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1. Introduction

Motivated by the work of Gelfand and Fuchs [2], Bott and Haefliger (see
[4]) have defined homomorphisms

T : H¥(Ly) — H*(BDIff (S"); R)
@: H¥(Ls, 50(2)) — H*(BDiff,(S)?; R)

where L is the topological Lie algebra consisting of all C* vector fields on
S', H¥( L) is its continuous cohomology (=the Gelfand-Fuchs cohomology
of S*) and H*(Lg, so(2)) is the continuous cohomology of _Lg relative to the
subalgebra so(2)C L. Diff(S) is the topological group of all orientation
preserving C= diffeomorphisms of S* and BDiff*(S?) (resp. BDiff(S%)?) is the
classifying space for the topological group Diff,(S?) (=homotopy theoretical
fibre of the forgetful homomorphism Diff, (S*)® — Diff . (S"), here & denotes the
discrete topology) (resp. Diff,(S')?). BDiff,(S') (resp. BDiff,(S*)?) classifies
foliated S'-products (resp. foliated S'-bundles) (see [17]). Gelfand and Fuchs
[2] have proved that H*(Ls) is a free graded algebra with two generators «
of degree 2 and B of degree 3 and it follows that H*(Lg, so(2))=R[a, X]/(aX)
where X is the Euler class (see [4]). We may call the images of ® and &
the Gelfand-Fuchs characteristic classes for flat S'-bundles. Thurston [16]
has constructed examples of foliated S'-bundles to show that the classes o
and X (we omit the symbols ® and ® for simplicity, thus a stands for ®(«)
for example) are independent and also that all the classes a” (n&€N) vary con-
tinuously, namely there are homology classes o,&H,,(BDiff.(S")?; Z) with
o, a">=t for all te R. In this paper we describe an extension of Thurston’s
argument which proves the nontriviality of the classes a"™!@ and X" (rEN).

1 Partially supported by the Sonderforschungsbereich Theoretische Mathematik 40, Univer-
sitit Bonn.
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Thus we can conclude

Theorem 1.1. The homomorphisms ® and ® are injective. Moreover
all the classes except X" (n N) vary continuously so that the Gelfand-Fuchs char-
acteristic classes define surjective homomorphisms

H,(BDiff(S'); Z) > R—0 (n=2)
H,(BDiff (S); Z)—> R®Z >0 (neN).

This answers a question of Haefliger (Problem 4 in [13]) affirmatively. We
can also obtain more informations on the homology of BDiff,(S) and BDiff ,(S")?
by considering the discontinuous invariants of them. See Remark 4.4 and
[12].

2. The Gelfand-Fuchs characteristic classes for flat S'-bundles

Let us begin by recalling the definition of the homomorphisms &, ®
very briefly (see [4] for details). We also derive some relations among their
images=the Gelfand-Fuchs characteristic classes. Henceforth we write G
for the topological group Diff (S).

Suppose we are given a foliated S*-product over a C* manifold M. Thus
there is given a codimension one foliation & on M X S* transverse to the fibres.
Equivalently we are given an Lg-valued C* 1-form » on M satisfying the
integrability condition dw+[w, w]=0. For a vector field X &_L,, let us write

o(X)=wx(x, t)% where wx(x, £) is a C™ function on M X S'. Then the sub-
bundle 7(w)={X(9) +ox(s, §) 2 € Ten(MxSY); XE Ly, (v, HEMX S} of

the tangent bundle of M XS is equal to that of the foliation F. Let C*(Lg)
be the cochain complex of all continuous alternating forms on L. Then the
linear map

P: C¥Ls) - Q*(M) (=de Rham complex of M)

defined by P(0) (X, =, X)=c(o(X)), -, o(X,) (ECYLs), X, € Ly) com-
mutes with the differentials and we have the induced homomorphism on co-
homology

$: H¥(Lg)— H*(M; R).

This construction is functorial on the category of foliated S'-products and
hence we have the homomorphism &: H*(Lq)— H*(BG; R) at the universal
space level. Next let z: E— N be an oriented foliated S'-bundle over a C*
manifold N and let U be a coordinate neighborhood in N. Choose a trivializa-
tion z7}(U)=UXS"' as an SO(2)-bundle. This trivialization gives rise to a
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foliated S'-product structure on z~(U) and so, as before we obtain a cochain
map @: C¥(Ls)—Q*(U). It turns out that this homomorphism restricted to
the subcomplex C*(Lg, so(2)) is independent of the choice of the trivialization
7z (U)=UxS". Thus patching together these homomorphisms over each
coordinate neighborhoods in N, we obtain a cochain map @: C*(Lg, so(2))—
Q*(N) and this construction defines the homomorphism ®: H*(Lg, so(2))—
H*(BG?®; R). We recall that the classes aeH*Lg) and BeH¥Ly) are
represented by the following cocycles a=C* L) and B&C¥ (L) respectively
[2] (we use the same symbols for the cocycles)

