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0. Introduction

Fixed point loci of compact Lie group actions on Kéhler (or more generally,
Riemannian) manifolds have been studied by many authors. Since every
compact Lie transformation group can be regarded as a subgroup of the group
of isometries, differential geometric methods such as the usage of geodesics
and exponential maps play a crucial role in their studies. Although such ar-
guments do not go through in the case of reductive algebraic group actions on
algebraic varieties, similar views still allow us to obtain analogous results: Basic
theorems on affine varieties under reductive group action were obtained by Luna
(cf. [3]), whereas Bialynicki-Birula established, in [1], a powerful stratification
theorem for C*-actions on non-singular projective varieties.

In the below, combining the methods of Luna and Bialynicki-Birula, we
shall give an embedding theorem of normal bundles of m-codimensional fixed
point loci in varieties under SL(m; C)-action. More precisely, we shall prove

(cf. (3.1)):

Theorem. Let the algebraic group G=SL(m; C), with m=2, act regularly
and non-trivially on an n-dimensional irreducible non-singular variety V. Assume
that the fixed point set V¢ of our G-action on V contains an irreducible component
W of codimension <m in V. Then W is a non-singular connected component of V¢
of codimension m in V, and there exists a G-equivariant embedding i: N(V:W)-V
of the normal bundle N(V: W) of W in V onto a G-invariant Zariski-open neigh-
bourhood U of W in V in a natural way. Furthermore, we have the following:

i) If v is a G-equivariant automorphism of V such that \y(W)=W, then(U)=U.
i) If 4 is a G-equivariant automorphism of V such that ry=idy, then there
exists a non-vanishing regular function f on W such that the restriction of i oot to
each fibre N(V: W), g W, coincides with the scalar multiplication by f(q) in the

*) Supported by an Earle C. Anthony Fellowship at the University of California, Berkeley
and by S.F.B. 40 at the University of Bonn, B.R.D.
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vector space N(V: W).
A couple of applications of this theorem are given in § 4:

Theorem 4.1.2. Let the algebraic group G=SL(m; C), with m=2, act
regularly and non-trivially on an m-dimensional irreducible normal complete variety
V. Assume that VS is non-empty and contains a simple point of V. Then V=
P"(C).

Theorem 4.2.4. Letm,n< Z,, and let the algebraic group G=SL(m+1;C) X
SL(n+1; C) act regularly and essentially effectively on an (m-+-n--1)-dimensional
non-singular complete variety V. Denoting by G’ (resp. G”) the subgroup
SL(m+1; C)X {e} (resp. {e} X SL(n+1; C)) of G, we assume that V¢ contains
a subvariety W with two properties:

(a) =P"(C),

(b) W is a single G"-orbit.

Then V is isomorphic to either P™***'(C) or the projective bundle
P(Op,(d)BOp,(d) B+ BOp,(d)BOp,) over P*(C) with some dE Z.

(m-+1)-copies

In separate papers (cf. [4], [5], [6]), we use these two theorems to classify
essentially effective regular actions of SL(3;C) and SL(2; C)XSL(2; C) on
algebraic threefolds.

NOTATIONS AND CONVENTIONS

(0.1) Z=the set of all integers, Z,=the set of all positive integers,

C=the complex number field, C*=C— {0}.
(0.2) All varieties and algebraic groups are defined over C, and all algebraic
group actions are, throughout this paper, assumed to be regular.
(0.3) For every variety and algebraic group, we only use Zariski topology.
(Hence “closed” (resp. “open”) means ‘“Zariski closed” (resp. ‘“Zariski open”).)
(0.4) Letan algebraic group G act on a variety V, and let p be apointon V. We
denote by V¢ (resp. G,) the fixed point set of the G-action on V (resp. the iso-
tropy subgroup of G at p). A subset W of V is said to be G-invariant if, for
every (g, p)EGX W, g-p lies in W.
(0.5) Let an algebraic group G act on varieties ¥ and V’. A morphism f: V—
V' (resp. an isomorphism f: V'=V") is said to be a G-morphism (resp. G-isomor-
phism), if it is G-equivariant, i.e., f(g-p)=g-f(p) holds for every (g, p)=G X V.
(0.6) An action of an algebraic group G on a variety V is said to be essentially
effective, if the group of all those elements in G which act identically on V is
finite.
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(0.7) For every vector bundle E over a variety V, we denote by P(E) the
associated projective bundle of E over V, which is, by definition, the quotient
of E—(zero section) by the group C* acting by complex scalar multiplication.
Opip)(—1) is the line bundle over P(E) associated with the C*-bundle E—
(zero section) over P(E). For a C-vector space E, regarding it as a vector
bundle over a singleton, we use the same notation (P(E), Opu)(—1), ++*) as
above.

