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0. Introduction

For a given Jordan curve in Euclidean 3-space the existence of a solution
of Plateau’s problem is established with the help of well known classical methods
(Douglas [3] and Rad6 [13]). But these methods yield no information about the
number of possible solutions. Indeed it is one of the most vexing problems in
connection with the classical Plateau’s problem which remains unanswered today
to investigate the phenomena of uniqueness and non-uniqueness as well as the
isolation character of minimal surfaces. Our purpose in this paper is concerned
with this problem.

Let D denote the unit open disc in the w=x--zy-plane (¥, y=R) and let
v:8D—R® be a Jordan curve. A minimal surface f spanned by the contour v is
a map of class C%D, R®) N C¥D, R°) satisfying the differential equations

1) fofy=0, |fd= 1/l
(2) Af=0

in D together with the boundary condition
f10D = qor

with some topological mapping 7: 9D—>0D and the so-called “three point con-

dition”
f<exp (%km’)) — 'y<exp<%k7ri>) k=123,

whereby no restriction in generality is imposed. We denote by M(v) the set
of all minimal surfaces spanned by 7.

Using the complex derivative ®:=f,=f,—if, of f, (1) and (2) can be ex-
pressed in the equivalent form
1) DD = DI Di+D} =0

and
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2" ®; =0,

where @,, ®,, and ®; are the components of the complex vector ®. A branch
point of order k of f is a point w& D where @ vanishes in order k. In particular,
we call a branch point of order 1 a simple branch point, also. Since @ is holo-
morphic, it is clear that interior branch points w & D are isolated.

It is unknown in general, whether every solution of Plateau’s problem,
stable or unstable, is isolated (in a suitable topology). When this is the case,
only a finite number of disc-type minimal surfaces can be spanned in a given
contour. But the finite solvability of Plateau’s problem is known only for
certain special classes of curves. If a Jordan curve v satisfies one of the following
conditions 1°~4°, then the solution of Plateau’s problem is unique.

1° < admits a one-to-one parallel or central convex projection onto some
plane (Rado6 [12]).

2° o is a regular analytic curve of total curvature not exceeding 47 (Nitsche
[7]).

3° o is a C**®-curve (0<<a<C1) with total curvature less than 4z (Gulliver
and Spruck [5]).

4° v is a simple closed polygon of total curvature less than 47 (Nitsche [9]).

And when 7 has the following property 5°, 7 bounds only finitely many minimal
surfaces (Nitsche [8]).

5° v isa Jordan curve of class C3** (0<<ar<<1) whose total curvature does
not exceed the value 6z, and every minimal surface spanned by v is free of
branch points in its interior and on its boundary.

To the author’s knowledge, the just mentioned cases are the only ones where an
explicit estimate of the number of solutions is known.

Recently F. Tomi derived another type of finiteness result. Let v be a
regular curve of class C**%, 0<a<<1. If every surface in M(7) is free of boundary
branch points and has at most simple branch points in its interior, then he shows
the finiteness of a certain subset of M(7v) which includes all minimal surfaces of
locally minimal area (Tomi [14]). In this paper we will prove the following
result using T'omi’s method.

Theorem 1'. A regular extreme Jordan curve of class C**®, 0<a<1, can
bound only finitely many embedded minimal surfaces of locally minimal area with
respect to the C'-topology.

Here, after Gulliver and Spruck [5], we mean that a Jordan curve 7 lies on
the boundary of its convex hull by saying 7 is extreme. It should be noted that
soap films correspond to embedded minimal surfaces of locally minimal area,
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although they are not necessarily of the type of the disc. This theorem will be
deduced from a more general result, Theorem 1 below.

1. The precise formulation of the main theorem

In the following we shall work with the class of C**®-curves, where 0<<a<(1.
Every curve should be understood to be regular and of class C**®. It has been
proved by several authors that minimal surfaces have the same regularity pro-
perties as their bounding curves (see, for example, Nitsche [10]). In particular,
if v is a C***-curve, M(7) is included in C***(D, R?).