1 o)=Yy

g g
5 o frr frr
o’ h§)=sslg g g'\dror g g g

h k" R’ h b R,
(these two cocycles for B are cohomologous and ¢ is the coordinate for

S'=R|Z, 1€8Y).

dt

B(faa—t,g

Now we consider the fibration
BG — BG® - BG .

Since G has the same homotopy type as the rotation group SO(2), the map BG
— BG?® has the structure of an S'-fibration. In fact this can be explained more
explicitly as follows. Let G be the universal covering group of G. Then
it has the expression G={feDiff,(R); Tf=fT}, where T is the translation
by 1 of R and we have a central extension

0-Z-G->G—1.

It is easy to see that there is a natural homotopy equivalence BG*~ BG (hence-
forth we identify these two spaces) and we have the orientable S*-fibration

BZ = S‘—-)BG"—aBGs.
This gives rise to the following

Proposition 2.1. We have the Gysin exact sequences

- ,,,(BGs)p-i H,(BG®) rl>XH,,,_2(BG5) £ H,_(BG?¥) — -,

*
> H*(BG*YD> H*(BGY ™ Ho-YBGY) X Hr(BGY) >
(with any coefficient),
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where X HX(BG?®; Z) is the Euler class.
Proposition 2.2. The equality p*(a"'B)=—a" holds for all nE N.

Proof. Since p*(a)=a, we have only to prove the case n=1. Let &
=(z: E—N) be an oriented foliated S'-bundle over a C* manifold N. Let
us fix an SO(2) structure on §. Then the pull back bundle z*{=(7: z*(E)—
E), where z*(E)={(¢, ') EEXE; n(e)=n(e')} and 7 (e, e')=e, has the structure
of a foliated S'-product because we have an isomorphism of SO(2)-bundles
7*E=E X S" defined by (e, ') — (e, g) where e'=eg, g&SO(2). These two flat
S'-bundles ¢ and z*{ are classified by the following commutative diagram

I \ P ip
0-Z—> G - G —1

where p (resp. p) classifies the bundle & (resp. z*¢). Equivalently we have a
morphism of S’-fibrations

E— BG?

7 }
N— BG?.

By the universality, it is enough to prove the equality p*(B(z*{))=—a(f),
where a(t)eH*N; R) (resp. B(z*C)eHYE; R)) is the characteristic class of
the bundle & (resp. z*) corresponding to « (resp. 8). Let U be a coordinate
neighborhood in N and choose a trivialization 7 ~(U)=< U X S" as an SO(2)-bundle.
Then we have a natural isomorphism 7 Y(E")==(UXx S")x S* as SO(2)-bundles,
where E'=7"%U). Let o be the Lg-valued C= 1-form on U defined by the
flat structure ¢§ restricted to E’ and the trivialization E'==U x S*. Similarly let
@ be the Lg-valued C= 1-form on UXS! corresponding to the foliated S’-
product structure on UXS'. Fix a point x€ U and let us write

o(X) = wx(t)a% (XET,(U)) and
a(X) = w602 (XET(UCTa(UXSY).

Lemma 2.3. We have the following equations:

Gx(s ) = ox(s+1)  (XETLU)) and
a(ﬁ) N
os ot

Proof. Consider the following commutative diagram
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7z (E") = (UxS)x S X UxS'=z"YU)
7 3
E'=UxS8"—————>U
T
where A(x, s, £)=(x, s+1), (%, 5, )(UxS")xS". Clearly we have T(@)(,., »
=(Ny4) T (@)(s,s+n, Where ry is the differential of the map A. Since T(w),,n

:{X+w,,(1)5@£; XeT(U)}, and Ay (%):x*%):%, we obtain

T(®)e.00 = {X+u§+v§t—; XET,(U), utv = wox(s+1)} .

