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0. Introduction

Browder and Livesay defined a signature of a fixed point free involution on a

homotopy #n-sphere by using a |:n—3}connected characteristic (n—1)-sub-

manifold [BL]. For #%=3, their definition is available for homology 3-spheres
and connected characteristic surfaces [Md]. Unfortunately, this invariant
does not generalize to involutions with non-empty fixed point sets. The problem
is that the signature depends upon the choice of the characteristic surface.

In §2 we give a generalization of Browder-Livesay signature for an in-
volation with non-empty fixed point set whose components are 1-spheres and
homologous to zero in the orbit space.

For the case that the orbit space is homeomorphic to S® and the orbit of the
fixed point set is a link ¢ in S%, Murasugi showed that £(c),=o(¢)+=1k(e;: ¢;), is
invariant, where o(¢) is Murasugi signature [Mr-2]. We show the following
theorem in §3:

Theorem. The signature of the involution is £(¢).

Further for each link in a homology 3-sphere (furthermore for any closed
orientable 3-manifold in which each component of the link is homologous to
zero), we define a signature for the link which is an extension of the signature
of a link in S5,

Fukuhara defines a signature for an involution on a homology 3-sphere by
means of Hirzebruch’s formula about the signature of ramified coverings [Fk].
In §4 we show a construction for prodacing a 4-manifold starting from an
involation on a homology 3-sphere whose signature is equal to our signature of
the involution. This construction is based on Craggs’s theory on triadic 4-
manifolds [Crg-1], [Crg-2]. Finally we show that our signature is also an
extension of Fukuhara’s signature.

1) The partial results in this article are contained in the second author’s Ph. D. thesis written
at the University of Illinois under the direction of Professor R. Craggs.
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1. Preliminaries

We work in the piecewise linear category.

Maps are all piecewise linear maps. The interior, closure, and boundary
of (--+) are denoted by Int(--+), Cl(---), and 0(--) respectively. The term loop
means a simple closed curve.

Throughout this paper we assume that A is a fixed oriented closed 3-
manifold and f: M—M is a fixed orientation preserving involution such that the
fixed point set Fix(f) consists of z mutually disjoint loops S(1),:++,.S(n). For a
subset 4 of M, A/f denotes the orbit space of the set 4.

A closed surface G in M is a CH-surface provided that (1) the surface G is an
invariant set for f, i.e. f(G)=G, (2) the surface G separates M into two connected
components, and the closure of each component is a handle body, and (3) the map
f maps one component onto the other.

For each CH-surface G, we define as follows a signature of the map f with
respect to G, and denote it by o¢(f: M): Let U be the closure of a complementary
domain of G and let k=Ker(iy: H,(G)—H,(U)), where i, is the homomorphism
induced from the inclusion map i: G—U. Let B: kQ«x—>Z be the bilinear form
defined by B(x®y)=x" f«(y), where -means the intersection number, and f, is the
isomorphism on H,(G) induced from the homeomorphism f|G. The signature
oc(f: M) is the signature of the bilinear form B.

Two CH-surfaces are ss-equivalent provided that one is obtained from the
other by a finite sequence of Operation T'; and T, and their inverses:

T'y(G,—G,): There exists a homeomorphism %: M—M such that he f=foh and

WG)=G,.

Ty(G,—G,): Let U be a handle body in M bounded by G,. There exist two
disks D, and D, in M such that

(1) the disk D, is a proper disk in U,

(2) the intersection D,N U is 8D,,

(3) the intersection D, N D, consists of only one crossing point on G,

(4) the closure of a connected component of U—G, is a regular neigh-

borhood of D, in U, say N,
(5) the set N does not meet with its image f(NV), and
(6) the surface G, is the boundary of the set C{ U—N) U f(N) (see Fig. 1.1).

Fig. 1.1
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The following theorem is shown in [Ng].

Theorem (ss-equivalence theorem). Two CH-surfaces G, and G, are ss-
equivalent if and only if there exists a homeomorphism h: M—M such that
(1) hof=foh, and
(2) the intersection h(Gy) N\ G, is a neighborhood of the fixed point set Fix(f)
on G,.

