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1. Introduction

It is an interesting problem to investigate how a surface in a 3-manifold
M intersects a fixed Heegaard surface in M. In this direction, the first basic
work was done by W. Haken [1], and later W. Jaco [2] proved Haken’s theorem
in [1] in a complete form by using a theory of hierarchy for planar surfaces.
In contrast with their works, the main purpose of this paper is to discuss a
relationship of 2-sided projective planes in a 3-manifold M and a fixed Hee-
gaard surface in M. In our discussion, a certain property which planar sur-
faces and Mobius strips with holes have in common plays an important role
and then an observation on such a property enables us to prove the following;

Main Theorem 1. Let M be a closed connected 3-manifold with a fixed
Heegaard splitting (M, F) of genus g. Then the following holds;

(1) If there exists a 2-sided projective plane P in M, then there exists a 2-
sided projective plane P’ in M such that F NP’ is a single circle. In particular,
if M is irreducible, then P’ is isotopic in M to P.

(2) If M contains an incompressible 2-sphere, then there exists an incompress-
ible 2-sphere S* in M such that F N\S? is a single circle which is not contractible
in F.

It will be noticed that the second assertion of the Main Theorem 1 is the
one of Haken’s theorem in [1], [2] and so the above theorem includes Haken’s
theorem and that recently the author proved in [3] that every closed connected
3-manifold, with a Heegaard splitting of genus 2, which admits a 2-sided em-
bedding of the projective plane P? is homeomorphic to P?Xx S

Throughout this paper, spaces and maps will be considered in the piece-
wise-linear category, unless otherwise specified. S”, D" denote n-sphere, n-disk,
respectively. Closure, interior, boundary are denoted by .cl(-), int(-), 9(+),
respectively. If X, Y are spaces with X DY, then N(Y, X) denotes a regular
neighborhood of Y in X.

* Partially supported by Grant-in-Aid Scientific Research.
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2. Intersections of 2-sided closed surfaces and Heegaard surfaces

Let S be a compact surface with a non-empty boundary and a be an arc
in S with 8SNa=0a. Then « is called an essential arc in S if the closure
of each connected component of S—e« is not a 2-disk. Let a be an essential
arc in S. Then « is said to be of type I (resp. of type II) if it joins a single
circle (resp. two different circles) in 0S. Next let a, -+, @, be mutually dis-
joint essential arcs in S. Then the collection of such the arcs is called a com-
plete system of arcs for S if the closure of each connected component of
S—(ayU--Ua,) is a 2-disk. Let @a=a,U -+ Ua, be a complete system of arcs
for S and C be a circle in 8S. Then C is called a distinguished circle related
to @ if all arcs, which meet, in @ are of type II.

For the definitions of handlebody of genus g, complete system of meridian-
disks, Heegaard splitting, and Heegaard surface we refer to [3]. For the de-
finitions of irreducible 3-manifold and incompressible surface we refer to [2].

Let S be an orientable or non-orientable closed surface in a 3-manifold M
and (M; H,, H,) be a Heegaard splitting of genus g for M with a Heegaard
surface F. Suppose that S meets F transversely in circles C, ---, C,. Next
let us suppose that A is a 2-disk in M such that ANS=e« is an arc in A,
ANF=g is an arc 0A, da=208 and aUB=0A. Let N(A) be a regular
(product) neighborhood of A in M such that N(a, S) is a 2-disk in dN(A).
Then A is contained in one of H, and H,, say H, and we may assume that
H,Ncl(ON(A)—N(a, S)) consists of two disjoint 2-disks A, A,. Let N*(Q8)=
H,Ncl(dN(A)—N(a, S)) and N(B) be a regular neighborhood of @ in F such
that ON(Q) is a circle in ON(A). It will be noticed that H, N N(«, S) consists
of disjoint 2-disks 8,(8), &,(8) such that N*(B)UN(B)US,(B)Ud(B) is a 2-
sphere in H, Let S'=c/(S— N(a, S))U(A,UA,UN*(B)). Evidently S’ is
obtained from S by an isotopic deformation. According Jaco [2], such an
isotopy is called an isotopy of type A at « through A along g.