Now let XeT (U)C T, o(UxS"). Then the lifted vector in T(®@),,  should
have the form X+@(s, 15)5%~ and this vector goes to X-—I—cox(s—l—t)% under the

map Ay. Hence @4(s, f)=wx(s-+?). Similarly the vector %E T o(UX S lifts

to ag—l—a((%)E T(®)(s,s,n and this vector goes to 0 under Ay. Therefore

s
6(2>: ~ 9 This completes the proof of Lemma 2.3.
os ot

Now we go back to the proof of Prop. 2.2. Let X, YT, (U). Then the
cohomology class a(f)EH?*(N; R) is represented by a closed form acQ*N)
which has the value
a(X, Y) = a(a(X), o(Y))
_ S ok(t) ¥ (2)
s o¥(t) o¥(2)
Similarly the element B(z*()eH*E; R) is represented by a closed form 5
€ Q3(E) which has the value for X, Ye T, o(UXS")

b(X, Y, 6%) - 3(—@()(), a(Y), a(%))

dt.

Bx(s, 1) @k(s, t) @K(s, 1)
=)a @y(s, t) k(s ) Y(s, )| dt
—1 0 0

_ S ok(s+1) 0¥ (s+1)
sY o¥(s+1) ¥ (s+1)
= —a(X, Y).
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Hence locally we have b=—aAds+other terms. By the definition of the
homomorphism p*: HYE; R)— H*(N; R), we have p*(8(z*8))=—a(). This
proves Prop. 2.2.

Corollary 2.4. For any o =H,,(BG?®) and n< N, we have {o, a">=—<u(c),
an—l B>'

3. Relation with the Godbillon-Vey class

In this section we investigate the relation between the Gelfand-Fuchs character-
istic classes for flat S'-bundles and the Godbillon-Vey class for codimension
one foliations [3]. The results of this section should be known to many people
and also we do not use them in the remaining part of this paper except in the
proof of Th. 4.3. We include them here for completeness.

Let BT, be the classifying space for oriented codimension one Haefliger
structures and let gv € HY(BT';; R) be the Godbillon-Vey class.

Proposition 3.1. Let h: BG*x S'— BT, be the classifying map for the
universal codimension one foliation on BG®* x S*. Then we have

h*(gv) = BX1—ax:
where 1= H'(S"; R) is the generator.

Proof. Let ¢ be a foliated S'-product over a C* manifold M. Thus
there is given a codimension one foliation & on M X S' transverse to the fibres
defined by an Lg-valued C~ 1-form » on M satisfying the integrability condi-
tion do+[w, @]=0. By the universality, we have only to prove go(¥F)=g(¢)

X 1—a(f)x . Asbefore for a vector field X € _L,, let us write o(X)=cwx(x, t)éa?

so that the tangent bundle of & is given by
T(F) = {X@)+ox(x ) 0 €T o(Mx8); XE L (& )=MX S}

Hence if we define a 1-form 6= Q'(M x S*) by

0(X) = —og (XELyC Lyxs) and e(?.) =1,
ot
then clearly & is defined by 0, namely T(F)={ZT(Mx S"); §(Z)=0}. Now
for two vector fields X, Y &_[,, the integrability condition of & implies
Xo(¥)— Ya(X)—a(X, ¥]) = —[u(X), o( V)]

Hence

0
(*) Xoy—Yox—orxyl = oy —ox—wx_— oy .

ot ot
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On the other hand
do(X, Y)= —Xwy+Yoxtoxy and
9)_ 2
de(X, 5) = Dox.
Thus we obtain

d9(X, Y) = coX%wy— %wm and

d0<X, 5%) — a%mx .

This means that if we define a 1-form QM X S*) by
-0 9\
2(X)= Loy and 9(2)=0,

then we have dd=y»A0. By definition, the Godbillon-Vey class go(F) is re-
presented by the closed 3-form 5 Ady. Now applying % to both sides of (x)

we obtain
8 6 62 62
Xé@;my— Ygt‘wx—‘aw[x,yl = wyﬁ Wx— Oy G_tzmy .
On the other hand
dy(X, Y)= X%my— Ya%wx—‘ é@[w[x,ﬂ and

0 0?
dnl X, —> = —— oy .
’7( ot or*

Hence if we define a 1-form v Q' (M x S*) by
2
»(X) = —%me and v(gt—) —0,

then we have dp=v A 0. Therefore the Godbillon-Vey form is  Adyp=5Av A8.
Now go(¥) is an element of H¥MXS'; R)=H*M; RYPH*(M; R). The
first component of gu(F) is represented by the 3-form *(3 AvA0) where i:
M — M S' is the inclusion i(x)=(x, 1), x&M, 1S". But clearly i*(» AvA6)
coincides with the 3-form representing the class B() (here we use the latter
form of the cocycle & C¥(Ls1)). Next it is easy to see that p Av A=y Av Adt
+other terms. Therefore the second component of gv(<F) is represented by

the 2-form g ,n/\vdt. But this is equal to the 2-form representing the class
S
—a(f). Thus we have proved go(F)=L(¢)x 1—a(f)x:.
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Corollary 3.2. Let {=(n; E— N) be a foliated S*-bundle over a C* mani-
Jold N and let <F be the corresponding codimension one foliation on E. Then go(F)
=B(x*C) and therefore p*(gv(F))=—a(t), where p*: H(E; R)—H*¥N; R) is
the “‘integration along the fibres”.