We use the sign [] to indicate the end of proofs.

2. Relating signatures to twisting numbers

In this section, we define twisting numbers of two CH-surfaces and get a
formula relating the signatures to twisting numbers. At the end of this section,
we define a signature of an involution such that each component of the fixed
point set is homologous to zero in the orbit space.

Let G, and G, be CH-surfaces. We define as follows two kinds of twisting
numbers: For each component S(Z) of the fixed point set Fix(f), let T;(1) and
Ti(2) be regular neighborhoods of S(7) such that (1) T;(2)cCInt Ty(1), and (2)
for j=1, 2, the intersection T(j)N G| is a proper annulus in 7T'(j) which is se-
parated by S({). For j=1, 2, let 4,(j) be the closure of one of the connected
components of Ty(j)NG;—Fix(f). Orientate the two annuli 4;(1) and 4,(2)
so that the orientation of the loop S(7) inherited from the annulus A4;(1) is equal
to the one from the annulus 4,(2). Let L be the loop of the boundary of the
annulus 4,(2) different from S(z). Let m(Z) be the intersection number of the
oriented loop and the oriented surface 4,. We call the n-tuple (m(1), -+, m(n))
the twisting number of G, with respect to G;, and denote it by tw(G,; G;). Let

7(Gy; Gl):i}m(z). We call the number 7(G,; G,) the total twisting number of
G, with respect to G,.

Proposition 2.1. Let G, and G,be CH-surfaces. Then they are ss-equivalent
if tw(G,; G,)=(0, -++,0).

Proof. Since tw(G,; G;)=(0, :++,0), there is an ambient isotopy of M|f that
fixes Fix(f)/f and takes a neighborhood of Fix(f)/f in G,/f onto a neighborhood of
Fix(f)/f. Pull this isotopy back to an equivariant isotopy H, of M fixing Fix(f),
where equivariance of H; means that H,o f=foH, for all ¢. 'The replacement
G,—H,(G,) is then a T', operation. Therefore G, is ss-equivalent to G, by
ss-equivalence theorem. [

Let M’ be an oriented closed 3-manifold and f’': M'—M’ be an orientation
preserving involation on M’ with Fix(f’), a disjoint union of 1-spheres. Let G
and G’ be CH-surfaces in M and M’ respectively. We define as follows a sum of
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the two CH-surfaces G and G’ in the connected sum M#M’'. Suppose that
B and B’ are invariant 3-balls in M and M’ respectively such that BN G and
B’'N G’ are invariant proper disks in B and B’ respectively, and B N Fix(f) and
B’ N Fix(f') are proper arcs in B and B’ respectively. Now B and B’ possess
the orientations inherited from M and M’ respectively. Let h: B—B’ be an
orientation reversing homeomorphism with f'oh=heof, (BN G)=B'NG’, and
B NFix(f))=B'NFix(f’). The homeomorphism /4 induces the connected sum
M#EM' of the 3-manifolds M and M’, the connected sum G#G’ of the surfaces
G and G’, and the sum f#f’ of the two maps which is an orientation preserving
involution on M#M’. We call this surface GEG' a sum of the two CH-surfaces
G and G’ in the manifold M # M’ with respect to the involution f#f’. Note that
the sum depends only on the choice of the components of Fix(f) and Fix(f’)
identified by h.

Let 3? be the standard oriented 3-sphere and g the standard orientation
preserving involution on . Then Fix(g) is an unknotted 1-sphere in 2% For
each =-1, let X() be a CH-surface, which is a torus, in 33, with ¢ y,(g:Z*) =2
(see Fig. 2.1).

F Fixl(/g)%

% /@ DQ

Here S3 is considered as the one-point compactification of R3. For (X,Y,Z),g(X,Y,Z)
=(—X,—Y,Z),g(0)=co. Hence Fix(g) is the union of the Z-axis and the point co. Now
X(+1) is the union of the YZ-plane and the point « except in a 3-b2ll B. In the 3-ball,
the intersection of the 3-ball and X(+1) is the union of F and two disks D, and D,. The
intersection number of y and g(y) is +1.