Next let us consider “‘an inverse isotopy” to an isotopy of type A. Let
6 be an isotpy of type A for .S at « through A along 3 such that A is contained
in H,. Then there exists a 2-disk A’ in H, such that A’NN*(8)=a' is an arc
in 8A’, A'NN(B)=p' is an arc in 0A’, da'=003’, and '’ UB'=0A’. Let 6’ be
an isotopy of type A at ' through A’ along B’ and set .S’ equal to the image
of S’ after the isotopy 8’. It happens no confusion that S’ is identified with S.
Thus 0’ can be thought of as the inverse isotopy to 6.

Let S be a 2-sided orientable or non-orientable incompressible closed
connected surface in a 3-manifold M and (M; H,, H,) be a Heegaard splitting
of genus g for M with a Heegaard surface F. We may assume that S meets
F transversely in circles Cy, -+, C,,.  We denote by ¢(F N S)=m the number of
connected component of F N S. From now on, we suppose that each connected
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component of H,N.S is a 2-disk and let us consider the case when m=2. In
later argument, we will verify that if a certain condition js satisfied, then tbere
exists a 2-sided incompressible surface S’ in M with ¢(FNS')<m—1 such
that S’ is homeomorphic to S and that H,N.S" consists of disjoint 2-disks.
Let D=D,U --- UD, be a complete system of meridian-disks of Hj, D'=D{U -
uD,=H,NS with C;=0D{(i=1, ---,m), and Q=H,NS. Then Q is a com-
pact connected surface with 00=C, U ---UC,,. Here Q may not be incompressi-
ble in H,. However if it is not incompressitle, we can compress Q until it
becomes incompressible in H;. This process preserves the homeomorphism
type of S because of S being incompressible in 4 but may not be performed
by isotopic deformation. For this reason, the resulting surface S’ in Lemma 1
is not necessarily isotopic in M to the original S. It will be noticed that the
above process also preserves the isotopy type of .S, if M is irreducible. Next
we may assume that each connected component of QD is an arc properly
embedded in D which is essential in Q and that the closure of each connected
component of Q—(Q N D) is a 2-disk. Then we have;

Lemma 1. If at least one of the circles Cy, -, C,, is a distinguished circle
related to QN D, then there exists a 2-sided incompressible surface S’ in M with
c(FNSY<m—1 such that S’ is homeomorphic to S and that each connected com-
ponent of H,N S’ is a 2-disk.

Proof. We may assume that C, is a distinguished circle related to a=
OND. Let a be an arc in & with C;Na=#¢@ and we may suppose that « is
contained in D;,. If « is innermost in D;, then the lemma holds because « is

Figure 1.1
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of type II. Thus we can assume that « is not innermost in D,. Let Dy, be
the closure of one of two connected component of D;—a. Then we may as-
sume without loss of generality that D,,—« contains nc arcs in @ which meet
C,, since every arc in & which meets C| is of type II. Let ay, -+, a, be all arcs
in OQNDy. See Figure 1.1. Moreover let Ay, -, A, be 2-disks in Dy, and
B+, B, be arcs in 0D, —int(a) with 0A; = a; UB; (1 =1, -+, m). See Figure
1.1. Then there exists a sequence of isotopies 8y, --+, 8, of S in M where the
first isotopy 6, is of type A at «, through A, along 3,, the second 8, is of type
A at a, through A, along (3, -+, and the n-th isotopy 8, is of type A at a,
through 6, along 3,

Set S, equal tc the image of .S after this sequence of isotopies. See Figure
1.2. By the construction of .S}, there exists a homeomorphism W; from 8,(3;) < I