Corollary 3.3. The cohomology classes a<H*BG?®; R) and B H¥BG?,
R) can be represented by the following Eilenberg-MacLane cocycles a < C*G; R)
and B C¥G; R) (again we use the same symbols)

log o’ (log v")’
log u'(v) (log u'(2))’
| h—id logh'  (log k)
< | |eh—ia 108g't) oggmy)y | & (e he6).
feh—id log f'(gh) (log f' (gh))’

Proof. Thurston has obtained the cocycle o for the Godbillon-Vey class
integrated along the fibres of foliated S'-bundles (see [1] for a proof). The
same technique as in [1] or the one in [9] yields the cocycle 8 for the Godbillon-
Vey class restricted to the canonical cross-section of foliated S'-products (see
[10, 11]). Therefore Cor. 3.3 follows from Prop. 3.1.

a(u, v) = —% Ss‘ a  (u,vEG6)

:B(f’g» h) =

4. Thurston’s argument

In this section we summarize Thurston’s argument [16] of proving the non-
triviality and variability of the Gelfand-Fuchs characteristic classes. The
unit tangent sphere bundles of closed orientable surfaces with constant negative
curvature can be considered as examples of foliated S'-bundles with nontrivial
o and X classes. From the viewpoint of group homology, these examples can
be constructed by making use of the standard representation p: SLy(R)— G
which is defined by extending the action of PSL,(R) on the unit disc to the
boundary. However it can be checked that p*(a) and p*(X) are linearly de-
pendent. At this point Thurston has considered the lift of p to the 2-fold
coverings: SL,(R)— G®=2-fold covering group of G and composed it with
the natural inclusion G®—G (cf. §5) to obtain another representation p’:
SL,(R)—G. Two representations p and p’ give rise to the third one p:
SLz(R)S ;kmSLZ(R)—>G and it turns out that p*(a) and p*(X) are linearly inde-

pendent. Moreover he has defined a smooth family of representations 7, (closed
surface of genus 2)——>SL2(R)S>12 )SLZ(R) with varying « classes (see [1] for de-
0(2.

tails). All of the above can be done in the real analytic category. Thus we have

Theorem 4.1 (Thurston). The clcsses a and X are linearly independent
in H*(BDiff3(S")%; R) and o defines a surjective homomorphism
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H,(BDiff2(S")*; Z) > R—0.

Thurston has also constructed examples with varying a”. One way to show
this is to combine his another theorem [16] that the Godbillon-Vey class defines
a surjective homomorphism z4(BT,)— R with Mather’s deep results [6, 7, 8].
Let us recall the latter. Let Diffx(R) be the topological group of all C= diffeo-
morphisms of R with compact supports. We have a natural map A: BDiffx
(R)*X R— BT, which classifies the universal codimension one foliation on
BDiffi(R)* X R. Since this foliation is trivial in a neighborhood of the infinity
of the R-factor, the map % has an adjoint map H: BDiff ((R)®— QBT,.

Theorem 4.2 (Mather [7]). The map H: BDiff(R)*— QBT induces an
isomorphism on homology.

From this and also his yet another result [8] that the group Diff4(R) is perfect,
Mather has concluded that the space BT, is 2-connected. Thus we have
an isomorphism H*(QBT'; R)=Hom(zy(BT)), R). Let go'e H*QBT,; R) be the
element corresponding to the Godbillon-Vey class go: z3(BT;)— R under the
above isomorphism. Then by Cor. 3.2 we have H*(gv')=—a. Here we are
considering Diff,(R) as a subgroup of G by identifying some open interval / in
S* with R. It is easy to see that thus defined cohomology class o= H*(BDiffy
(R)’; R) is well defined independent of the choice of [ and the diffeomorphism
I~R. Now let 7(tER) be a one-parameter family of elements of zy(BT)
with go(r,)=¢ (Thurston [16]) and let 7} €z, (QBT,)=H,(QBT,) be the corre-
sponding homology classes. If we set o,=H3'(7}) = H(BDiffx(R)®; Z), then
we have {a,, a>=—¢t. Now for any positive integer n€ N, choose n mutually
disjoint closed intervals /; in S* (i=1, ---, n). If we fix orientation preserving
diffeomorphism of each open interval i,- with R, we obtain a homomorphism
pu: Diffg(R)X --+ x Diffx(R)—G and this induces a map p,: BDiff((R)*X -+