Fig. 2.1

We define Operation T'; on the set of CH-surfaces in M:
T'y(G,—G,): There is a homeomorphism k: M—M#33 with (f#g)ok=kof,
k|(M—B)=id, and k(G,)=G,$X(z), where B is the 3-ball to define the

connected sum.

We denote G, by G, #X(7). Then G,4X() is unique up to Operation T'.
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Proposition 2.2. Let G,=G,$X(5). Then we have

oc,(f: M) = Ucl(f: M)+4.

Proof. Suppose that Operation I'y(G,—G,) is taken place in a 3-ball B in
M. Then G,—B=G,—B. Let U, and U, be handle bodies such that (1) for
each =1, 2, the surface G; bounds U;, and (2) U;—B=U,—B. Then there is
aloop x on G,N B such that the loop x represents a non-trivial element of x=Ker
(2x: H(Gy)—H\(U,)) and x- f,(x)=n (see Fig. 2.1). Then there are mutually
disjoint loops {y;}, on G,—B such that they represent non-trivial elements of «
and that {y,}, represents a generating set of Ker(iy: H(G,)—H,(U,)), when we
consider that each y, lies in G,. It is clear that x+ f 4(y,)=0 for all k. Therefore
we have the result. []

The following proposition can be shown easily.

Proposition 2.3. Let G,=G,$X(n). Then we have
(G Gy) = —n. [

Proposition 2.4. Let G, and G, be CH-surfaces. Then o (f: M)=0oc,(f: M)
provided that G, and G, are ss-equivalent.

Proof. It is sufficient to check the case that G, is obtained from G, by
Operation T',. We use all the notations in the definition of Operation I',. There
are mutually disjoint loops {y,} on G, such that (1) each y, misses N UD, and
(2) {8D,, f(8D,)} U {y;} is a generating set for k=XKer(iy: H(G,)—H,(U)). Then
it is clear that (all loops are considered as elements in H,(G,))

(1) 340D,=f(8D;)- f(y4)=0 for all &,

(2) yi* f(0D,)=0D;- f(y,)=0 for all &,

(3) 0D,-0D,=¢& where E=+1, and

(4) 0D, f(eD,)=0.

Hence the bilinear form on #@« has a matrix presentation with respect to
the ordered basis {9D,, f(0D,), ¥,,:+} as shown below:

0 €¢:0:-0

E %00
-------------------------------------- where % = f(0D,)-0D,,

00 A = (ay;), and ay; = y,- f(9)) -
Do A

0 0

. (0 €). : .
Since the signature of the matrix (8 ) is zero and the signature of the matrix
*
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A is equal to og,(f: M), we have the result. []
Theorem 1. Let G, and G, be CH-surfaces. Then we have

O-Gz(f: M) - Ucl(f: M)—‘T(Gz: Gl\ .

Proof. Let tw(G,; G,)=(m(1),---,m(n)). Let n(@)=m(i)/|m(i)|. Let F;=G,
and inductively for each 1=0,1, ---,n—1, let F;,,=F# X(5(i+1))#:--# X(n(7-+1)),
(Im(i+1)| times connected summed on the component S(7+1) of Fix(f)).

Then o, (f: M) = op(f: M)+ |m(i+1)| X n(i+1) by Proposition 2.2
= op(f: M)+m(i+1).

Hence  op(f: M) = or(f: M)+3m(i)
Namely op,(f: M) = o6,(f: M)+ 3 m(3) -

Since tw(G: F,)=(0,:--,0), the CH-surfaces, G, and F,, are ss-equivalent by ss-
equivalence theorem. Hence o¢,(f: M)=o (f: M) by Proposition 2.4.

On the other hand,
T(Fiya: Fi)=—n(i+1) |m(@i+1)|=—m(i+1) by Proposition 2.3. Hence we have

n—1

T(Fy: F) = 5 1(Fii F)

= 33 (—m(i)

= — ,;”1 m(z) .

Thus Stm(G) = —(F,: Fy)
I (G, Gy).