(0.8) Every set consisting of just one element is often identified with the element
itself, and the notations {p} and p are used interchangeably. On a variety, a
“point” is always understood as a closed point. “Locally free sheaves” and
“‘vector bundles” are used interchangeably.

In concluding this introduction, I wish to thank all those people who encour-
aged me and gave me suggestions, and in particular Professors S. Kobayashi,
S.S. Roan, and I. Satake, who helped me again and again during the preparation
of this paper.

1. Extension theorems

In this section, we shall give a couple of extension theorems on morphisms
between varieties. Although the proofs are very simple, these theorems play
a crucial role in our later study of almost-homogeneous algebraic group actions.

(1.1) Dominant G-equivariant completions

DerFiniTION 1.1.1. Let an algebraic group G act on an irreducible variety
U. Then a variety V with a G-action is said to be a G-equivariant completion
of U, (cf. Sumihiro [13]), if the following two conditions are satisfied:

i) U is (embedded as) a G-invariant open dense subset of V.

ii) V is a complete variety.
A G-equivariant completion V of U is said to be dominant if the following two
conditions are satisfied:

i) V is a normal variety.

if) V—U is a disjoint union of (a finite number of) 1-codimensional G-
orbits in V.

Theorem 1.1.2. Let an algebraic group G act on irreducible varieties V and
V'. Let U be a non-empty open (dense) G-invariant subset of V'. Then every
G-morphism f: U'—V extends uniquely to a G-morphism f: V'—V if the following
three conditions are satisfied:

(1) Vis a complete variety.

(2) V' is a normal variety.

(3) V'—=U’ is a disjoint union of a finite number of 1-codimensional G-orbits
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Corollary 1.1.3. Let an algebraic group G act on an irreducible variety U,
and V' be a dominant G-equivariant completion of U. Then,

i)  For every G-equivariant completion V of U, there exists a surjective bira-
tional G-morphism: V'—V which makes the following diagram commutative:

Us vV
N
vV
it) In particular, every dominant G-equivariant completion V'’ of U is

G-isomorphic to V', where the isomorphism between V' and V" is a canonical ex-
tension of the identity automorphism of U.

Since this corollary follows immediately from (1.1.2), we prove just (1.1.2).

Proof of (1.1.2). Let f: U'—V be a G-morphism satisfying the above
three conditions (1), (2) and (3). Regarding this f as a rational mapping from
V' to V, we denote by S the set of points of indeterminancy. Then by (1)
and (2), codimy” S=2. On the other hand, since S is a G-invariant subset of
V’—U’, the condition (2) shows that S is either empty or purely 1-codimensional
in V'. Hence, S is empty. The rest of the proof is routine. Q.E.D.

(1.2) The following theorem obtained as a straighforward consequence of
Zariski’s Main Theorem (cf. for instance, Mumford [9]) turns out to be useful
later.

Theorem 1.2.1. Let U* (resp. U, U’) be a non-empty open subset of a com-
plete irreducible variety V* (resp. V, V'). Assume that there exist morphisms
o: V*>Vand o': V¥*—V' such that

(1) oy« maps U* isomorphically onto U.

(2) o' \yx maps U* isomorphically onto U’.

(3) For every point q=V'—U", o(c' '(q)) is a finite set. Furthermore,
we assume that:

(4) V' is a normal variety.

Then the mapping (o y+)o(c’'\y+)"': U'— U extends uniquely to a surjective bira-
tional morphism 7: V'—V, and this v satisfies c=T7oc".

2. Algebraic groups with properties (R-m) and (L-m)

In this section, two properties (R-m) and (L-m) featuring the algebraic group
SL(m; C) will be discussed. A quick review of basic facts on reductive al-
gebraic group actions will also be given.