X BDiff(R)’>BG®. It can be easily checked that p¥(@)=3]1x - X1xa

X1X -+ x1. Now let 6,=0,X X - X o,EH,,(BDiffx(R)*x --- X BDiffx
(R)®; Z). Then we have {(p,)«(a), a>=<5y (p.)*(a")>=(—1)"n!t. This
proves the variability of the classes a”eH?(BG?; R) for all n. In view of Cor.
2.4, we can now conclude

Theorem 4.3. The classes " and a*~'B in H*(BG®; R) are variable for all
neEN.

ReEMARK 4.4. Above argument can be modified to obtain more informa-
tions on the homology of BG®. Namely it can be shown that the discontinuous
invariants of BG® arising from the class « are all nontrivial so that we have sur-
jective homomorphisms
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H,,(BDiff (S%); Z) — S&(R) — 0
H,,,(BDiff (SY); Z) - S5y (R)YQ,R—0 (nEN)
H,,(BDiff ,(S")?; Z) — SHR)DZ — 0

where S§(R) denotes the z fold symmetric power of R considered as a @-vector
space. See [12] for details. Thurston [17] has extensively generalized Ma-
ther’s results [6, 7, 8]. Here we mention only the following, which will play
an essential role in the proof of the nontriviality of X".

Theorem 4.5 (Thurston [17]). Let H: BG® — ABT,= Map (S', BT))
be the adjoint map of the natural one BG®x S'— BT,. Then H induces an iso-
morphism on homology.

5. The Euler class

Let H be an abstract group. Then it is well known that the set of iso-
morphism classes of central extensions

0-—>Z—>H£>H—>1

can be identified with the cohomology group H* H; Z). The correspondence
is given as follows. Choose a splitting (as a set map) s: H— H of p such that
s(e)=¢&, where e, & are the unit elements, and define a cochain X,€C*H; Z)
by the equality

X(f, &) = s(f)s(g)s(fe)'€Z, fgsH.

It is easy to check that X, is a cocycle and different splitting yields a cohomol-
ogous one. Thus we have a well defined cohomology class [X,]EH*H; Z).
Conversely let XeC*H; Z) be a cocycle. Define a multiplication on the set
Zx H by

(m, f) (n, &) = (m+n+X(f, &), f2)s m,nEZ, f,geH .

Then this multiplication is associative and defines a group structure on Z X H,
which we denote by (ZX H),. The set Z={(m, e)(Zx H),; mc Z} is a sub-
group of (Zx H), and we have a central extension

0o Z—(ZxH, B H>1.

Ths isomorphism class of this extension depends only on the cohomology class
[X]JeH*H; Z). In particular if X=X,, then the correspondence (Zx H),—
H given by (m, f)—ms(f) is an isomorphism.

Now let {=(p: E—N) be an oriented S'-bundle with Euler class X({)
€HA(N; Z) and for a positive integer k€ N, let {,=(;: E;— N) be the oriented
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S’-bundle with Euler class X(£,)=kX(%). Then it is easy to see that there
is a fibre preserving map b: E—E, such that b restricted to each fibre is a k-
fold covering map of S*. The following diagram is clearly commutative

H,(N) -5 H,..(E)
kep lb*
H,(N)— H,.\(E,)

where u are the homomorphisms in the Gysin sequences of the S'-bundles
&, £y Let us consider a similar situation in the group extension context. Thus let

0ozl H 1

be a central extension with cocycle X, (s: H—H is a splitting of p). Then
the natural map BH — BH has a structure of an oriented S'-bundle with Euler
class [X,Je H H; Z)=H*BH; Z). Now let
p’
0-Z->H_Z2H—-1
sl

be another central extension with splitting s': H—>H'’ and suppose that [X,]
=k[X,] for a positive integer k. Thus there is a cochain YyeC'(H; Z) such
that AX,—X,=38v. In these situations we have

Proposition 5.1. The map p: H— H' defined by p(f)=(k(fs(f)™)+7(f))
s'(f), where f€H and f=p(f), is a group homomorphism and the following diagram

is commutative
0-Z—->H 2, H—1

lxklp ,
O—>Z——>H’£H——>1.

Corollary 5.2. The following diagram is commutative

H,(BH) —> H,, (BH)
k- Px
H,(BH) ~% H,,.(BH).

