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LEFT NOETHERIAN MULTIPLICATION RINGS
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Recently in [9], we defined a multiplication ring, shortly an M-ring, as a
ring such that for any two ideals a, b with a<Cb, there exists ¢, ¢ such that
a=Dbc=c'b, where “<” means a proper inclusion. An M-ring R is called to
be non-idempotent if R> R?, and now we call an M-ring R with R=R? idempotent.
In [9] we have proved that the unique maximal idempotent ideal d of a non-
idempotent M-ring can be obtained as an intersection of some sequence of
ideals {d,}» ([9], Theorem 5): b:mQA d4. In this note we shall prove that any

left Noctherian M-ring is a so-called ‘“‘general ZPI-ring” in a commutative case
([2]), i.e. each ideal can be written as a product of prime ideals, and as a con-
sequence the multiplication of ideals is commutative. §1 is preliminaries of our
study, and in §2 we consider left Noetherian non-idempotent M-rings, and in
§3 we study an idempotent case, and the last chapter is the summary of our
study. In the following arguments we do not assume the existence of the
identity.

1. Preliminaries

In general, we have the following:

Theorem 1. Let R be an M-ring, and let a, b be two idelas of R with
a<<b. Then there exists the unique maximal element in the set of ideals ¢ with
a="bc and also in the set of ideals ¢’ of R with a=¢c'b.

Proof. Let M denote the set {c: ideals of R with a=bc}. By Zorn’s
Lemma, there exist maximal elements in M. Let ¢, ¢, be two maximal elements
in M. In this case a=be, and a=be,. So a=(a, a)=(be,, be,)=b(c,, ¢;). Ob-
viously (¢, ¢,)2¢, ¢, Since both ¢, and ¢, are maximal in M, we have
¢, =(C;, &) =0y

DrriNiTiON. We shall call a prime ideal p of R a minimal prime divisor
of an ideal a if aCPp and there is no prime ideal p’ with ac=p’<p. (c.f. [6]).

Lemma 1. Let R be an M-ring and a, b two ideals of R with a<<b. If
b is an idempotent ideal, then a=ab="ba.
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Proof. a=bc=c'b for some ideals ¢, ¢’ of R. Therefore ba=b.bc=b%=bc
=a. Similarly ab=a.

Lemma 2. Let R be a left Noetherian ring, a an ideal of R and qy, ++-, q,
be the set of minimal prime divisors of a. If a=qq,-+-q,a, then, for some postitve
integer p, (q,°++0,)’CSa and a is an idempotent ideal.

Proof. We set R=R/a. Let N, denote the nil-radical of R and N, the
intersection of minimal prime ideals of R, i.e. N;=d,N - NT;. Then N,(=N,)
is nilpotent, i.e. N¢={0} for some positive integer p. Therefore (q,---q;)°=
(@)’ S(@ N -+ NF)’ =Nt = {0}, i.e. (q,+qe)°Sa. Hence a=(q,---by)’ac
aa=a?, i.e. a’2a so a=a’

2. Left Noetherian non-idempotent M-rings

Proposition 3. Let R be a left Notherian non-idempotent M-ring. Assume
N<b, where N denote the Jacobson radical of R and d denote the unique maximal
idempotent ideal of R. Then each ideal of R, properly comtained in b, can be
written as a product of prime ideals of R which are properly contained in d.