(2.1) Properties (R-m) and (L-m).
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DerFiniTION 2.1.1.  Fix an arbitrary positive integer m. A connected linear
algebraic group G is said to have Property (R-m), if the following two condi-
tions are satisfied:

(1) G is reductive.

(2) For every non-trivial linear G-action on C”", the subset C"— {0} of
C" is a single G-orbit.

A connected linear algebraic group G is said to have Property (L-m), if the
following condition is satisfied, (cf. Bialynicki-Birula [1;p.491]).

(3) For each non-trivial linear G-action on C”, every G-equivariant bire-
gular automorphism +» of C” with +(0)=0 is necessarily a scalar multiplication
of the vector space C”.

Proposition 2.1.2. Let m be an integer with m=2. Then the algebraic
group SL(m; C) has both Properties (R-m) and (L-m).

Proof of (2.1.2). Since SL(m; C) is a reductive algebraic group, it suffices
to show (2) and (3) of Definition (2.1.1).

Proof of (2). Every non-trivial representation of SL(m; C) on C™ is
equivalent to either the standard representation or its contragredient representa-
tion. In both cases, the subset C"— {0} of C” forms a single orbit.

Proof of (3). Fix a non-trivial representation of G=SL(m; C) on V=C".
Since we have the relation Gy(,)=G, for isotropy subgroups at © and +(2), in
view of the proof of (2) it follows that y,(v)EC*-v for every v V. Hence
for every v V—{0} and every r& C¥, there exist g&G and s€C* such that
rev=g-v and y(v)=s-v. Since Y(r-v)=(g-v)=g Y(v)=g+(s-v)=s-(g-v)=
rs-v=r-(v), there exists a regular function f: P"(C) (=P(V))—>C* such that
Y(v)=f([v])-v for every vEV— {0}, where [v]=P(V) denotes the canonical
image of v&V—{0}. As fis constant, this completes the proof of (3).

(2.2) Reductive algebraic group actions
We shall first briefly discuss useful facts on fixed point loci in varieties
under reductive algebraic group actions.

Proposition 2.2.1. Let a connected reductive algebraic group G act on an
irreducible non-singular variety V. Assume that V¢ is non-empty. Then

i) For every point p on VC, there exists a G-invariant quasi-affine open neigh-
bourhood V' of p in V, such that for some realization V'CCV as a quasi-affine
variety, the G-action on V' extends to a linear action on CV centered at p=0.

il) V€ is a non-singular variety.

Proof of i) of (2.2.1). By Sumihiro [13; Lemma 8], there exists a G-
invariant quasi-projective open neighbourhood U(SV) of p on which G acts
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linearly. Since every representation of the reductive group G is completely
reducible, the linear G-action on USPV(C) is written, for suitable homo-
geneous coordinates (xo: &;: +++ : xy) of PY(C), in the form

G - PGL(N+1; C)

100
g 9’ )

A 1
0

with p=(1:0-:+:0). We then put V'=UN{x=*0}. It is now easy to
check that this ¥ has the required properties.

Proof of ii) of (2.2.1). Fix an arbitrary point p on V¢. By i) above, we
may assume that V' is a quasi-affine variety C C" on which G acts linearly around
the origin p=0. Since G is reductive, denoting by T'(V: p) the tangent space of
V at p, we have a decomposition C¥=T(V:p) D T(V:p)* into G-invariant
subspaces. Since the restriction pry, to V of the canonical projection pr;:
C¥—T(V: p) induces an identity automorphism (=(pryy)x;:,) of T(V:p) at p,
replacing V' by a smaller open neighbourhood of p, we may assume without loss
of generality that

(#) the G-morphism pry,: V—->T(V: p) is étale.

In particular, the connectedness of G implies (pry,) (T(V: p)¢)=V°. Since
pruy(p)=0 is a simple point of T(V:p)¢ (=a linear subspace of T(V: p)), the
above (#) shows that p is also a simple point of V¢. Q.E.D.

We now quote the following fact on isotropy representations of reductive
algebraic groups.

Theorem 2.2.2 (Bialynicki-Birula [1; Lemma 2.4]). Let a connected
reductive algebraic group G act effectively on an irreducible quasi-affine variety V.
Let pV°C. Then the isotropy representation of G on the Zariski tangent space
T(V: p) is an effective G-action.