Therefore we have the result. []

DEFINITION.  An involution 2: N—N on a closed 3-manifold N is said to be
admissible provided that for each connected component C of Fix(k), C/k is the
boundary of an orientable surface in N/k.

‘Suppose further that f: M—M is admissible. For each CH-surface G, we
define as follows a self-linking number of G along the component S(z). Let L be
a loop on Int(G/f) which is parallel to S(¢)/f on G/f and is oriented in the opposite
direction from S(¢) on the annulus bounded by L and S(z)/f. Then we can
define the linking number of S(7)/f and L since they are homologous to zero in
MJf. We call this number the self-linking number of G along S(7), and denote it
by lki(G). Let

Ik(G) = 2 Iki(G) .
We call Ik(G) the self-linking number of G.
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Theorem 2. Suppose f is admissible. Then for any pair of CH-surfaces G
and G', we have

7olf: M)t IKG) = oo f: M)+ IHG).

Proof. Let tw(G: G')=(m(1),-,m(n)). Then for each i=1,-.-,n, m(i)=
% {Ik(G)—Ik(G")}. Thus by Thorem 1

oo(f: M) = oe(f: M—TEGi G’)
= oo f: M)— $}m()
= oo M)~ L 310k(G) (@)
= oo f: M) =L B(G)+ 31 Ik(G)-
Hence the result follows. []

DreriNiTION.  We call the number og(f: M)—I—% Ik(G) the signature of the
involution f, and denote it by o(f: M).

3. Relation between the signature of an involution and the signature
of a link in S®

In 1962, Trotter showed that for any Seifert matrix V" of a knot the signature
of V+V’ is an invariant of the knot type [Tr]. In 1965, Murasugi introduced
an integral matrix M of a link ¢ and showed that the signature of M-+M’ is an
invariant of the link type of ¢ [Mr-1]. Later in 1969, Shinohara showed that
the two signatures are same [Sh]. In this section, we give a relation between our
signature and the signature of a link for the case the orbit space M|f is homeo-
morphic to S3.

Throughout this section, we assume that M/f is homeomorphic to S3. 'Thus
fis admissible. 'We choose the orientation of M? so that the natural projection of
M to M|f is an orientation preserving map, where we assume JM/f has the usual
orientation.

Let c=Fix(f). Then ¢ is a link in M|f=S3 To calculate the signature of
¢, we follow Shinohara’s method in [Sh]: Let p: S*—>S?be a regular projection
(for the definition of a regular projection, see [Cr]). We consider S2cCS°.
Suppose that ihe link ¢ possesses an orientation. Let L=p(:). We assume that
the orientation of L is inherited from that of ¢, where L is considered as a linear
graph whose vertices are the double crossings of L and whose edges are the
closed 1-cells into which the double crossings subdivide L. At each double
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crossing ¢, we modify L as shown in Figure 3.1, and then we get mutually dis-
joint loops Sy, S, By [Trs], we can assume that S, -, S, bound mutually
disjoint 2-disks R, - R, in S%. Let#, 7, be the closures of connected com-
ponents of S?— L which contain no Int R;. They are called the a-regions. At
each double crossing ¢, we join the two a-regions by a twisted band B(c) as

shown in Figure 3.2. Then F=(UE;)U(UB(C)) is an orientakle surface.
i=1 7

Furthermore there is an ambient isotopy of $® which sends 0F to ¢ in S%. We
regard OF as the link ¢. The surface F' possesses the orientation which induces
that of . Let T: Fx[—1, 1]—S% be an embedding such that (1) T(x, 0)=x
for all x&F, and (2) T(Fx 1) is on the positive normal side with respect to F.
Note that CI(S*—T(Fx[—1, 1]) is a handle body, and hence the preimage of F
in M is a CH-surface. Let F be the CH-surface. We can choose oriented
loops ay, *+, &, on F in such a way that (1) the orientation of «; is as shown in
Figure 3.3, (2) the map p maps «; homeomorphically onto a loop @&; in p(F) which
runs once around 7; and is parallel to the boundary of 7; except on p( UB(c)),

(3) @; and @; (=) meet only at the double crossings which are incident to 7;
and 7;, and (4) at each double crossing ¢, if 7; is on the left side with respect to
the direction of the under pass at ¢, then @; meets the boundary of 7; once just
before the point ¢ and once more right after the point ¢ (see Fig. 3.3).

