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Throughout this note, R is a ring with identity, J the Jacobson radical
of R, and all R-modules are unitary right R-modules. Further we let e be
a local idempotent of R and U, a submodule of eJ such that eR/U is of finite
length. Put D:=eRelefJe and D(U):={x+eJecD|x<eRe, xUSU}. Then
D(U) is a division subring of D. In [3]-[6], we have given a relationship be-
tween the dimension [D: D(U)], of D as a right D(U)-vector space and the prop-
erty (**, n) of maximal submodules of (eR/U)™ defined there. (The dual
result had been obtained in [1, Proposition 2.1] from another point of view.)

In this short note, we shall study the dimension [D: D(U)], of D as a left
D(U)-vector space and give it a meaning. Originally our considerations had
been restricted to the case of uniform modules of Loewy length 2 over an ar-
tinian ring with proofs along the line of Sumioka [8, Lemma 5.3], and later
by different proofs we generalized and dualized to get the present form. Hence
it should be noted that by dualizing the arguments all the parallel results hold
for uniform modules if we assume that [D: D(U)],<<co.

In what follows, we denote by |M| and by #I the composition length
of each R-module M and the cardinality of each set I, respectively. Let L
be a submodule of an R-module M. Then we say that L is a characteristic
submodule of M if fL<L for every endomorphism f of M. By M‘? we denote
the direct sum of #I copies of M for each R-module M and each set I. We
regard Me=Homg(eR, M) for every R-module M by identifying each t€Me
with the map eR—M defined via xi—tx for each xeR. So in particular for
each t€eRe=Endg(eR), t"'U means the inverse image {x<eR|ixcU} of U
under ¢.

Now the canonical epimorphism z: eR—eR/U induces a monomorphism
End(eR/U)—Homg(eR, eR/U) by which we regard Endy(eR/U)={f€Hom,
(eR, eR/U)| f(U)=0} <Homg(eR, eR/U). Consider the epimorphism

8: Homg(eR, eR/U) — Homyg(eR, eR[e]) = eRele]e

induced from the canonical epimorphism eR/Ue—RJe] by the exact functor
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Homg(eR, —). Then & induces a ring homomorphism 8y:=38|gnager/): Endg
(eR/U)—>eRefeJe and a ring isomorphism Im §;==Endi(eR/U)/K; by which
we identify these rings, where K,:=Ker §,={f€Endg(eR/U)|Im f<e]/U}
is the Jacobson radical of the local ring Endg(eR/U). Hence Im 8, is a division
subring of eRefefe. Putting D:=eRefeJe and D(U):=Im §;, we examine the
dimension [D: D(U)], of D as a left D(U)-vector space. Note that this defini-
tion of D(U) coincides with that defined in the introduction. Observe that
the left module structure of Homg(eR, eR/U) over Endg(eR/U) induces that
of Homg(eR, eR/U):=Homg(eR, eR/U)/K over Endg(eR/U)/Ky=D(U) where
K:=Ker 6= {feHomg(eR, eR/U)|Im f<eJ/U}. Then & induces an isomor-
phism

#) pwyHomg(eR, eR/U)=p)D

which plays a basic role in our study. By f we denote the coset of f in Homy
(eR, eR|U) for each feHomg(eR, eR/U). Now the isomorphism ) tells us
that [D: D(U)],=n iff there exists a map f=(f;)le;: eR—(eR/U)?P satisfying
the following condition (#) in case #/=n but not in case #I==k for any k<n.

(#) For each g: eR—eR/U, there exists h=(h;)ic;: (eR/U)P—eR such
that g:i%} ki i ie. (g—hf) (eR)<e]|U.

For, (#) is equivalent to saying that the set {fi}c; generates ,Homg(eR,
eR|/U). We shall relate this condition with an inner structure of eR under
suitable assumptions.

Lemma 1. Let I be a set, t;SeRe for each icI and t<eRe. Put s;:=nt;
and s:=nt: eR—eR|U. Consider the following conditions.
(a) .s“EE}D(U) ;.
HS
(b) N ULEU.
i€l

Then

(1) If (¢Je)ULU and t,:¢Je for some I< 1, then (a) implies (b).