Whenever we say a surface f: D—R’ is immersed, we mean f is regular at
every point of D. As for minimal surfaces, branch points are the only possible
singularities. Let f: D—R® be immersed. Then every surface % in a sufficiently
small neighborhood of f and having the same boundary as f can be repara-
metrized in the following form

F(f, u) = f+uN(f),

where N(f) is the normal field of f and u some real function with zero boundary
values (Bohme and Tomi [2]). According to Tomi [14], we shall call this
special representation of % to be the normal representation of h with respect to f.

We denote by J the open subset of C***(D, R®) consisting of immersions, by
X the closed subspace of C?**(D, R) of functions vanishing on 8D, and by Q the
open set of all (f,u)E Jx X such that F(f, u)=f+uN(f) is immersed. Let us
introduce the area functional

A(f, u): = SD | F.(f, w) AFy(f, u)| dxdy

where A is the vector product of R®. Then 4 is of class C*(Q, R). (As for the
concept of differentiable mapping between Banach spaces the reader is referred
to [4].) Define a continuous bilinear form B(f) on XX X as follows:

B(f): = DiA(f, 0) -

Now we introduce certain important subsets of M(v). Let us denote by
M*(v) the set of all immersed surfaces in M(7) and by E(7) the set of all em-
bedded surfaces in M(7Y), where we mean that fEM(7) is immersed and one-
to-one on D by saying f is embedded. And furthermore, we define the subset
E.(v) of E(v) as

E,(v): = {f€E)B(f)=0} -

Then we see clearly the inclusions
M(v)2M*(v)2E(Y)2E+(7)*¢
hold. (As for the inequality, see Almgren and Simon [1], Meeks and Yau [6],
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Tomi and Tromba [15].) Our aim in this paper is to prove the finiteness of
E(v) when v is extreme. Now we state our main theorem precisely:

Theorem 1. Let v be a regular extreme curve of class C**®, 0<a<<1. Then
E (7) is a finite set.

2. The compactness of E,(y) and a preliminary result

According to the regularity theory of minimal surfaces, there exists a con-
stant C depending only on ¥ such that

3) Ifl*e<c,  feM)

when 7 is of class C**®. So the compactness of the whole set M(y) with
respect to every C***-topology (0<<8<a) is secured. And it follows that the
all C**#-topologies (k&N U {0}, 0<B<1), 0<k+B<4+a, coinside in M(7)
(Bohme and Tomi [2, Lemma 2.1]). Therefore we may use any of these C**#-
topologies in topological considerations about M(7), henceforth.

On the other hand, E(7) is closed in M(7), provided 7 is extreme. Indeed
let us assume that there exists a sequence of minimal surfaces f,EE(Y) con-
verging to some f in C°. Then f is included in M(v) and is one-to-one on D
and has no branch points in D (Gulliver and Spruck [5, Theorem 1.1]). On
the other hand, it is known that every minimal surface spanned by an extreme
curve has no branch points on its boundary (Nitsche [10, §366]). Consequently,
f is embedded, which means that E(7) is closed. So E(7) is compact, and E.(7),
which is a closed subset of E(7), is also compact.

The following lemma will be of some interest for itself.

Lemma 1. Let v be an extreme curve of class C*** and let C a connected
component of M*(%). Then, either C is included in E() or does not intersect E(7).

Proof. Let us consider E(Y)NC. From the above remarks we know E(7)
is closed and open (Gulliver and Spruck [5, Lemma 6.1]) in M(v). So E(v)NC
is closed and open in C. On the other hand, C is connected by the assumption,
therefore E(vY)NC=C or E(Y)NC=¢. This proves the lemma.

3. The finiteness result

In this section we shall consider only £,(7) defined in section 1, which is a
closed subset of M(v) as we observed in section 2. When v is extreme, we shall
prove the isolatedness of all surfaces in £,(7), and then finiteness of E,(7).

