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1. Introduction

Let (Q, &,, P) be a probability space with an increasing right continuous
family of (., P)-complete o-algebras (&,), and let & be the predictable o-
algebra induced on Q X R, by the family (&,).

For HEX, we write H, for the random variable wo—>1y4(s, ). If Z=
N—+B is a semi-martingale such that N is a square integrable martingale and
B an adapted process with square integrable variation, the mapping

1) H— S: H,dz,

defines a o-additive vector measure on (QX R,, L) with values in L(Q, F.,
P). It has been shown by several authors that conversely if u is a o-additive
measure from P to LA(Q, F., P) given on the elementary predictable sets H
of the form

H=rhx]s, 1] O<s<t, hed,
by
() wH) = 1(Z,—Z)

for a mean square right-continuous adapted process Z, then there is a modi-
fication of Z which is a semi-martingale [2].

Nevertheless, if we consider an other probability space (W, 9, @), an
adapted process (w, #)—>Z,(w, w) depending on w= W, and a measure y which
satisfies (2) for elementary predictable sets, and if we replace o-additivity in
L¥(P) for each weW by og-additivity in LA(PXQ), it becomes possible that
Z, fails to be a semi-martingale for fixed w.

In the example that we give, Z, is, for fixed w, the sum of a martingale
and a process of zero energy similar to those considered by Fukushima [3]
in order to give a probabilistic interpretation of functions in a Dirichlet space.



32 N. BouLEAU

2. Random mixing of semi-martingales

Let (Ua(w))aecr be a second order process on (W, 99, Q) which is right con-
tinuous in L? with orthogonal increments and B(R)X 9 measurable and let
m be the positive Radon measure on R associated to U, by

m(la, B]) = Eq(Us—Ua)*, a<g@.

Let (M%(®))acr be a family of right continuous and left limited martin-
gales, and (4%(w))scr 2 family of continuous increasing adapted processes on
(Q, &,, P) such that the maps (@, w, s)>M5(w) and (@, o, s)—A45(w) are
B(R)X F,x B(R.) measurable on Rx QX [0, #] and such that

(3) [, Bl(M2y+(42y] dma)<+eo
Then we set Z{(w) = M{(w)+AY(w) and
) Z (o, w) = LER Z%() dU,(w)

where the stochastic integral is of Wiener’s type and exists for P almost all o
since by (3) Z{(w) belongs to LA R, B(R), dm(x)) for P-almost all w.

For P-almost w the process Z,(w, w) is right continuous and left limited
in LW, W, Q).

If G is an elementary predictable process on (Q, &,, P) given by:

Gs(w) = Go(w) 1]0,,](S)—|— —I—G,,(a)) 1];,,,:,,“](3)

for 0<t, <+ <1,,,, where G; is a &F,-measurable bounded random variable, it
follows immediately

Gy Zy,—Zo)+++GZ,,, —Z,) = Sw ( S: G,dZ%) dU,.

€R

And we have:

Proposition 1. The map He 9—»5' H, dZ, defined by
0

S: H, dZ,— LEB (S' H, dZ#) dU,

0

is a o-additive L*(P X Q) valued measure on (A X R, P).

Proof. Let H™ be a sequence of disjoint predictable subsets of QX R,
we have

-

EPE’Q[S (S S HY dZ2) dU,Y

dER 0 n=

¢

— SY ™ J7%)\2
Jucn B}, 5 0 a2y dmie)
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which can be made arbitrarily small for NV large enough because
B ([, 3 ny azzy
tends to zero and remains bounded by
2 Ep [(M2)'+(42)1<+o0. O
Set

A3 =S M2 dU, and z<,2>=5 A2 dU, .
R R

13 L1

Lemma 2. There is a PX Q-modification Z$" of Z which is a (Q, &, P)
right continuous and left limited martingale for Q-almost all w.

Proof. Let GEY,, the following equalities hold in LYW, 99, Q) for s<t:

Ep[l, Z9] — S“ER Ep[le M%) dU, — Sm Ep[1; M?) dU,
= EP[lc Z(sl)] )

therefore, if we choose a &F,x 9¥-measurable element 2{(w, ) in the LA(PX Q)

equivalence class of Z$", for w outside a @-negligible set J1, 2" is a (Z,, P)-

martingale for rational s.

Then, if we put Z‘,":Stlié?nalz‘s”, for we T, Z{ is P-almost surely a right
syt

continuous and left limited (< ,)-martingale and
M = ZP PxQ-a.e.

because Z¢" is right continuous in L(Px Q). []
As concerns Z, it is a zero energy process:

Lemma 3. Let 7, be a sequence of partitions of [0, t] with diameter tending
to zero, then

Eo B[ 3 (Z2,—Z9)1:72.0.
1€™n

tivy npoo

Proof. The expression is equal to
B[ _ s, —41y dn(a),

and > (A‘:,.ﬂ——A‘}',.)2 tends to zero, because A% is continuous, and remains
Tn

majorized by (4%)? which gives the result by (3).
Nevertheless, in general Z{” has no modification with finite variation, as
shown by the following example:
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Let X be a continuous martingale on (Q, &,, P) such that
Ep X.<+ 0.
Let

t
M7= | 10 dX,

and A% = % L3
where L% is the local time of X at a. Condition (3) 1s satisfied as soon as the
measure m is finite. If we put

Z,= S M dU.,,+§ A% dU,

®ER #ER

we have, from Meyer-Tanaka’s formula:
X
Z,= S [(X—a)*—(X,—a)] dU, = SX‘ U, dn PXQ ae.

If Z, had a PxQ-modification such that, for fixed we W, Z, were a (Q,
~ X

&F,, P) semi-martingale, then, since Z, and S f U,d\ are both right continuous,
Xo

SX' U,dn\ would be a semi-martingale. So, from ([1], theorem 5, 6), if we
X
took for X a real stopped brownian motion starting at 0, the map

x ‘—’igo Uy(w) dr

would be the difference of two convex functions. But, if for example, U it-
self is a stopped brownian motion, that can be true only on a @-negligible set
because almost all brownian sample paths have not finite variation. So, in
this case, the P X @-modifications of Z, are @ a.e. not semi-martingales.
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