Corollary 2.2.3. Let a connected reductive algebraic group G act effectively
(resp. essentially effectively, non-trivially) on an irreducible non-singular variety
V. Let pVC. Then the isotropy representation of G on T(V: p) is an effective
(resp. essentially effective, non-trivial) G-action.

Proof of (2.2.3). This is straightforward from i) of (2.2.1) and the above
(2.2.2).

Corollary 2.2.4. Let a connected linear algebraic group G with Property
(R-m) act mon-trivially on an n-dimensional irreducible non-singular variety V.
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Then
dimVe<n—m.

Proof of (2.2.4). By ii) ofv(2.2.1), V¢ is non-singular. Hence V¢ is a
disjoint union of its irreducible components V;, V,, ---, V,. We number these so
that

dim V¢ = dim V,=dim V,=-+=dim V, .
Fix a point p on V,. Now, for contradiction, we assume
dim Vé(=dim V))>n—m .

Pick a linear subspace L of T(V,: p) of dimension n—m. Since, by (2.2.3), G
acts non-trivially on the m-dimensional vector space T(V: p)/L, and since G has
Property (R-m), it follows that (T(V: p)/L)— {0} forms a single G-orbit. But
then, this contradicts the triviality of the G-action on the non-zero subspace

T(Vy: p)/L of T(V: p)/L. QE.D.

3. Main Theorem

In this section, we shall prove the following. (This theorem combined
with Proposition (2.1.2) immediately implies the theorem in the introduction.)

Theorem 3.1. Let a connected linear algebraic group G with Property
(R-m) and (L-m), with m=2, act non-trivially on an n-dimensional irreducible
non-singular variety V. Assume that V° contains an irreducible component W of
codimension <m in V. Then W is a non-singular connected component of V° of
codimension m in V, and there exists a G-equivariant embedding i: N(V: W)V
onto a G-invariant open neighbourhood U of W in V in a natural way. Further-
more, we have the following:

i) If ¥ is a G-equivariant automorphism of V such that (W)= W, then
Y(U)=U.

il) If 4 is a G-equivariant automorphism of V such that ~py =1idy, then
there exists a non-vanishing regular function f on W such that the restriction of
i Yoot to each fibre N(V: W), q€ W, coincides with the scalar multiplication by
1(q) in the vector space N(V: W).

We first prove the following local version of Theorem 3.1.

Proposition 3.2. Let a connected linear algebraic group G with Property
(R-m) and (L-m), with m=2, act non-trivially on an n-dimensional irreducible non-
singular variety V. Assume that V° contains an irreducible component W of
codimension <m in V. Then W is a non-singular connected component of V° of
codimension m in V. Furthermore, for every point p on W, there exist an open
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neighbourhood W* of p in W and a G-equivariant embedding i?: N(V: W?)V
onto a G-invariant open neighbourhood U? of W? in V with the following two pro-
perties:

(1) The differential (i?) of i* induces the identity automorphism of N(V: W?)
in a natural way.

(2) #NV:Wh)={q'EV; G-¢ N\Wt=g} for every g= W, where G-q’
denotes the closure of G-q' in V.

Proof of (3.2). By (2.2.4) and ii) of (2.2.1), every irreducible component
W of V¢ with codim, W=m is a non-singular connected component of V¢ with
codim, W=m. Hence the proof is reduced to showing the existence of such
W? and ¢ as specified in the above. From now on, we fix an arbitrary point
pE W once and for all.

Step 1. Replacing V' by V—(V¢— W), we may assume, from the beginning,
*) w=Ve.
In view of i) of (2.2.1), we may furthermore assume that V' is a quasi-affine
variety sitting in CV and passing through p=0& C¥, and that the G-action on
V is induced from a linear G-action on CV. Now let L, (=T(V:p)) (resp.
Ly(=T(W: p))) denote the G-invariant subspace of C¥ spanned by the vectors
tangent to V' (resp. W) at p=0. Since every representation of the reductive al-
gebraic group G is completely reducible, there exists a G-invariant vector sub-
space Ly of C¥ (resp. Ly, of Ly) such that C¥=L, @ Ly (resp. Ly=Ly D Lyy).
In particular, the projection to the first factor

is G-equivariant. Now, using Luna’s argument [3], we shall define an étale
morphism a as follows: .

