given by

Pi_l_P—'l, if I, =1 and L is not prime

;.—f—z if L,>1 or I is prime.
1

Ay(RL) =

()
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7\%4-%4—%, tf n=1and N is not prime,
Aq(By) = L

%4-]%-]—}1? if n>1o0r N is prime.

The calculation of A(E%) is divided into two cases according to 7,>1 or
7;=1, and subcases indicated.

(a) Assume that 7,>>1. Since {(p;, m,, ms, m,)E E% if and only if (m,, my, m,)
€F;, we can apply Proposition 3.4 (c) to obtain A4(E£i)=i+A3(E3)S f(N)
(note that NV is not a prime since k>2). 2

(B) Suppose next that r,==1. We denote Fi, F} by subsets of E%:

Fi{ = {(my, -+, m)EE%; lem(my, mg) = lem(my, m,) == lem(ms, m,) = N} ,

F§ = {(my, -+, m))E E%; lem(my, m3) = lem(my, m,) = N, lem(m,, my) = M},
Then, considering the lem-condition for E¥%, we can check that any (m,, .-, m,)€
E% can be transformed to an element of F{ or F} by permuting the m,’s ad-
equately. Therefore, we have A (£%)=max (A,(F1), A(F})). For Fi, as in case
(a), we can apply Proposition 3.4 (c) to obtain A4(F{)=1%—}—A3(E3)g J(V).

Now, we have reduced the estimation of A,(F%) to that of A,(F}). For any
divisor m of N, we denote by P(m) the minimum positive integer satisfying
lem(m, P(m))::N‘ If m=pi piz--- pir such that @ <Tip >+ 4, <t and a;=r;
for any j=i, -, 1, then P(m)= ﬂp{,i. Suppose that (my, -+, m)EFi. We

=1
write P=P(m,). Then it holds that p;, ¥'P since p;|m, and r,=1. We can also
see that P=1 if and only if m,=N. Therefore, F} separates into G U G} where

Gi = {(p; ma, my, m)EF}; P(my)>1}
G = {(ps, Mg, my, m)EFi; my = N} .
Hence, we have A(F})=max (A(G)), A(G,)).
For (p;, my, my, m,)EG,, the lem-condition requires that P|m,, and P|m,.

So we can write my=Pm}; and m,=Pm}. Then, lcm(m;, m,)———ﬁ if and only if

lem(m}, mi)y=—_. Therefore, ‘
1 1 1 1 1
A(G) = —+ max —+ max — —) )
(&) b ( bilmy ) (mz P(my) 1,,,(m}, mi)=N|Pp; <m£+m§ )

my| Nymy=N
By Proposition 3.4 (a) together with P(m;)>1, we have
1., 1 1
AGY=L4bit max _+__).
YN ( ilm )(mz P(my)
my| Nymy==N
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1 1
If and pji , then P(m,)==P(mj}) for m} —-— and
By lms and 9 m,then Plm) =Plm for w15, and o> g

has the maximum value when m, is a product of pj’s and

1 1
Therefore, —
erefore —I—P(

my  P(m;)
then P is equal to J—V— Therefore,
my
( +————) max ( 1 —f—mz
my  P(my) i mamy| N;myN, N
(mz is a product of p; ;’s)
< max (i —l—l"-z)
P1<my<N/p, my, N
(mz is a product of p;;’s)
q +N )

where ¢;= min pj. Hence, we obtain
1<j<k

A4(Gl)s}1:+1%+é+_,—‘{;- . (3.1)

If r,==1, then ¢,=p,, and the right-hand term is less than or equal to f(NN).
If r,>1, then we have f(IN)— ( —I—P' +QI> {< N> <p +sz;>}
¢ 1
+ {(Pl +N> <N+ ql)} >0. Therefore, we have A4((*1)gf(N) by (3.1).