The proof of Prop. 5.1 can be carried out by a direct calculation and we omit
it. Now recall that G stands for the topological group Diff,(S"). For a posi-

tive integer REN, let G® be the k-fold covering group of G. Thus we can

write GO={feG; fR 1y_pd } where R —1—) is the rotation of S* by 1,
k (k k k
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Let p,: G®— G and 7,: G®— G be the natural projection and the inclusion.
Henceforth we consider G® as a subgroup of G via 7,. Let us fix a splitting
s: G—G to the projection p: G— G and let X,&C%G; Z) be the corresponding
cocycle representing the central extension 0—Z—>G—>G—1. If we denote X
for the Euler class [X,]e H¥G; Z), then we have

Proposition 5.3. p¥(X)=ki¥(X).
Proof. Let us define a group homomorphism ¢@,: G—G by @, f(x):% F(kx),

f€G, x€R. Let f be an element of G® and set f'=p,(f). Thus we have
f'(kt)=~F f(t)where t=S* and k: S'— S is the k-fold covering map. Then it can

be seen that there is an integer d € Z such that s(f)=g@,s(f ’)T(—Z—), where T(%)
denotes the translation of R by % We define a cochain yeCY(G®; Z) by
Y(f)=d. We can write s(f)=@.(s(f")+v(f)). Now we claim that the equation

kX(f, 8)—Xf's 8") = ¥(f)—v(fe)+7(g)

holds for all f, g&G® (f'=py(f) and g'=p,(g)). Clearly this is enough for the
proof. Now we calculate

kX(f, 8)—X(f's &) = k(s(f)s(g)s(f2) ") —s(f')s(g")s(f'g") "
= k(@i(s(f) () P(s(e)+7()puls(fg")+7(f2) ) —s(f)s(g")s(f'g")
= k(@u(s(f)s(g")s(f'g") 7+ () +v(8)—7(f2))—s(f)s(g")s(f ")
= v(f)—7(fe)+7() -

This completes the proof.

Remark 5.4. Contrast to Prop. 5.3, it is easy to show that i¥(a)=k p¥(«)
even on the cocycle level.

p

Let 0>Z—H_ZH—1 be a central extension with cocycle X,. Suppose that
s

we have a group homomorphism p: K— H. Then the cocycle p*X, defines a

central extension
0> Z— (ZXK)py,—> K—1

which may be called the pull back extension by p. If s': K—(ZXK)uy, is
the canonical splitting defined by s'(k)=(0, &), then we have X, =p*X,. As

for the central extension 0— Z— G G —1 with the splitting s and group homo-
s
morphisms 7, and p,: G®— G, we have

Lemma 5.5. (i) The pull back extension by i, is isomorphic to
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P
0>2—-G,2>2G»—>1

s
where G,={feG; f(x—l—%) = f(x)—l—-};}, p and s are the restrictions of the original

ones.
(i1)  The pull back extension by p, is isomorphic to

’

p
0>Z—>GxZk2G» -1
sl
where p’ restricted to G is defined to be p'=pog, and it sends the generator «
of the cyclic group Z[k to R(—%)E G®, Z is generated by (T, k) and finally

the splitting s’ is given by s'(f)=(s(px(f)), —7(f) mod k).

Proof. Direct calculation.
In view of Prop. 5.1, 5.3 and Lemma 5.5 there is defined a homomorphism
p: G,— G Z|k so that the following diagram is commutative

0>Z—G,— GH 1

Xk p I
0—>Z—>GxZk—>G» -1,

We would like to identify this homomorphism.
Proposition 5.6. The homomorphism p: G,— G x Z|k is given by
p(f) = (@+'(f), 0), (fEGy) .

(Note that the homomorphism @,: G— G, is an isomorphism.)

Proof. Let f&G, and we write f=p(f), f'=ps(f). By the definition of
p (see Prop. 5.1), we have

p(f) = {k(Fs(H)™)+7(NH}s'(f)
= ({R(F () ) +(NYs(f) {R(F s(f)™)+7(H}—7(f) mod &
= ({pe' (F ouls(f) =y (M +1(D}s(f), 0)
= (@&'(f), 0).
This completes the proof.
Let us summarize the above results as

5.7. Diagram. The following diagram is commutative

T Tt 0
G- GxZ/k(‘” 0 L é

b o ik
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Now we have the following main result of this section.

Proposition 5.8. For each element o=H,(BG?; Q), let a"(k):% (i)
(6+)%'(c). Then we have

(Pa)sn(a) = p(a'(R)) -

Moreover if m=2n, then

{a'(k), X"> = k™" g, X"> and
Ka'(k), &> = k"o, a™> .