Let 7 denote the closure of ¥ in C¥. Then the restriction p;y: V—L,
of p to the G-invariant affine subvariety ¥ of CV is also G-equivariant. At
the point p, this mapping induces an isomorphism of tangent spaces (p\7)x:
T(V:p)=T(Ly:0). Hence, by a theorem of Luna [3; p. 94] applied to the G-
morphism p,;7 and to the G-fixed point p, there exists an affine open neigh-
bourhood V; of p in ¥ with the following properties:

(a) The restriction, (denoted by «: V,—L;), of the morphism p;7 to
V, is étale. defn v

(b) The image V{ a(V),) is an affine open subset of L.

(c) Vi=n"Yx(V)) and Vi=z'""(z'(V{)), where z: V-V |G and =': L,—
Ly/G denote the canonical quotient morphisms (=*“good quotients” in Seshadri’s
sense, cf. Seshadri [12], Mumford [8; p. 27]).
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(d) The canonically induced morphism &: z(V,)(=V,/G)—='(V{)(=V!|G)

is étale

Step 2. In this step, we shall construct U? and W?: Since G acts on
Ly;w(=C™) non-trivially, (cf. (2.2.3)), and since G has Property (R-m), every
G-orbit in Ly is either a G-fixed point on Ly (=(Ly)®) or written in the form

{a point on Ly} X (Lymy—{0}) (S Ly ®Lyw(=Ly)).

Hence the quotient variety Ly/G' (which parametrizes the closed G-orbits in
Ly) is isomorphic to Ly=(Ly)¢). We shall show that a similar isomorphism
also exists between V,/G and (V,)¢. First of all, since V{/G is an open subset
of the non-singular variety L,/G (=Ly), (d) of Step 1 says that V;/G is non-
singular. Secondly, the unramified étale covering ac.,: G-¢g—a(G-+q) is an
isomorphism for every g& V;— (V)% because the orbit a(G-¢9)=G-a(q) is
written in the form

{a point on Ly} X (Lyz—{0}) (=C"—{0}),

which is simply connected by m=2. Now, for such g, the orbit G-¢q (=C"— {0})
is a non-affine set and cannot be closed in the affine variety V,. Hence (V,)¢
is the set of the closed orbits in V;. Then the restriction =y )¢: (V))°—>V,/G
of the quotient morphism 7z (cf. (c) of Step 1) is bijective, and therefore, is
an isomorphism. Let us denote this isomorphism by

i (V)°=V4/G .

Now, set W?=(V,)°NV, which is WNV, (=an open neighbourhood of p in
W) by the assumption (*) of Step 1. We then define: U?=="'(j(W?)). Since
7: V—=V|G is a “good quotient” in Seshadri’s sense, U? is written as

U?= {geVs; quﬂ We=¢},

where G-¢ denotes the closure of G+¢gin V. Since V is an open neighbour-
hood of W? in V, this expression of U? shows that U?CV. Then one can
check that U? is a G-invariant open neighbourhood of W? in V with the
property (U?)°=W?.

Step 3. We finally construct an isomorphism #?: N(U?: W?) (=N(V: W?))
=U? with the help of the following commutative diagram:

(24172408 Ur —» LV
u uu
Ay - wW? — LW .

The main point of the construction is to lift, using this diagram, the canonical
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isomorphism N(Ly: Ly)==Ly to an isomorphism #?: N(U?: W#)=U?.

Let (a,w#)*(T(Ly)) denote the vector bundle over W? induced from the
tangent bundle T'(Ly) of L, via the morphism ays: W?—Ly(—Ly,). Since
ayr is an étale G-morphism, (cf. (a) of Step 1), we obtain the canonical G-
isomorphism

(%) T(U)wr=(aw?)(T(Ly))-

On the other hand since the morphism &: V,/G—Ly/G is étale (cf.(d)of Step
1) and since W? is an open (dense) subset of (V;)¢, the commutativity of the
diagram

(V)¢ =V/G

al (O la
Ly(=(Ly)°) = Ly|G

implies that o s: W?—Ly is also étale. Then we obtain the isomorphism
(***)  TW")=(a\w#)*(T(Lw)),

on both sides of which, G acts trivially. In view of (**) and (***) above, the
following G-isomorphism is immediately defined:

a’s N(U?: W#)=(ctys)*(N(Ly: Ly)) .

