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0. Introduction

In this paper the following special optimal stopping problem called “disorder
problem” is considered: on some probability space (Q, &, P; &F,) we are given
an observable point process (&), and unobservable random variable ® with
values in R,. The stochastic characteristics of (£,),5, may change at the random
moment of time O, the probability law of © is known, however its value can
not be observed directly. The objective is to maximize the value E[g(®, 7)]
by selecting a stopping time 7 that is adapted to {a(&,, s=<?)} >, for some given
reward function g(s, ). 'This kind of problems are considered in [1], [2], [3],
[7], [8] and [10]

In section 2 according to the general theorem for optimal stopping problems
with continuous parameter processes posed by M.E. Thompson [9], we derive
the form of an optimal stopping time and the maximum expected reward func-
tion. In section 3 we restrict ourselves to the case when the expected reward
process forms a monotone process and we apply the theorem of A. Irle [4]
to our problem, and then we derive a form of optimal stopping time. At the
end of section 3 we consider a special example and fined an optimal stopping
time explicitly.

1. Statement of problem and preliminaries

Consider a measurable space (X, B) where X is a space of piecewise con-
stant functions x=(x,), =0, such that x=0 and x,=x,_+(0or1l), Bis a
o-algebra o {x,; s=0}. On (X, B) we are given complete probability measures
w' and p?, which satisfy Assumption I given bellow, and they are absolutely
continuous with respect to each other.

Let (8,), t=0, be an increasing family of right continuous sub ¢-algebra
of B such that

-@1 = G'{xs; Sét+€} VQ ’
£50

where
Q= {4l =0 or w(A)=1, A=S}.
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We define the family of probability measure {u,, s=0} as follows:
wld) = | i418)a,  4e3.

In the sequel we suppose that the following holds: for each 4 € B, u,(4),
u.(4): R, —[0, 1], is B(R.) measurable, where B(R.) is the Borel field of R,.

According to 18.3 in [5], for each s=0 the process X°=(x;, B;, u,), t=0,
on the probability space (X, B, u,) is a point process. Let 7;(x)=inf {s=0:
x,=1}, setting 7;(x)=oo if 1£mx,<i, and let Tm(x)zlirll 7i(%).

The compensator A°=(A4;(x), B,) of this process is to be defined as follows:
Ai(x) = § Ai(x, 7)), xeX,

where
IAT (%)

i ) = | = F—; % )]7dF(w; %, 9), and

Fs(t; Xy 1) = F‘s{y: Tl(y)§t7 yEX} )
Fs(t; X, 1') = l“l‘s{y: Ti(y)ét! yEXITi—l(x)’ “tty Tl(x)}: 122 .

Denote A7 (x)=A,(x) and A}(x)=A,(x), the compensators of the point pro-
cesses (x;, B, p') and (x;, B,, u?) respectively. We suppose that the following
assumption is satisfied:

AssumpTiON 1. For any x€X, A/(x) and A(x) are continuous with respect
to t[0, o), and there exist some non-negative predictable processes (\,(x), B;) and
(M(x), B,) such that

A,(x) = S;xu(x)dA,(x), Ayx) = S;Xu(x)dﬂu(x) . t<re,

SO"“ V@ Pdd,(x)<oo,  ae. (u'and 4).
For each s=0, according to the definition of A4j(x), it holds that

Aj(x) = S:x;(x)d/lu(x), Ay(x) = S;X;(x)dA,i(x) , and

[n—vamriam<e, ["n-vi@radim<e,

and A4;(x) is continuous, where

1 u=<s . 1 uss
Ai(x) = and  Aj(x) = |«
(%) u>s A(x)  u>s.
In Theorem 19.7 of [5] it, is shown that under Assumption I the measure
u', p? and w, are absolutely continuous with respect to each other and
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‘;Z: (¢, x) = (ZZ: (¢, x) )_1 = exp{S:IOg ijg; dx“—[Ai(x)—A,(x)]} .

Let A(x; s, t) denote Z”’ s (t, x), which is adapted to ;. In addition, let F(%),
3
t=0, be a given distribution function and » be the Lebesgue-Stieltjes measure
induced by F(z) on the measurable space (R, B(R.)).
Let the probability space (Q, <, P) be the completion of (XXR.,
BXB(R,), P), where P is defined by

P(AxB) = L p(dy(dy), AeB, BEBR.).