Figure 1.2

into H, with W,(8,(8;), 0) = 6,(8,), ¥i(8:(8:, 1)= 8x(B:), and W,(3(3,(By)), I)=
N*(B;)UN(B;) =1, ---,n) such that ¥, (5(8,), I)NS,=N*(B,), and that
for every j=#n there exists some integer k>j such that W,(8,(8;),1)N
Wi(Su(B)y 1) = Wi(Sy(By), [ty, 1), cl(W;(3(B)), 1) — Wi, (By), [ty L])) NS, =
NH(B;) U(¥(3(8:(Bi)) N NT(Ba), [#1,2.]), and el(W (8:(8)), I)— W u(8:(Bs), |11, 22])) =
N7*(B;)x 1. Thus there exists a sequence of 2-disks A7, ---, A{ in H, such that
ATDA; (=1, -, n—1), AIN A} for i<k (i, k=1, ---, n) is same A}(j>k) and
that AN N*(B;)=a! is an arc in 0A}, AL N N(B;)=/5} is an arc in 0A}, da} =03}
and afUB=0A% (=1, ---,n). See Figure 1.3. Then thcre exists a sequence

NB) D % N8y

2 o .

NAB) g N
3
o,
N (B, ~ \D’
11
N(Bn) f))/ 4'
n (\4’

Figure 1.3
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of “inverse isotopies” @, -+, 07 of S, in M where the first isotopy 6, is of type
A at ay through A; along B, the second isotopy 6,_; is of type A at aj_;
through A;_, along 8;_i, -+, and the #-th isotopy 6/ is of type A at @{ through

1 along B]i. See Figure 1.4. Set S, equal to the image of .S, after this se-
quence of isotopies. It is easy to see that .S, is isotopic in M to S with
c(FNS)=c(FNS).

Figure 1.4

Next let us consider a slight modification of these “inverse isotopies”.
Since S, is obtained immediately after the isotopy 6, and «, joins C; and some
Cy(k=+1), (H,NS;)—a; has two connected components and one of them is not
disjoint from C,. Let A be the closure of such a connected component. Then
A is a 2-disk in H, Let AY=(A'—A))UA (=1, ---,n—1). Modify A} in
the part A by a slight isotopic deformation, as a result the modified A}’ is
disjoint from S near A (=1, ---,n—1). Let A¥ be the modified A} (i=1, ---,
n—1). Then A} is a 2-disk in H, such that AY NS,=a/=a/’ is an arc in
0AY, AYNF=R is an arc in 8AY, da}’=0B%, and af UBY=0AY (=1,
-,m—1). See Figure 1.5. Then there exists a sequence of isotopies of S,
in M where the first isotopy is of type A at a)’; through A}/, along B;.,, the
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second isotopy is of type A at «;”, through A;Z, along 8;2,, --+, and the (n—1)-
th isotopy is of type A at «f’ through A{’ along Bi’. See Figure 1.6. Set S’
equal to the image of S, after this sequence of isotopies. Then S’ is a 2-sided
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Figure 1.6

incompressible surface in M with ¢(# N.S’)=<m—1 such that S’ is homeomorphic
to S and H,N.S’ consists of disjoint 2-disks. 'This completes the proof of the
lemma.

Next let us consider the case when the surface S is either a 2-sphere or
a projective plane. In this case, we will prove that if ¢(F N.S)=2, then at least
one distinguished circle always exists. Let Q be a compact connected surface
with a non-empty boundary and 80=C,U---UC,. Let us suppose that m=2.
Let @=a,U--- Ua, be a complete system of arcs for Q. In this context, we
have;

Lemma 2. If Q is either a planar surface or a Mobius strip with hales,
then there exists at least one circle C in 0Q such that every arc in @ which meets

C is of type I1.

Proof. Let us suppose that the lemma is false. That is, we suppose
that for every i (1=1, ---, m) there exists an arc a} of type I in & such that it
joins two points in ;. Since Q is either a planar surface or a Mobius strip
with holes, we may assume that Q, is a connected planar surface with &, bound-
ary circles, where O, is one of the connected components of c/(Q—N(ai, S))
and k,=2. Here all circles in 90, except one boundary circle can be joined
to themselves by the arcs a3, -+, an, which bound no 2-disks in Q,. If & =2,
then O, is an annulus and does not contain such an arc. Thus we have that
k,>2. But then there exists a connected planar surface Q,in Q; with %, bound-
ary circles, where k >k, =2. Here Q, has the similar property to Q.
Repeating this process, at the final step an annulus Q,, is obtained. And Q,,
contains an arc which joins points in one component of 9Q,, but bounds no 2-
disks. But it is impossible. Consequently, the first assumption is false. 'This
completes the proof of the lemma.
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It will be noticed that the original idea for the proof of the above lemma
lies in the last part in the proof of Lemma 5 in [3].