We now construct a G-isomorphism : U?==(a;#)*(IN(Ly: Ly)) as follows:
Let vr: UP—N(Ly: Ly) be the composite of ay»: U?—L, with the natural iso-
morphism L,=N(Ly: Ly). Consider also the G-morphism j oz ys: U(=n""
(J(W?)))— W(<=(V1)¢), (cf. Step 2). Since 4 is G-equivariant, we define a
G-morphism v by

v: U? > (aw2)*(N(Ly: Ly))
g (¥(q), jtom(q)) -

v is well-defined: Denoting by G-q (resp. G-a(g)) the closure of G-g (resp.
G-a(g)) in V; (resp. Ly), we have jloz(g) SG-g, (cf. Step 2). Hence a(j 'o7(g))
€a(G-g)=G-a(g). In view of the definition of 4, this means that 4r(g) lies on
the fibre of N(Ly: Ly) over a(j 'om(g)), i.e., v is well-defined.

v is injective: Let g, ¢'€ U? be such that ¥(¢)=7(¢’). Then +(¢q)=4+(q") and
j tom(q)=w=j ‘om(q') for some wE W?. Since+ is étale, the equality W?=(U?)¢
(cf. Step 2) implies Yo(W?)NY(U?—W?)=¢. On the other hand, from the
definition of j, (cf. Step 2), jlom\ys=idys. Therefore we may assume g, ¢'E
U?—W?*. Then both ac..: G-g—a(G-q) and a..: G-¢'—a(G-q’) are iso-
morphisms, (cf. Step 2). Since G-gNG-g’' Dw, it follows that ¢(G-q) Na(G-¢’)
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Da(w). Hence a(G+q)=a(G+q")in L,. In view of the étaleness of o at the
point w, the irreducibility of a(G-g)=a(G-q’) (through a(w)) implies that
G-qUG-¢' is also irreducible around w. Hence G-¢=G-q'. Since a(q)=a(q’)
(because +r(g)=4(¢")), and since a¢., is an isomorphism, we have g=¢q’. Thus,
7 is injective.

v is surjective: Since 7Y is an injective G-morphism between equi-dimensional
varieties, its image v(U?) is a G-invariant open subset of (ay#)*(V(Ly: Ly)).
Furthermore, v(U?)2v(W?)=zero section of (at;y»)*(N(Ly: Ly)). Hence v
is surjective.

Thus, we have shown that ¢ is a G-isomorphism. We now set i"ﬂ
v loa': N(U?: W) (=N(V: W?)=U?(ZV). Once we obtain this i?, the
properties (1) and (2) of Proposition (3.2) are easily verified: Since U? isiden-
tified with N(V: W?) via the G-isomorphism #?, we may assume V= U?=
N(V: W?) without loss of generality. Then (1) and (2) are straightforward.
The proof of (3.2) is now complete.

Proof of (3.1). By (2.2.4) and ii) of (2.2.1), W is a non-singular connected
component of V¢ of codimension m in V. We now prove (3.1) in the following
three steps:

Step 1. Construction of i: N(V: W)—V. To each p& W, we associate #?,
W?, and U? defined in Proposition (3.2). Let B?: U?~W? denote the com-
posite of (#?)"': U»—N(V: W?) with the canonical projection: N(V: W?)—W?.
Then
G-¢'NW?= pB?q') forevery ¢'€U?,
@ G-¢'NW*=¢ for every ¢’€V—-U?*.
We shall now glue {B?;p= W} together: For arbitrary two points p’ and
p” on W, we put Uy, »=(8Y) (WY nW*' )N (B") (W?* N W*"), which is
open dense in U N U?”. Since for every g€ Uy ;
BY(9)=G-gn(W*nw*’) = p"(g),
it follows that 8y, y»=08"1y, s y+» and hence B \w# 0= ¥ ay?. Thus,
denoting by U the G-invariant open neighbourhood pUWU ? of Win V, we obtain
(=
a morphism B: U—W such that B,,»=? for all p W.
In view of the equality W= pUWW’, the above (#) asserts that

G-¢'NW = B(q') = asingleton  forevery ¢'€U,
{ G-¢"NW=¢ for every ¢"€V—-U.

Hence for every pe W and every g€ W?, (cf. (2) of (3.2)),
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@ WV W) (={EV;GgnNW=g})={gEV; G-¢ N W=¢}.