Proof. The first statement follows from Diagram 5.7 and Cor. 5.2. The
latter can be proved by Prop. 5.3 and Remark 5.4.

6. Space of closed curves

Let X be a simply connected topological space and let QX (resp. AX=
Map(S*, X)) be its loop space (resp. space of closed curves) with the compact
open topology. The natural sequence QX — AX— X is a Hurewicz fibration.
For a positive integer RE N, let yr,: AX— AX be the continuous map defined
by n(l) (t)=I(kt) (€ AX, tS"). Then clearly 4, Spreserves QX and the
following diagram is commutative

QX —->AX—-X

Vel Yl I
QX —->AX—-X.

Note that the homotopy group z,(AX) is naturally isomorphic to 7,.,(X)D
7a(X) and the action of J, is given by multiplication by % on the first factor
and the identity on the second. Here we would like to know the property of
the linear map (Vry)y: Hy(AX; Q)— Hy(AX; Q). For that we use the theory
of minimal models due to Sullivan [14] which describes the rational homotopy
theory of spaces in terms of differential graded algebras and maps between
them. Thus for each simply connected space K of finite type (i.e. the homol-
ogy group of K is finitely generated in each degree), there is associated a free
differential graded algebra (abbreviated by d.g.a.) KX over @, called the minimal
model of K, which is essentially equivalent to the rational Postnikov tower
of K. Also for each homotopy class of continuous map f: K— L, there is as-
sociated a unique (up to homotopy) d.g.a. map f: L—K. Now let K=A(x)
(free d.g.a. generated by the generators x) be the minimal model of K. Con-
sider a free algebra AK=A(x,y), where degree y=degree x—1. Let s be
the derivation of degree —1 on AKX defined by s(x)=y and s(y)=0. We define
a differential d on AKX inductively by the condition sd+ds=0. Thus dx is
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the same as in K and dy=—sdx. It is easy tc check that d is a differential,
i.e. d®=0.

Theorem 6.1 (Sullivan [14]). The d.g.a. AKX is the minimal model of
AK.

The proof of this theorem is given roughly as follows (see [15] for details).
Let e: AKX S'—K be the evaluation map. Then for any topological space
C and a continuous map f: CxS'—K, there is defined the adjoint map F:
C— AK making the following diagram commutative

AKXS' — > K
FxidN  Jf
Cx St

Conversely the space AK is characterized by this universal property. Now
consider AK(), where d§é=0 with degree £=1, and define a d.g.a. map é:
K— AK(&) by é(x)=x+Ey. Then given any d.g.a. C and a map f: K—C®),
there is the adjoint map £': AKX — C making the following diagram commutative

K —2 Ax®)
N SFQid
c®)

By the universality, this proves the assertion. Now we have

Proposition 6.2. Let K be a simply cunnected space of finite type and let
K=A(x) be its minimal model. Then the d.g.a. map J,: AK— AKX correspond-
ing to the map ry: AK— AK is given by Jy(x)=x and $,(y)=Fky.

Proof. The map +r,: AK— AK is characterized by the following uni-
versal property. Let C be a topological space and let f: C xS’ K be a con-
tinuous map with the adjoint F: C— AK. Consider the map f,: CXS'-K
given by fi(c, £)=f(c, kt) (ceC, teS"). If F,: C—AK is the adjoint map
of fj, then the following diagram is commutative

AK -, Ak

FN\ /F,
C

Now let f: K—C(£) be the d.g.a. map corresponding to f. Then the d.g.a.

map f,: K—C(E) corresponding to f is clearly given by the composition JCLC €3]

id Rk
:@» C(), where id@k=id on C and (id @k)(£)=kE. Then it is easy to check

the commutativity of the following diagram
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b
AJg —> AKX
AN o)
C .

By the universality this completes the proof.

Corollary 6.3. For all non-negative integer m, the linear map (Yry)y: H,
(AK; @)— H,(AK; Q) is diagonalizable with eigen values of the form k? where
P is a non-negative integer. Namely H,(AK; Q)= DV, (p) where V, (p)={cE

20

H,(AK; Q); (Vv)«(c)=Fk?c for all k=0}.

Proof. Since we have assumed that the space K is of finite type, it is
enough to prove the assertion for the cohomology group instead of homology.
By Prop. 6.2 the linear map (y,)*: H¥(AK; Q)— H*(AK; @) can be com-
puted from the d.g.a. map ,: AK—AK. Now for each non-negative integer
b, let (AX), be the subspace of A X generated by monomials on x and y whose
number of the generators y are exactly p. By the definition of the differential
in AKX, it is easy to see that (AX), is a subcomplex of AKX and AK= ;QZBO(AJC)P.