Now, we estimate A,(G,). By definition,

1,1 1 1)
A(Gy) = —+— 1.1Y),
(@) p;+N+ m;,;l}?n’i>1 m3+m4
(l em(ma,my)= E )

Since J—V—>1, we can apply Proposition 3.4 (b) to obtain

A4(G2) =

+ +P1 Pa" ifi>2, r, = 1, and = is not prime a
pl N Pl N ' p" d ( )
1,1,1 +P' if i>2 and (n,>1 or %Y. is prime) (b)
pl N Pl Pi

5 1 N

;—i—l\/ Pz—l—P“]\fz, ifi=1,rn=1r,=1, and ‘P—‘ is not prime ()
Ly Ly b 41,5 =1, and (1 or 2 is prime) @)

n N p, N’ n
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(note that we have assumed 7;==1). Now, we estimate these values in turn.

ince (L218e) _(Lypmp) 1 ) —p D2 B
(4) Since (p + ’) (p,-+ i >_P2P.'N (pi—p2) N—£1£,£:)20, we

have A4(G2)<p —l— —l— —I—IJ LP £2,  If N=p, p, ps, then the right- hand term is

less than or ecqual to f(N ) (Remark 3.3).

Now, suppose that N ==p p, p;. Since r,=1, we have k>3, and then
N>p, p5p;. Hence, we have

JIN)—A(Gy) =

{(.px PI)N+P1Pz(2P1 Plpt-l)}

Pl a
(v N=2pipip) _— {b:(Pi—p)—0(P3—1)+p—1}
(= pi=p2) N—{Pz—Pl(Pz—l) (po+2)—1}
(: B<p-D) 23 (B D>0.

Therefore, A(G,)< f(N).
®) Since 142 Ly L e obtain A(Gy)<2( 1+ L) =f(W).
N p N n N

(¢) In this case, we have A4(G2)< f (N ) as in case (a) putting i=2.

_ b 1., p
(d) It holds that A,(Gy)— N N +N <2 <p1 + N)s 7).
We have proven that A, < f (N ), which completes the proof of Theorem 3.2.

Hence gunin(N) does not exceed the expected value for it when n=4 and
y=0 also.

(V) m>5: We shall prove that any genus g in this case is larger than the
expected value for gma(IN). Suppose to the contrary that the genus for a Zy-
cyclic orbifold Zy(m,, my, +++, m,) where n>5 is smaller than or equal to the ex-
pected value. Then, together with Remark 3.3, we have 28—2_ 29 —2+ 2"‘,

=l
<l—l>_<_2——2———%. This inequality fails when ¢>1. Now suppose that

m; n
vy=1. Then, é (1—l>32—}2———%, which is impossible since m;>p, and
i=1 m; 1 4
n>5. Therefore, the only possibility is ¢=0. Thus,

-2 §1m>n 4+p+ﬁ

On the other hand, each m;> p,, and at least two of the m;’s>3 since the m;’s
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must satisfy the lem-condition and N >3. Therefore, we have n;2+%2 él
1 r=

1 2,2
—>n—4+=+=.
i n N

If p,>3, we obtain nSS—]—i’r—, which contradicts to #>5. Therefore, the

only possibility is p;=2, and then z=5. Even in this case, at least three of the

m;’s must be equal to 2. Then, the cyclic condition for S%2, 2, 2, m,, ms) together

with N >3 implies +--<L which contradicts to (3.2).
my ms 2
By now, we have proved that g.,;,(/N) is not less than the expected value
for it. Furthermore, the examples given in Table 2 assure that they certainly

coincide. 'This completes the proof of Theorem 3.1. WM

ReEMARK 3.5. In cases (i) and (iii) of Theorem 3.1, with some exceptions,
the above result is just the twice of the minimum genus for periodic but not
necessarily reducible automorphism of the same order ([3]). The only excep-
tions are N=2, 3,4, 6. The exceptions N=3, 4, 6 occur since we are concerned
with g>2 as same as [3]. The exception N=2 occurs since S*2,2,2) is not
cyclic (the cyclic condition (iv) fails).

4. Orders of periodic automorphisms
In this section, we show

Theorem 4.1. Let f€ M, be a periodic automorphism of order N. Then,
the followings hold:

() #f f is irreducible, then N >2g+1,

(I1) 4f T is reducible, then N <2g-2;

Surthermore, if the genus g is odd, then N<2g.