From this equality, we now construct i: N(V: W)V by gluing {i*; pc W}
together: Let p’ and p” be arbitrary points on W. Then for every g& W N W?”,

(cf. (44)),
PNV W) = {g'€V; G-g'NW =g} =" (N(V: W)),

and hence the G-morphism ¥* L_ (& N i) o(zi’ iv,v:w) is a well-defined
blregular automorphism of N(V: W). By (1) of (3 2), the differentials (i*')x and
(i)« coincide along the zero section of N(V: (W*' N W?")). In particular

(#44) 790)=0, and (794 at0 is idT(Nq(Vtw) 10) >

where 0 denotes the origin of N,(V:W). Since G acts on Ny(V: W)(=C")
non—trivially, (cf. (2.2.3)), and since G has Property (L-m), it follows that o?
is a scalar multiplication of the vector space N(V:W). In view of (###),
we have '=idy v :w), ic., i gty w)*i" iwav:w-  Here ge W/ W is
arbitrary, and hence i v ow? =1 |y : w?aw?”y. Thus, there exists a
G-isomorphism i: N(V: W)=U(<V) such that i,y : y»y=12*. (Then, by (##),
i(N(V:W))={g'EV;G-q' N W=g} for every g W, where G+g’ denotes the
closure of G+¢’ in V.)

Step 2. Proof of i) of (3.1): From the equality i(N(V: W))={¢'€V;
G-¢' N W=g} just above, we see that r(i(N, (V: W))=i(Nyp(V: W)) for every
g€ W. Hence w(U)=y(i(N(V: W)= | ¥ GN(V: W)= ] iNuo(V: W)
=U, ((because (W)=W.)

Step 3. Proof of ii) of (3.1): Fix an arbitrary point ¢ on W. Since yrjy=
idy, we have Y (i(N(V: W)))=iN,(V: W)), (cf. Step 2). Hence the G-mor-
phism Z7'oyrofjy v: ) is a biregular automorphism of N, (V: W). Since G
acts on N (V': W) (=C™) non-trivially, (cf. (2.2.3)), and since i ovrotiy v : p)
maps the origin of N (V: W) onto itself, the Property (L-m) of G shows that:

i lonrot| y (v - wy = scalar multiplication by f(q) in N(V: W),

where f(¢g)=C* is a non-zero constant which depends only on g€ W. Since
" loqjrof is a biregular automorphism of N(V': W), the mapping g f(q) actually
defines a non-vanishing regular function on W. This finishes the proof of ii)
of (3.1). The proof of Theorem (3.1) is now complete.

ReEMARK 3.3. With a slight modification of the proof, one can show that both
Theorem (3.1) and Proposition (3.2) are true also for m=1. Note that the
algebraic torus C* has the Properties (R-1) and (L-1).
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4. Applications of Theorem 3.1

In this section, we shall give a couple of applications of Theorem (3.1),
(cf. (4.1.2) and (4.2.4)). In the below, we use the notation (V; ) which de-
notes a variety V' endowed with an algebraic group action v: GXV—V.

DeFINITION 4.1.1. i) To every SL(m; C)-action v: SL(m; C)XV—V on a
variety V, we associate a new action v*: SL(m; C)XV—V by putting
v*(g, x)=v("g"", x) for all (g, x) €SL(m; C)X V.

ii) More generally, consider an action 7: GX ¥V —V of an algebraic group G on
a variety V. For every algebraic group automorphism # of G, we define an
action v*: GXV—V by putting v*(g, x)=v(h(g), x) for all (g, x)EGXV.

iii) Let E be an m-dimensional C-vector space. Then P(E®C) is a disjoint
union of P(E® {0}) (=P(E)) and its complement —E. Since SL(E)(=SL
(m; C)) acts on P(E) transitively, P(E®C)(=P"(C)) endowed with the can-
onical SL(E)-action (we denote this action by «,,) is a dominant SL(E)-equivari-
ant completion of E(=C").

We first give the following application of Theorem (3.1). For similar
results, see Oeljeklaus [11; Satz 3.2] and Nagano [10].

Theorem 4.1.2. Let the algebraic group G = SL(m; C), with m=2, act
non-trivially on an m-dimensional irreducible normal complete variety X. Assume
that X is non-empty and contains a simple point of X. Then X is G-isomorphic to
either (P"(C); a,,) or (P™(C); (a,)*). (For the definition of a,, and (a,,)*, see (i)
and (iii) of (4.1.1).)