Now, we shall state our optimal stoppnig problem. We suppose that we know
the whole forms of measures and distribution function u', u? u, s=0, and F(z).
For each w=(x, s)EXX R, =Q, x=(%)s20, let

Et(a)) = x; and @(CD) = §.
Suppose that we observe the stochastic process £=(§,, &,, P), t=0, where

F, =e|’>100-{£u; ust+&VvQ', Q ={4: P(A)=0or P(4)=1, AcZ}.

According to the absolute continuity of ', u? and p, with respect to each other,
it follows that F,=3B, X {4: v(4)=0o0r v(4)=1, A€ B(R,)}, and hence (F,):>o
is right continuous increasing family of o-algebra. We assume that © can not
be observed directly. Our objective is to find an optimal stopping time 7* such
that

E[g(®, )] = sup. Elg(®, 7],

for some given reward function g(x, v), g: R, X R, — R, where I is the set of
all stopping times with respect to (& ,),s,.

Such kind of optimal stopping problem is called disorder problems ([1],
[2], [3], [7], [8], [10]), in this context the random time © is understood as a
disorder time of some stochastic system.

From Bayes formula we have

(1) POEd|F,) = A(x; 5, H)u(ds)/ S:A(x; s, t)u(ds) .
Let a(x) = S:A(x; s, t)v(ds) , then
2 a,(x) = a,A(x; ¢t u)—i—SjA(x; s, u)v(ds) .

Lemma 1. Let Y(x) be any function such that Y,: X—R' and Y, is B,
measurable, and
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S:E"l[l Y.()A(e; s, u)|| BiJp(ds)< oo as. P,  forany u=t>0.

Then
() E[Y.(5)IF] = EU[Y.(-) ) +o(, )| B/ {o(E)+2(t, o)} .
Proof.

E[Y,()|F) = | Bo[V.(0)| F)POds|F)

A ACIENLCITAES

_ (" EP[YL, (A5 s 0) | B
— So B 18] P(Ocds|F)).

From our assumption and equation (1) and the property that A(x; s, £)=1 for
s>t, it follows that the last expression is equal to the right hand side of (3).
The proof is complete.

2. Derivation of optimal stopping rules for general disorder prob-
lems

In this section we shall derive the forms of optimal stopptig time and
maximum expected reward function for the case when the expected reward
process forms a general right continuous process.

For each N=1, 2, -+ let N,=N—k2°%, k=1, 2, .-, N2¥,
GNl(x) ’
Ny
So (s, N)A(x; s, Nl)v(ds)+s (s, N)o(ds) ,
1

N
GNk(x) ’
E*[Hy, (+; N)|By,],

Hy (x; N) = max {

Hy (x; N) = max {
where Gy(x) = S’ g(s, )A(x; s, t)v(ds)—[—Swg (s, t)v(ds), x=X. For each fixed
0 t

dyadic rational ¢=0, g=N—k27", where we select a suitable % for each N, if it
exists we define

H,(x) = lim Hy (%3 N)

For any ¢, that is not a dyadic rational, we select a sequence ¢, | ¢, ¢, are dyadic
rationals, and if it exists we define

Hy(x) = ’llLrg H, (x).
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Let o =inf {t=0; H(E)SGy(&)} ,
and
7i(%) = [a(x)+2(t, )] Hy(x).

The following Theorem 1 follows from Theorem 6.1, Corollary 7.1 and The-
orem 7.3 of Thompson [9].