Let U be a handle body in M bounded by the CH-surface . Then there are
m mutually disjoint loops #,, -++,x,, on F such that (1) x;/f=a, (2) ;=0 in U, and
(3) on F, the intersection of x; and Fix(f) consists of only crossing points. The
handle body U possesses the orientation inherited from that of M, and F' possesses
the orientation inberited from that of U in the usual way. The orientation of «;
induces that of x;. Note that any (m-1) subset of xy,-+,x,, represents a generating
set for the group x=Ker(iy: H,(F)—H,(U)). Let W=(w;,,) be the matrix whose
(7,7)-entry is x;+ f«(x;). Then o#(f: M) is equal to the signature of the matrix

N/

/ N\

Fig. 3.1
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Fig. 3.3
Proposition 3.1.  The signature of the link ¢ is equal to the signature o#(f: M).

Proof. Let A=(a;;) be the matrix with a;;=/k(T(a;x1): a;). Then the
signature of link ¢ is equal to the signature of 444’ by [Sh]. It is easy to show
that w;;=a;;+a;, (see Fig. 3.3). Thus the result follows. []

Now o(f: M) and the signature of the link ¢ are invariants. Hence the
difference of those two invariants is also an invariant. The following theorem
explains what it is.

Theorem 3. Let ¢;=S(i)/f and let the orientation of ¢; be the one inherited
from that of c. Then we have

o(f: M)—o#(f: M) = 3} Tk(z;: ¢;) .
Proof. It is sufficient to calculate Jk(F) by the definition of o(f: M). For
each i=1,:--,n
lk,(F’) = lk(&,': ; tj)

= Elk(t,-:z,-).
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Hence k(F) = 2 2V Ik(ei e)

i=1 jxi

= E lk(t,': L,’) = 22 lk(t,': lj) .
iFj i<j
Therefore the result follows. [
Corollary. o(f: M)=o-(z)—|—g‘ R(eie). O

Note. For any link ¢ in a homology 3-sphere =3, let F be a surface (which
may not be orientable) whose complement in =? is an open hadle body. Let M
be the double branched covering of =* with the branching locus ¢, induced from
F. Let ¢, ¢, be the components of ¢. Then o-(f:.M)—~§ 1k(¢;: ¢j) is an

invariant, where f: M — M is the transformation. And this number is an extension
of the signature of a link in S®.

4. Signatures

Fukuhara defines a signature of an orientation preserving involution on a
homology 3-sphere M [Fk]. His definition is derived from Hirzebruch’s
formula about the signature of ramified coverings. Kauffman and Taylor define
a signature of a link in the 3-sphere, and they show that the signature is equal to
the Murasugi signature [KT]. Their definition coincides with Fukuhara’s
signature provided that M is the 3-sphere. In the previous section we proved
that our signature coincides with Murasugi signature. 'This fact makes us think
that our signature may coincide with Fukuhara’s signature. In this section we
introduce another signature of a CH-surface in a homology 3-sphere which is
based on Craggs’s theory on triadic 4-manifolds. By means of this signature
we show that our original signature coincides with Fukuhara’s signature.

Throughout this section we assume that M is an oriented Z-homology 3-
sphere and f: M—M is an orientation preserving involution.

Let U be a handle body in M with f(U)NU=0U. Let U possess the
orientation inherited from that of M. Let Q be the boundary of U. Orientate
QO such that (the orientation of Q)X (the outward normal direction) coincides
with the orientation of M.

For each pair of elements ¥ and y in Hy(Q), x-y denotes the intersection
number of x and y with respect to the orientation of Q. Any homeomorphism
h of Q onto itself induces an automorphism %, of Hy(Q). This automorphism
preserves intersection numbers x «y=~hy(x)h4(y)if & is orientation preserving and
reverses their sign x-y=—h(x)-hy(y) if & is orientation reversing (see [Dd],
Section VIII, Proposition 13.6). An automorphism of H,(Q) is called symplectic
if it preserves intersection numbers, and negative symplectic if it reverses their signs.
It was proved by Nielsen (see [Mks], Theorem N13) that for any surface Q,
symplectic and negative symplectic automorphisms are induced by homeomor-
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phisms.