Main Theorem 1. Let M be a closed connected 3-manifold with a fixed
Heegaard splitting (M, F) of genus g. Then the following holds;

(1) If there exists a 2-sided projective plane P in M, then there exists a 2-
sided projective plane P’ in M such that F NP’ is a single circle. In particular,
if M is irreducible, then P’ is isotopic in M to P.

(2) If M contains an incompressible 2-sphere, then there exists an incom-
pressible 2-sphere S? in M such that F \ S? is a single circle which is not contractible
in F.

Proof. To avoid complexity, we will prove only the first part of the theo-
rem. Let M be a closed connected non-orientable 3-manifold with a Heegaard
splitting (M; H,, H,) of genus g with a Heegaard surface F and P be a 2-sided
projective plane in M. Then there exists a 2-sided projective plane P, in M
such that each component of P,NH, is a 2-disk. Let Q=P,NH, and D=
D,U---UD, be a complete system of meridian-disks of H,. We may assume
that Q is incompressible in H,. It will be noticed that by this assumption
the desired surface P’ may not be isotopic in M to P except the case when M
is irreducible. Moreover, we may assume without loss of generality that QN D
is a complete system of arcs for Q. In this context, we will prove the theo-
rem by induction of ¢(F N P,)=m.

If m=1, then the assertion (1) in the theorem is valid. Thus we suppose
that m=2. Then by Lemma 2 and Lemma 1, there exists a 2-sided projective
plane P, in M with ¢(F N P,)Sm—1 such that each connected component of
H,NP, is a 2-disk. By induction, there exists a 2-sided projective plane P’
in M such that ¢(FNP")=1. This completes the proof of the assertion (1).

3. Z,equivariant Haken’s theorem

Let M’ be a closed connected orientable 3-manifold with a Heegaard
splitting (M"; H{, H3) of genus g.  Let us suppose that /" admits an orientation-
reversing fixed point free involution 7 with 7(H;)=H, (i=1, 2) and contains
an incompressible 2-sphere. Then by Tollefson [4], there exists an incom-
pressible 2-sphere S? in M’ such that either 7(S%)=S% or 7(S*)N.S2=@. Let
M be the orbit space of M’ by 7. Then M is a closed connected non-orientable
3-manifold with the Heegaard splitting (M; H,, H,) of genus 1+4((g—1)/2) such
that H/ is the orientable double covering of H; (1=1,2). If (SN S*=4,
then S} is an incompressible 2-sphere in M, where S? is the orbit space of
S?by 7. 'Then by Main Theorem 1 or Haken’s theorem in [1], [2], there exists
an incompressible 2-sphere S5 in M such that F NS} is a single circle which
is not contractible in F. Hence there exists an incompressitle 2-sphere S’ in
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M’ such that F'N S’ is a single circle which is not contractible in F’ and that
7(S)YNS'=0.

Let us consider the case when 7(S%)=S2% Let P be the orbit space of
S? by 7. Then P is a 2-sided projective plane in M, since 7 is orientation-
reversing. Then by Main Theorem 1, there exists a 2-sided projective plane
P’ in M such that F NP’ is a single circle. Hence there exists an incompressible
2-sphere S” in M’ such that F'N.S” is two circles which are not contractible
in F and that 7(S”)=S"”. Thus we have;

Theorem 2 (Z,-equivariant Haken’s theorem). Let M be a closed connected
orientable 3-manifold with a fixed Heegaard splitting (M; H,, H,) of genus g. If
M contains an incompressible 2-sphere and admits an orientation-reversing fixed
point free involution T with v(H;)=H, (i=1, 2), then there exists an inccmpressible
2-sphere S? in M such that either 7(S*) N S?=@ and F N S®is a single circle which
is not contractible in F or 7(S*)=S? and F N S? consists of two circle which are not
contractible in F.
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