Proof. Let a be an ideal of R with a<<b. Then, by Proposition 6 of
[10], there exists a prime ideal p, with aCp,<d. By the results of McCoy
([6], pp- 829), there exists a munimal prime divisor P} of a with aSp}Cp,<d
and so the set of minimal prime divisors of a is not empty, and it is a finite
set ([4]). Let &, denote the set of minimal prime divisors of an ideal a. If
there exists some p§ in P, with a=p}, then there is nothing to prove. If, for
each p e P,, a<pi, then a=pla, for some ideal a, and aSa,. Now by
Theorem 1 we can choose the unique maximal ideal a, in the set {a,: ideals
of R with a=pJa,}, of course q, is uniquely determined by pf. Now we con-
sider the ordered pairs (P9, a,). Let {(b}, a,)}q denote the set of such pairs.
If there exists some (i, a,) € {(p}, a,)}q with a<<a,, then we choose the pair
(1%, a)); by Theorem 5 of [9] we have a,S=b or a,=Dbj for some ordinal a and
some positive integer p. If a,=bd or a,=bj, then by Lemma 1 of [10] a=p3,
which is a contradiction, so a,<b. Thus a<<a,<b. By the same arguments,
there exists a minimal prime divisor pj of a; with a,Cpf<<d. Let &, denote
the set of minimal prime divisors of a,. If there exists some pj in ﬂ’al with
a,=p3, then there is nothing to prove, because we have a=pip3. If, for each
pe Py, a,<h3, then a,=pla, for some ideal a,, and a<<a,Sa,. By Theorem 1
we can choose the unique maximal ideal a, in the set {a,: ideals of R with a,=
pla}. By the same arguments as above, we consider the set of pairs {(p3, a,)}q,.
If there exists some (3, a,) in {(p3, a,)}, with a,<a,, then we choose the pair
(P2, a;), so we have a=pipla, and a<<a,<<a,<d. Repeating the same arguments,
since R is left Noetherian, we must arrive at the following situation: a,,_,<<py<<
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b, a,_;=0psa,, where Pj, is a minimal prime divisor of a,_,, a, is the unique
maximal ideal in the set {a,,: ideals of R with a,,_,=bja,} and there is no pair
in {(bm, a,)}e,_, with a, ,<a,, i.e. for every pair (b3, a,), a,_,=a,. Let
{Ph1, Pz, -+, Pos} denote the set of minimal prime divisors of a,_;. Then we
have a,=p;10,=Pp:a,="-=pha, and so a,=p%P%s--poa,. By Lemma 2,
(PmiPmz+Poe)* S a,, for some positive integer p and aZ=a,,. If (p%;P%z-+-Pos)’=
., there remains nothing to prove. If (p59%2---p%)°<a,, then by Lemma 1
(Pﬁupfnz"'P?nk)"a,,,Z(Dﬁ.lD?nz"*ank)p- Since Cl,,,Z(D?MP?nz"'P?nk)Pam, we have a,=
(Ph1Pmz++-Pos)’, which is a contradiction. Thus a is a product of prime ideals.

Lemma 4. Let R, N and b be as above. Assume N<<b. Then every ideal
a of R with a<<d, can be written as a product of minimal prime divisors of a, i.e.
a=piipfe.--pir, where (P, Py, -+, Pu} s the set of minimal prime divisors of a, such
that p,<bd, i=1,2, ---, k.

Proof. By Proposition 3, a can be written as a product of prime ideals
of R, and each minimal prime divisors of a appears as a factor of a. On the
other hand each prime ideal containing a contains some of minimal prime
divisors of a ([6]). Now our statement follows by Proposition 1 of [9].

Proposition 5. Let R be a left Noetherian non-idempotent M-ring, then
every ideal a can be written as a product of minimal prime divisors of a: a=p{ipsz-.-
per, €,>0 for i=1,2, ---, k and {p,, P, =+, 9.} is the set of minimal prime divisors

of a.

Proof. First we assume N<<b. By Lemma 4, we consider only the case
that a=b or a=b. for some ordinal o and some positive integer . By Pro-
position 8 of [9], we have for the first time d{=0b{"'=--- for some ordinal
and some positive integer j, then d=bJ. In the case j=1, if a=>bl, a<<i, i>0,
then b, is a minimal prime divisor of a by Theorem 4 of [9], and if a=b, a
itself is a prime ideal. In the case j>1, if a=bi, a<A+1, i>0 (including
the case a=b), by Theorem 4 of [9] b, is a minimal prime divisor of a. Finally
we assume that N <4b. Then N=b or N=b} for some ordinal ¢ and some
positive integer 7 and so d={0} by Lemma 1 of [10] and Nakayama’s Lemma.
The statements are also valid in this case.

3. Left Noetherian idempotent M-ring
DEFINITION. An M-ring R is called to be idempotent if R=R>.

By Lemma 1 we have

Lemma 6. Let R be an idempotent M-ring, then for each ideal a of R a=
Ra=aR.
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Lemma 7. Let R be a ring such that R=R?, then each maximal ideal is a
prime ideal of R.

Now by the quite similar arguments used in proving Proposition 3, we
can prove the following:

Proposition 8. Let R be a left Noetherian idempotent M-ring. Then each
ideal of R, properly contained in R, can be written as a product of prime ideals of R.

Also by the similar consideration used in the proof of Lemma 4, we have

Poposition 9. Let R be a left Noetherian idempotent M-ring. Then every
tdeal a of R can be written as a product of minimal prime divisors of a, i.e.
a=pfipsa-pir ;>0 for i=1,2, - k and {p,, Dy -+, P} s the set of minimal
prime divisors of a.

4. Left Noetherian M-rings

We summarize the preceding results and we have

Theorem 2. Let R be a left Noetherian M-ring, then each ideal can be writ-
ten as a product of prime ideals of R, i.e. R is a “general ZPI-ring.”

Theorem 3. Let R be a left Noetherian M-ring, then every ideal a of R can
be written as a product of minimal prime divisors of a,i.e. a=pf1psz---pfte;>0
for i=1, 2, -+, k, where {p,, P,y -+, D;} is the set of minimal prime divisors of a.

From the above results and Proposition 1 of [9] we have

Theorem 4. Let R be a left Noetherian M-ring, then the multiplication
of ideals is commutative.
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