All the inequalities are best possible. That is to say, there certainly exists a
periodic automorphism of 2, having as order the value of the right-hand term of
each inequality, with required reducibility equipped.

ReMARK 4.2. By this result, the periodic automorphism of =, of the max-
imum order 4g-+2 (see [3]) must be irreducible.

Proof. 'The result (I) is a direct consequence of Proposition 1.1 as shown
bellow. Let f€M, be a periodic and irreducible automorphism of order N.
Then, by Proposition 1.1, the quotient orbifold Oy is of type S*(my, m,, ms) with
each m;<N. Applying m;<N to the Riemann-Hurwitz formula (1.1), we
directly have N >2g+41. Example 2.3 assures the best possibility.

Now, we shall prove (II). Let N be the order of a periodic and reducible
automorphism of =, with the same prime decomposition in Theorem 3.1.
The proof of the first part is based on the observation g> gpia(V) and divided
into the same subcases of Theorem 3.1.
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;
(i) n>1 or N is prime: By Theorem 3.1, we obtain g2% (p—1).
1
Therefore, N<—8 _+g. Since p,>2, we obtain N<2g.

n—1
(i) Ne=py pops and py< LL=2PF1 . By Theorem 3.1, we obtain g>
-
1 /N N N o 0 (Pip—2p 1Y
—— (=4 =4+=—=—1). Sinc ——(—1——— <0, and <ps<
2<p1 P: P ). sinee 5 bty ) Pa=te
M, we have p,>5. Therefore,
br—p
7 1
. > N+-—.
4.1) 8275 +2

Hence, we have N < 10 (g——;—><2g.

7
(iii) otherwise: By Theorem 3.1, we obtain g>(p,—1) (1_;1’.—1). There-
fore N< —21—‘%4—1)1. We shall see this implies N<2g+2. Suppose to the

h

contrary that N>2g+2. Then we have (2—p,) (ﬁ—1)>o. If =2, then

clearly this inequality fails. If p;>2, then we obtain p 8 _1<0 since 2—p<
—
0. Hence g<p;—1. On the other hand, by Theorem 3.1, we have g=>(p,—1)

<§—— 1), which yields a contradiction since N is not a prime. This completes
1

the first part of (II). The best possibility for even genus is assured by Example
2.5.

We next remark that no closed surface =, admits any periodic and redu-
cible automorphism of order 2g-+1. This can be seen by estimating the mini-
mum genus gmin(2¢+1), by Theorem 3.1, to be greater than g. We omit the
detailed calculation since it is similar to the one given above to show N <2g-+2.

We shall next see that =, admits no periodic and reducible automorphisms
of order 2g-+2 if the genus g is odd. In fact, if g is odd, the minimum genus
Zmin(2¢+2) is g+1 by Theorem 3.1 since 22|2g+2. This completes the last
part of (ii). 'The best possibility is assured by Example 2.2. W

RemARK 4.3. Theorem 4.1 shows that given a periodic automorphism of
2, its order almost determines its reducibility. In fact, the determination by
order is complete if the genus g is odd. Even if g is even, it is only the order
2g-+2 that fails to determine the reducibility because the order 2g+41 does not
occur in reducible case by the argument in the proof above. It is seen that the
failure does always occur, however, in view of both Examples 2.4 and 2.5.
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Appendix—the case g=1.

The main Theorem 4.1 holds for the case g=1, which might be well known.
This is to be checked in view of Table 3, which lists up the vhole quotient or-
bifolds of ‘the actions on X, of finite cyclic groups which descend injectively
into (H, (note that Proposition 1.1 still holds for the case g=1).

Table 3
Cyclic quotients of %,
Order Quotient orbifold
2 S2(2, 2,2,2)
3 S2(3, 3, 3)
4 S2(2, 4, 4)
6 S2(2, 3, 6)

Table 3 was obtained through a computer-aided calculation based on Har-
vey’s cyclic condition (given in Proposition 2.1). We remark that Theorem
4.1 itself was first observed for the cases g=:2-44 through such computer-aided
calculations.
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