Proposition 1. Let v be an extreme Jordan curve of class C**®. Then all
surfaces in E (%) are isolated points of M().

Proof. Let us assume that there exists some f € E,(Y) which is not isolat-
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ed. Then clearly f is included in M*(v). Since M*(7) is open in M(Y), f is
not an isolated point of M*(v). Furthermore the form B(f) is non-negative
by the definition of E,(¥). So we see that there exists a C?**®-neighborhood U
of f such that UNM*(7), in normal representation with respect to f, is a one-
dimensional analytic manifold (T'omi [14, Corollary 1]). From this fact it follows
that the connected component C of f in M*(7) contains more than one point.
On the other hand, we know that C is contained in E(Y) by Lemma 1. And we
can see that C is closed in E(v). Indeed, since C is connected, the closure of C,
which we denote by C, is also connected. By virtue of the assumption that
C is a connected component, C must coincide with C. This means that C is
closed in E(7). Since E(7) is a closed subset of M(7) as we obtained in section
2, Cis also closed in M(7v), hence C is compact, for M(v) is compact. Con-
sequently, it follows owing to the non-negativity of B(f) that C is an isolated
point (Tomi [14, Theorem 1]), which is a contradiction.

From the compactness of E,(v) and Proposition 1 we immediately obtain
our Theorem 1 which was mentioned in section 1.

Furthermore, we can show the local boundedness of #(E.(v)). Let us
denote by T the set of all regular Jordan curves of class C*** and by T, the set
of all extreme curves contained in T".

Lemma 2. Let v, be a regular extreme curve of class C***. Then, for
every C**®-neighborhood U of E .(7,), 0<8<a, there exists a C***-neighborhood
V of vy such that E (V)S U for all yEV.

Proof. Let us assume for a given U the corresponding V' does not exist.
Then there exist a sequence of curves v,ET, v,—v, (n—>o0) and a sequence
of minimal surfaces f,€E.(7,), f,& U. Since in the estimate (3) the right hand
side is locally bounded on T, the sequence {f,} is bounded in C***-norm.
Therefore, replacing {f,} by a suitable subsequence if it is necessary, we may
assume that {f,} converges in C**® to some f,&M(7,). Since v, is extreme,
we know f, is embedded (Gulliver and Spruck [5, Theorem 1.1]). And by
continuity B(f,)>0. Consequently, f,EE.(v,), which is a contradiction.

Using this lemma and the method of Tomi [14], we can obtain the following
fact:

Theorem 2. The number of elements of E.(v) is locally bounded on T,.

4. Concluding remarks

Tomi [14] calls a curve Y ET" to be proper if every minimal surface in M(7)
is free of boundary branch pcints and has at most simple branch points in its
interior. Let us denote by T, the set of all proper curves. And let us define a
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certain subset of M*(v) as follows:

Mi(7): = {fEM*@)18(f)=0} .

Then, Tomi [14] proved that the number of M¥(7) is locally bounded on T,.
If yEeT, then

M¥E(Y)2E4(T)

is valid. Now we compare I', with I',. The definition of proper curves is not
geometric, and it is not trivial whether or not there exist proper curves which
don’t satisfy any conditions 1°~5° in the introduction. So Tomi gives a special
geometric situation which implies that the curve considered is proper: Namely,
let a regular Jordan curve 7 of class C*** satisfy the following condition

(#) o satisfies an interior 4-point Rad6 condition and a boundary 0-point
Radé condition simultaneously.

Then 7 is a proper curve. By virtue of this geometric sufficient condition,
we know the existence of proper curves satisfying none of the conditions 1°~5°.
Therefore Tomi’s result is significant. On the other hand, we can easily see that
for every Jordan curve extremeness is equivalent to the boundary 0-point Rad6
condition. Consequently every regular Jordan curve of class C*** which satisfies
the condition (%) is contained in T',. It is evident that there exist many Jordan
curves in I', which don’t satisfy (#). So it is meaningful to prove our Theorem
1 and Theorem 2.
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