Let G be an abelian group and g(1), --+,£(¢) elements in G. We denoted by
<g(1),++,8(2)> the subgroup of G generated by the elements g(1),--+,g(¢).

Let m be the genus of Q. We say that a basis {g(1), :*+,g(2m)} for H,(Q) is
symplectic if the basis satisfies the following condition: For each i=1,-:+,2m;
=1, 2r

(i)~ ¢(i) {0 if |j—il #=m
8e):-gl)=,,. . PR
(j—)m of |j—i|=m.
Hence the 2m X 2m intersection number matrix (a(z, j)) with respect to the basis

0 I, . ] . . .
is ( I 0 ) where a(i, j)=g(7)- g(j) and I,, denotes the m X m identity matrix.

For each symplectic basis {g(1),-:-,g(2m)} let
G, = {g(1), -+, 8(m)>
GH = <g(m+1)y "g(zm)> .

Let V=M—Int U. Suppose that V'=f(U). The following proposition is
proved as Corollary (32.9) of [Pk].

Proposition 4.1. Let iy: Q—U and i,: Q—V be the inclusion maps. Then
there is a symplectic basis for H,(Q) such that G,=Ker (iy)y and Gy=Ker(iy)x. []

Let {g(1),::+,8(2m)} be a symplectic basis which satisfies the result of Pro-
position 4.1. Let A be a matrix representation of the automorphism f, of
H,(Q) with respect to the symplectic basis, where we regard H,(Q) as being made
up of column vectors representing linear combinations of the basis vectors and
the action of 4 as left matrix multiplication on column vectors.

0 -1
Proposition 4.2. The matrix A 1is of the form (] JO ) where J is an mXm

symmetric unimodular matrix.

Proof. Since f(U)=V, for each i=1,+-,m, the element f,(g(z)) lies in the
subgroup {g(m-+1),:+,g(2m)>. Hence

0 I, B 0 .
Ao = ) , where B and C are m X m matrices.
I, 0O 0 C

H L
Let A=<J K) , where H, J, K, and L are m X m matrices. Then

(o e)=( &)l o)l 3)
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=5 o)

I,
Since f is an involution, AoA:( ) Hence

(6 2)-G9)6 9)-(0 )

0
Thus LJ=IJL=1, and L=]*. Hence A is of the form (] ‘ 0
to show that J is symmetic. Since f is orientation reversing on Q, we have

f (e fale(i)=—g(i)og(i). Hence
A A= o)
(. )= 0) G 5)G )
N (u-g'of —thj_l)'

Therefore Jto J7'=1I, and J=]*, i.e. J is symmetric. This completes the proof
of Proposition 4.2. []

Thus K=H=0 and hence

-1
) . It remains

Proposition 4.3. Let {g(1),---,5(2m)} be a symplectic basis for H\(Q). Let
G={x=H(Q): fx(x)=—x}. Then G is generated by the set {g(1)—f«(g(1)), ",
g(m)—f «(g(m))}.

Proof. It is clear that each g(¢)—f«(g(¢)) belongs to G. Now {g(1)—f

(g(1)), -++,8(m)—f «(g(m)),g(m—+1), ---,8(2m)} generates H,(Q). Let x be an ele-
ment in 4. Then

= 33 (i) (¢()— +(8(0)+2 B@e(m+i)

where a(7) and B(7) are integers.
Since fy(*)=—x and f(g(})—f +(8(®)=—(8()—f +(8(?))), we have

21 B s(g(m-+i)) = —3 Bagim+i).

But fy(g(m+7)) lies in the subgroup generated by the elements g(1),---,g(m).
Hence B(7)=0 for each i=1, ::-,m, and «x lies in the subgroup <{g(1)—f«(g(1)), -,
g(m)—f «(g(m))>. This completes the proof of Proposition 4.3. [J
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Note that & is uniquely determined by f and is independent of the choice
of symplectic basis. We define as follows a bilinear form B: Gx G—Z. Let
k: QX I—U be an embedding such that for each & Q we have &(x, 0)=x. Then
for each x,yE& we define B(x,y)=Ik(x, hy(y)), where Ik(a, b) denotes the
linking number of a and &, and %y: Hy(Q)—H,(A(Q X 1)) is the isomorphism
induced by 7.