Theorem 1. Suppose that the reward function g(u,v) is bounded, and
log M) is bounded a.s.. Then H\(t), x€X, exists and (7,)»o 15 the minimum
dominating regular supermartingale of

(E[g(®, 0]|F.]), 20, and E[y&)] = sup E[g(®, 7]

In addition if [a(E)+v(t, )] 'G(E) is continuous to the left a.s., and P(5< o0)=1,
then & is an optimal stopping time :

Elg(®, 2)] = sup E[2(®, 7)]

Proof. From (1) and (2) it holds that if we stop the observation at time
t=0, then we take the expected reward

(4) 2(&) = E[2(8, ) |F.] = [ax£)+(t, 2)]7'G(&) -

The boundedness and the right continuity of 2, a.s. follow from the right con-
tinuity of £ and the boundedness of g(u,v) and logn, a.s.. Since any right
continuous process is well-measurable and lower semi-continuous on the right,
Theorem 6.1 of [9] is applicable to the process (24(&), &F,), t=0. According to
Lemma 1, for t=N—k27%, k=1, 2, ---, and h=27" it holds that

E[vi4(&; N)Ig",] = [at(5)+”(t: “)]-IEM[HH;;(‘ > N)IQI]Ix=§ ’
where
Yi(x; N) = [ay(x)+v(t, )] Hy(x; N).

Using this relation, after applying Theorem 6.1 and Corollary 7.1 of [9], the
first part of this theorem follows.

In order to see that the second part of this theorem holds, it is enough to
note that (2,),, satisfies the conditions of Theorem 7.3 of [9].
The proof is complete.

The following Corollary deals with the special problem D, ; (see [2], [3],
[10]).

PrOBLEM D, ;. For some fixed a, b=0, find v* such that

P(O®—a=1=0+b) =sup P(@—a=71=0+1Db).
TeM
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Corollary. Suppose that A(x; s, t), A(+;st): X—>R,, is B,,=a{x,;
s=ust, x X}V Q-measurable, and log N, is bounded a.s.. If we set g(u, v)=
Lty yriy(v), then Hy(x), x€ X, exists and is B,_, ,-measurable, and

E[yy(&)] = sup P(@—a=7=0+1Dd).
e

In addition if [a(E)+v(t, )] 'Gy(&) is continuous to the left a.s., and P(e< )
=1, then & is an optimal stopping time for the problem D, ;.
In this case {w: 6(w)<t} €S, , ,=c{t,; t—b=u=st} V@', t=0.

3. Derivation of an optimal stopping rule for the monotone reward
process

In this section we shall derive the following Theorem 2, which is derived
by applying the general theorem for optimal stopping problems with continuous
parameter monotone processes by A. Irle [4]. At the end of this section we
shall derive an explicit form of an optimal stopping time for a special example.

As in the proof of Theorem 1, applying Lemma 1 to the expected reward
process (2;)=(E[g(®, t)|<,]), t=0, defined by (4), we have
5) Elz0a(8) | F)] = [a()4o(t, ) Vi(E; 8),  AZ0,

where
t =3
Vi(x; b) = Sog(s, tER)A(x; s, t)v(ds)+st g(s, 1--h)(ds) .
Let (G(£)), t=0, be the process defined in section 2.

ConpITION 1. (i) There exists a V,(§)=sup V(&; h) a.s., and a version
>0

(Vy), t=0, of (V,), t=0, such that the process (Ig,), t=0, with Ci={w: G, =V}
is right continuous.
(i) C,CCiia holds for any t, A=0 and U C,=Q.

>0

Let o=inf {¢: G,=V,} =inf {t: 0= C,}.
ConprtiON II. (i) Plo<oo)=1.

(i) For any increasing sequence (t,), n=1, 2, «--, of F,-stopping times v,<o it
holds that

(6) E[zsup 1',,] gPTn E [2’.,.”] ’

Theorem 2. Suppose that the conditions I, II and E[z,]> — co hold for any
bounded F ,-stopping time v. Then there exists the minimum dominating supermar-
tingale (7)o for (2,)=(E[g(®, t)|<,]), t=0, and
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() E[g(®, o) Zsup{E[(®, 7)]: v Fo-stopping time, lim | vraP =0}
=sup {E[g(®, 7)]: T & ,-stopping time} .
(1) If (7v:)sz0 1 regular then
E[g(®, o)] =sup B [&(8, 7)].

Proof. Since the expected reward process (2;)s, is right continuous, the
existence of the minimum dominating supermartigale follows from Mertens [6].
From (4) and (5) the assertion of (i) and (ii) follow by making use of Corollary
of §2 and Theorem of §3 in Irle [4]. The proof is complete.