Moreover the map ¢, preserves these subcomplexes. Clearly §,=multiplica-
tion by &? on (AX),. Hence

HY(AK; @)=H*(AK) = ©H*(AK),)
and (¢,)*=multiplication by k* on H*((AX),).

We generalize this to arbitrary space.

Proposition 6.4. Let X be a simply connected topological space. Then
for any non-negative integer m, we have a direct sum decomposition H,(AX; Q)
=p€§oV,,,(p), where V,(p)={c€ H,(AX; Q); (Vi)x(c)=F’c for all k=1}.

Proof. First by considering the geometric realization of the singular
chain complex of X, we may assume that X is a CW complex. Now let
oc€H,(AX; Q). Then there is a finite complex L and a continuous map F:
L— AX such that o=Fy(r) for some r€H,(L; @). Let f: LXS'—X be
the adjoint of F. Since X is simply connected and L xS is compact there is
a simply connected finite subcomplex K of X such that f(LxS)CK. It
follows that F(L)C AK. Thus the element o comes from H,(AK; @). Since
the map r,: AX— AX preserves the subspace AK we can apply Cor. 6.3
and we are done.

7. Proof of Theorem 1.1

In this section we prove Theorem 1.1. In view of the results of §4 (Th.
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4.1 and Th. 4.3), we have only to prove the nontriviality of the classes X" (n
€N). For this we use Mather-Thurston’s result Th. 4.5 that the map H:
BG*— ABT, induces an isomorphism on homology. For a positive integer
k let @,: BG*—BG® be the map corresponding to the homomorphism @,:
G— G (we use the same symbol) and let y~: ABT,—ABT, be the continuous
map defined as before. Then we have

Proposition 7.1.  The following diagram is homotopy commutative

H
BG8 _> ABFI

¢’hl 2V
BG L, BT,

Proof. It is easy to see that the following diagram is homotopy commuta-
tive
Xid
BG*x s' 225 perx s
dxk| 1)
BG*xS' — BT, .
The adjoint of this diagram is the desired one.

7.2. Proof of the nontriviality of X". It is enough to prove the existence
of elements o, H,,(BG?®; Z) with <{o,, X">+0 for all n, and by the universal
coefficient theorem we may use the rational homology. We use the induction
on n. For n=1 we already know the existence of &,. Thus suppose that

o, is an element of H,,(BG?; @) with {s,, X">+0. By Prop. 6.4 and Prop.
7.1, there is a direct sum decomposition H,,,(BG?®; Q)= @® V,,..(p), where
$20

Vonss(p)={rE Hy1o(BG®; Q); (@4)5(v)=Kk7 for all k=0}. Now let
w(oy) = pEgo Ty (7€ Vana(P))

be the corresponding decomposition. Of course only finitely many 7, are

non-zero. By Prop. 5.8 we have (@,)xu(c,)=u(on(k)) for some oy(k) with

lank), X>=k"*g,, X">. On the other hand we have (@,)xu(c,)=2] k"1,
?»

and hence

Woik) = DR 7,

Then it is easy to see that some linear combination of o, and o;(k)’s, for ex-
ample

o =0k Br;aik)  (7,5Q)

where r=number of non-zero 7,’s and k>1, should satisfy the equations u(s,)



562 S. MoriTA

=0 and <5,, X">#+0. Then from the Gysin sequence (Prop. 2.1), there is an
element o,.,€H,,,(BG?®; Q) such that ¢,,, N X=&, and hence {c,;, X" D0.
This completes the proof.

ReEMARK 7.3. The above proof of the nontriviality of X" is not construc-
tive. Also it does not work in the real analytic context. From this point
of view, it would be interesting to try to prove the diagonalizability of the linear
map (@;)x: Hy(BG®; Q)— H ((BG*: Q) directly.

REMARK 7.4. Haefliger has communicated to the author that he has modi-
fied the argument (7.2) to obtain a more direct and simple proof. He first
notes that the map H in Th. 4.5 is equivariant with respect to the natural G-
actions on both sides and then uses the Sullivan model for the corresponding
Borel fibrations. From this argument we can conclude, in particular, that
there is an element o € H,,(BG®; Z) with {o, X">=1. This follows from the
fact that the action of G on the space ABT, has fixed points. However it
seems to the author that the argument (7.2) remains to be useful because of
its explicit nature.
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