We have the following formulae: For each 1=1, .-+, m; j=1, -+, m,

- 0 if i=kj
e, Futemsi = )
if i=j

Ik(hs(g(0)),8(m+5)) =0 .
Proposition 4.4. Let {g(1),:--,g(2m)} Ee a symplectic basis for H,(Q). Let

and

0 W-
(W 0 ) be the matrix presentation for f, with respect to the symplectic basis. Then

for each i=1, -+, m; j=1, -+ m,
B(g(i)—f «(8(), £()—f x(8())) = —wi;
where w;; is the (i, j)™ entry of W.
Proof.
B(g(i)—f «(2(1)), 8(1)— +(8(1))) .
= IR(g0)— 2 wig(m-+-h), halg()—Z wfa(gm-+ 1)
= Ik(g(). hs(g(1)) =23 winlk(gm+ ), h(g(7))
— 23 wiulk(g(i), hs(g(m+k))+ 2 wiw i lk(g(m-+h), ha(g(m+-k)))
= —w;lk(g(3), hi(g(m+-1))
= —w;; = —W;;.
This completes the proof of Proposition 4.4. []
Proposition 4.5. Let {g(1),--,g(2m)} be a symplectic basis for H\(Q). Let

0 -1
( w0 ) be the matrix presentation for f with respect to the symplectic basis. Then

W is the matrix presentation for B with respect to an appropriate basis.
Proof. For each i=1,--,m;j=1,--,m,
B(g(2), 8(7) = () - f+(2(1)
= 8(1)-w;g(m-+k)

=w;; =w;;. []

Now we assume that the CH-surface O has the following property: the set
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O—Fix(f) consists of two components. Then the surface Q is of even genus.
Let 2n be the genus of Q. Let T be the solid torus of genus 2n. We define as
follows a homeomorphism % of Q to 07. The orbit space Qf is the orientable
surface of genus 7 with the boundary Fix(f)/f. Let Ly, -+, L, be mutually disjoint
proper simple arcs in Q/f such that Int(Q/f)— U L; is an open 2-cell. For each
i=1,-+,n, let L; be the loop on Q which covers L;,. Note that {[L,], -, [L,]>=
G where [L;] is the homology class in H,(Q) represented by the loop L;. Hence
there is a homeomorphism A: Q—87T such that A(L;) bounds a disk D; in T.
Then {D,,---,D,} is a complete system of meridinal disks. This implies that
there exists an involution A* of T such that

(i) k*D)=D,,
(i) ¥[80T = ho(f|Q)oh™.

Furthermore we may assume that
(**) T/h* collapses to 0T /h* .

We construct a triadic 4-manifold N as follows. The Heegaard splitting
(M; U, V) induces a homeomorphism #4,: 9U—0U such that the identification
space U (J,,(—U) is homeomorphic with M fixing U. Let hy;: 9U—0U be a
homeomorphism such that the identification space U J ,,(— U) is homeomorphic
with U|J,T fixing U. Let N be the 4-manifold associated with the map pair
(ks Bs) (for the definition see [BC]). The triadic 4-manifold N may be con-
structed as follows. Let k;: 0UX[—1, 0] =0V X [0, 1], k,: 0V x[—1, 0] =0T X
[0, 1], ks: 0T x[—1,0]—=0U X [0. 1] be the mdps defined by ky(x, £)=(x, —1),
ky(y, £)=(h"Y(y), —1), ks(2, t)=(h(2), —1), for all x€dU, y€9d, 20T, and t<
[—1,0]. Then N is the identification space of (UUV UT)x[—1, 1] with
respect to the maps &y, k;, &s.

The boundary of the 4-manifold N consists of the three connected com-
ponents which are homeomorphic with M, the identification space T'|J ,U, and
the identification space T' (] ,V.