ExaMpPLE. Suppose that the reward function g(6, ) is given by

9 ; _{ —exp[c(t—0)] 0=6<t,
£6: D=1 _g 0=1, ¢, K>0,

and the compensators (4,(x)),so and (4,(x));», are given by

A(x) = n S; Fwydu, Ax) =, S: Flu)du.
Suppose that A,>2,;>0 and f(x) is a non-negative bounded function such that
) CAJA—2y) = S:“ fw)du, forany # AZ0.

In this case the point processes (¥, B,, u'), i=1, 2, are Poisson processes with
intensity \;f(), i=1, 2, respectively. According to section 1 we have

i
A3 5, ) = () exp [—2o) || fwpd]
Suppose that F(t)=1—e ", a>0. In this case from (4) and (5) we have

2(x) = [o,F-v(t, )] 7'Gy(x),
E[zt+h(g)lgt] = [a,(§)+v(t, °°)]_th(£; h), with
Gy(x) = ——Ste‘“'s)ﬁ"t“"Sey("’)ae“‘”ds—Ke""“ s
0
Vi By = —e* | et grmantaqeds
0

+L[e—m(t+h)_ech—wt]__Ke—n’(t+h), for k=0,

ct+a

where
B=n and (t s)=(x1—x2)5'f(u)du, 0=s<t.

For t>0 and x= X let
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, _{0 it afcta)=K,
D=\ max 0, i} i afcta)<K,

where

(8) ii,(x)=[—at+log (cta)K—a :I(c—l—a)“l.

Aleta)|, et grnentoe i oy
Then it holds that
) Vi(x) = Vilx; h(x)) = sup Vi(x; h) .
From the right continuity of (%,(£)), ¢=0, it follows that the set

(10) € =GV =1a: (| v ptrtetraed)eh—1)
0
+Ke—wt(e—wh,_1)+oﬂ(3¢h:—e_“hr)20} , t=0,
c+a

is also right continuous. Suppose that a/(c+a)<K. Take any w&C,, let
E=E&(w), since G,(&)—V (&, h,(£))=0 and (9) holds, it follows that for any A>0

[Gt-fA(‘E)_ VHA(E > ht+A(E))]_ [G,(f)— V(&; hf(f))]
Z[GiaE)—Vira&; s aE)N]—[GUE)—V(E; hirn())]
g (e‘h”A— 1) [ S!+Aez(t+A—s)B£, +A"Es ev(t+A,s)ae_ms ds
A (Beramti—1) Sfec(t—s)lgsrss €109 rg=sis]
0

-t

K. -m;l__ =BAY (] o~y e
R (1) (1)~ 2

Hence it follows that w&C,,,, in other words C,CC,_,, A=0. Where we
make use of the fact that 8>1 and

(1 ——g_‘”A)(3‘ht+A — e_mht+A) =0

(11) exp [cA+y(t+A, H]=1,  t, AZ0,

which follows from (7). In case a/(c+a)=K, we have C,=C,,,, A=0.
Now we shall show that o=inf {¢: w=C,} is bounded. Since 8>1 and
(11) holds, from (8) it follows that

ﬁ,(x)g[ —at+log {a(K (c+a)—a)} —log ac—log {é(l—e“’”)—[—l }]/(c—l—a)
= X() for any xeX.

Let t* be the unique root of X(t)=0. Since the number t* is bounded, and
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since 7,(x) <X(t)<0 for any £=t* and x< X, it holds that ,(x)=0 for any t=¢*
and xX. Hence we have

(12) d(w)=t*VO0 and so ¢ is a bounded random variable .

We shall show that Condition II-(ii) holds. In this case the reward process
(21> F4)i20 1s a continuous process, and o is a bounded stopping time, it holds
that lim %1, =Zpim s, = Zaupr, 25 for any increasing sequence (7,), n=1, 2, «+,

such that 7,=<o a.s.. On the other hand from (12) and the form of the reward
function g(@, t) it holds that 0=2,=—K—e* as., for any 7<o a.s.. Thus,
from Lebesgue’s bounded convergence theorem (6) holds with equality.

Consequently, we see that all of the conditions in Theorem 2 are satisfied
for this example. Thus we can conclude that the stopping time o=inf {¢:
w<EC,}, C, is defined by (10), is optimal in the sense of the assertion (i) of
Theorem 2. The example is complete.
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