(2) If eR|U is quasi-injective, then (b) implies that s& ) Endg(eR/U)s;
whence also implies (a). =

Proof. (1) By (a), s=>r;s;-+k for some (7;);c;: (eR/U)P—eR/U and
il

some k: eR—e¢J/U. By the projectivity of eR, k=nj for some jeefe. So
t'U=Kers>N Kers;N Ker k=(N t7'U)Nj~'U. Here since jti'€efe, (jti')
i€l

ier

U<U by assumption. Thus t7'U<j7'U. Hence t'U>N #;7'U.

iel

(2). Put s;:=(s;)er: eR—(eR/U)D. 1t follows from (b) that ‘ﬂr Ker 5;<

Ker s. So there is some 7: Im s,—eR/U which makes the diagram (without
the broken arrow)
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eR —> Im s; < (eR|U)™
o] ey’
eR/U “

commutative. Since eR/U is quasi-injective, eR/U is (eR/U)®P-injective by
Azumaya, Mbuntum and Varadarajan [2, Proposition 1.16 (2)]. Hence we
have a homomorphism ¢=(¢;);e;: (eR/U)P—eR/U which completes the com-
mutative diagram above. Thus s='f:‘_tl g s,E‘_EZI Endg(eR/U) s;.

We put U*= N ¢7'U. Then as easily seen, U* is the largest characteristic

tEeRe
submodule of eR contained in U.
The following is a direct consequence of Lemma 1.

Proposition. Let I, t; and s; be as in Lemma 1.

(1) Assume that (eJe)UKS U and t;ccefe for all icl. Then

(1) If {5:}ic; generates pyHomg(eR, eR|U), then U *=‘ﬂI t71U.

(i) If the intersection N t;7'U is irredundant, then {5};c; is linearly in-

i€l

dependent in i Hompg(eR, eR/U).

(2) Assume that eR|U is quasi-injective. Then the converse assertions of
(1) and (ii) above hold.

Theorem. Assume that (¢Je)\USU and eR|U 1is quasi-injective. Then
the following cardinal numbers are equal.

(1) n:=[D:D(U)],.

(2) k:=min {§K|U*= N t7'U for some t;SeRe}.

iIER
(3) l:=4I for a set I such that there is a t;EeRele]e for each icI and U*

= nt t7 U is an irredundant intersection.
HS
Proof. Let {5}.cy be a basis of ,u)Homg(eR, eR/U) where s;&Hom,
(eR, eR|U) for each i N and n=#N. Since eR is projective, s;==t; for some
t;€eRe for each i. Noting that ¢;&efe since §;4=0 for each 7, we have U*=

N t7'U by Proposition (1) (i). Thus k<n. Also by Proposition (2) (i), n<k,

IEN

i.e.n=Fk. So since the intersection U*= N #;7'U above is irredundant, / exists.
IEN

Clearly k<! for every I in (3). It follows immediately from Proposition (1) (ii)
that /<# for every I. Hence I=k=n.

Lemma 2. Let U*= .ﬂl_ t7'U be an irredundant intersection with each
t;€eRe\eJe. If there is a characteristic submodule T of eR containing U with
|T|U| =1, then $I=|T|U*|.
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Proof. For each i€, since |T[t;'U|=1 and Q't;“U$t,-‘1U, we have
T=t,-"U—|—Q.t,TIU. Hence |T/U*|=| GBI T/t7 U | =41.

By Lemma 2, Proposition (1) (i) and (2) (ii), we obtain the following.

Corollary. Assume that [D: D(U)],<<co and that there is a characteristic
submodule T of eR containing U with |T|U|=1 (e.g. T=eJ and U is a maximal
submodule of ¢]). Then

(1) If (eJe)\ULU, then | T|U*| <[D: D(U)],.

(2) If eR|U is quasi-injective, then [D: D(U),< | T|U*]|.

RemaAr. (1) If Ker 8=0 (e.g.efe=0), then pu)D=gnq,riy Homg
(eR,eR|U).

(2) Assume that R is a finite dimensional algebra over a field. If U is
a maximal submodule of eJ (i.e. eR/U is a uniserial module of length 2), then
(eJe)ULU since ¢J?’<U<eJ. Put C:={U|U is a maximal submodule of
ef}, and let {eR/U;}%., be a complete set of representatives of isomorphism
classes of the class {¢R/U|U&C}. Then since ¢f’<U*<U for each UE(,
and eR/U==¢R|V implies U*¥*=V* for any U and V in C, we have ¢J?< Uﬂ U*

n n n ec ”
= N U¥< N U=(e])J whence ¢f*= N U¥. So |eJle]?| <|P eJ/UF|I <X
i=1 UecC i=1 i=1 i=1
[D: D(U;)], by Corollary (1). On the other hand, by [3, Lemma 3 and Proposi-
tion 6 1)], [5, Condition I] implies _é [D: D( U,~)],=i‘, [D: D(U,)],<2. Hence

in this case [5, Condition I] implies |ef/eJ?| <2, i.e. [5, Condition II]. The
dual argument also works in [7] and [9].

(3) By using [2, Proposition 1.16 (1)] in the proof of the dual version
of Lemma 1 (2), we see that all the results dual to the above hold if we assume
that [D: D(U)],<co. The details are left to the reader.
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