Proposition 4.6.  The identification spaces T |),U and T |,V are homology
3-spheres.

Proof. Since{[L,],-:*,[L,]>=4, the result follows from Proposition 4.3. []

Let f: N—N be the involution defined by f(x, t)=(f(x),—1), f(z,t)=(h*(z),
—t) for all xeM, 2T, and t=[—1, 1].

Proposition 4.7. The 2°¢ homology group H,(N|f) is trivial.
Proof. Let Ny=Tx[0, 1],V x[—1,1]. Then N/f=N,/f. Hence N/f
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collapses to (T'x0(J,, " x0)/f. By the property (**), the set (T'x0) V' x0)/f
collapses to ¥ x 0/f which is homeomorphic with MJf. Since M/f is a homology
3-sphere, we have the result. [

For each orientable 4-manifold W, we mean by By the bilinear form of
H(W)QH,(W) to Z defined by By (#Q y)=x-y, where-means the intersection
number. We denote the signature of By, by sign (W).

Proposition 4.8. For the above N, sign(N)=ao(f: M).

Proof. There exist natural inclusion maps of UX[—1, 1], V' x[—1, 1], and
Tx[—1,1] into N. For each t&€[—1, 1], we denote by U,, V,, T, the image
of Uxt, V'xt, Txt under the natural inclusion maps respectively. Then N
collapses to UyUV,UT,. The union U,U ¥V, is homeomorphic with UUV, a
homology 3-sphere. Hence the composition map ¢: Hy(N)—>H(U,U V,U T,) —
Hy(U,UV,UT,, UUVy)—HyT,, 0T,) is an isomorphism, where the first map
is the map induced from the collapsing, the second map is the natural map, and
the third map is the excision map. Let r: (T,,07,)— (7,07) be a homeomor-
phism. Let D,,---,D, be the proper disks in 7' with 8D,=L; defined in the
construction of N. Then {[Dy],---,[D,]} is a generating system of H,(T, dT).
Hence {yv7'(D,),-*,¥"(D,)} is a generating set of Hy(T,, 8T,). It is clear that
By ([ (D)D) X ¢ ([ (D;)]))=—L;-L; where-means the intersection

number on Q. Hence the result follows from Proposition 4.4. []

We construct as follows a 4-manifold N* and an involution f* on N* such
that ON*=M and f*|ON*=f. Let M)=U_,UV,, M,=U,UT_, M{=T,UV_,.
Then M, is homeomorphic with M, and M, is homeomorphic with M{. Let 4
be a 3-ball in Int T, and A’ be the image of (Int 4) X [—1, 1] under the natural in-
clusion map of TX[—1, 1] into N. Let N'=N—A4’. Then 0N’ consists of two
connected components: one is homeomorphic with M and the other is homeo-
morphic with the connected sum M #M{. Let A” be a 3-ball in M,. Let N"=
(M,—Int A”)x[—1,1]. Since 0N" is homeomorphic with M#M,, there is a ho-
meomorphism k: (ON'— M,)—0N". Let N* be the identification space N’ [J ,N".
It is clear that N* possesses an involution f* which is an extension of f|N. From
Proposition 4.7 we may assume that

(%) Hy(N*[f*) = 0.
Theorem 4. For the above N*, sign(N*)=o(f: M).

Proof. Note that 7,: Hy(N')—=H,(N) is an isomorphism, where 7, is the
homomorphism induced from the inclusion map. Since dN’ is a homology
3-sphere and H,(N”')=0, the Mayer-Vietoris exact sequence for the pair (N’,
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N"") implies that j4: Hy(N')—H,(IN*) is an isomorphism, where j is the homo-
morphism induced from the inclusion map. Considering the map jyoix', we
get the result from Proposition 4.8. []

According to [Fk], Fukuhara’s signature is equal to —;—{ sign(N*)—sign
(N*[f*)}, which is %sign(N *) by the Property (¥*). Hence we have the follow-

ing corollary.

Corollary. The Fukuhara’s signature for f is equal to %a‘( f:M). O
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