Proof of (4.1.2). Let V be the set of all simple points of X. Since Vis a
G-invariant open dense subset of X, we can canonically define a non-trivial
G-action on V by restriction. Now, by the assumption, the fixed point set
V¢ contains at least one point p. Applying Theorem (3.1) to our V, G, and
W= {p}, we can embed the tangent space T(V:p) into V as a G-invariant
open subset of V. In terms of this embedding, X is a G-equivariant comple-
tion of T(V: p).

Since, by (2.2.3), G acts on T(V:p)(=C™) linearly and non-trivially, a
standard fact on representations of G=SL(m; C) allows us to choose a suitable
basis for T(V:p) in such a way that, in terms of this basis, our G-action on
T(V:p) is expressed either as the standard SL(m; C)-action on C™ or as its
contragredient. Hence, by iii) of (4.1.1), either (P"(C); a,,) or (P™(C); (am)*)
is a dominant G-equivariant completion of T(V: p). We now apply 1) of (1.1.3),
and obtain a surjective birational G-morphism from either (P"(C); a,) or
(P™(C); (aty)*) onto X.

Now, every birational morphism from P"(C) onto a normal variety is an
isomorphism, because by b,(P"(C))=1, no fibres of the morphism can have
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positive dimensions. Thus, X is G-isomorphic to either (P"(C); at,,) or (P™(C);
(@m)*)- QE.D.

(4.2.1) Definition of an SL(m+1;C)X SL(n+1; C)-action o X 7 on "él Op»(d).

Recall that the standard SL(n+1; C)-action on P"(C) is naturally lifted to
an action on Op(d), dEZ, as follows: Since Ops(d)=(Op+(—1))®~¢, we may
just consider the case d=—1. Then, by identifying Ops(—1) with the blow-
ing-up of C” at the origin 0, we can naturally define an SL(n-1; C)-action
on Op(—1). This action actually lifts the SL(n-+1; C)-action on P*(C),
because the projection Opr(—1)—>P"(C) canonically extends the SL(n+1; C)-
equivariant projection C**'— {0} —P"(C).

Denoting by "él@pﬂ(d) (resp. a;lOp») the vector bundle over P"(C) ob-
tained as the direct sum of m-+1 copies of Ops(d) (resp. Ops), we now define
actions o and 7 as follows: Letting SL(m-1; C) act on P"(C) trivially and on

m+1

C™*! canonically, we can define a natural SL(m+-1; C)-action on @D Ops
(=P*(C)x C™*"). Since 'é;l@pn(d)=OP-(d)®(a§lOpn), this canonically induces
an SL(m-1; C)-action o on %‘Op(d). On the other hand, we define 7 to be
the SL(n41; C)-action on mélOpn(d) canonically induced by the SL(n+-1; C)-

action on Ops(d).
Combining these actions ¢ and 7, we obtain an SL(m+1; C)x SL(n+-1; C)-

m+1
action ¢ X7 on 65 Op+(d). The following properties are easily verified:
m+1
i) The zero section of G;O,»u(d) is exactly the fixed point set of the action o

m+1
ii) 'The zero section of POps(d) forms a single orbit under the action 7, and is
SL(n+-1; C)-isomorphic to P*(C).

4.2.2) P(( 69 @p»(d))eBOpn) as a dominant SL(m+-1; C)xXSL(n+1; C)-

equivariant completion of 89 Opu(d)

defn

Note that the projective bundle X —= P(( "élOp“(d))@Opﬂ) (cf. (0.7)) is a
defn

disjoint union of X., ——P(( & Opn(d)) @ {0}) (=P"(C) X P"(C)) and its com-
plement = D Opr(d). Hence the SL(m-+1; C)-action o (resp. SL(n-+1; C)-

action 7) on mélOpx(d) (=X—X.)) defined in (4.2.1) canonically extends to an
SL(m+1; C)-action & (resp. SL(n+1; C)-action 7) on X. Combining these two
actions & and 7, we obtain an SL(m+1; C)X SL(n-+1; C)-action X7 on X.
The following are immediate:

i) Under this action X7, the subvariety X.. of X forms a single orbit, which
is SL(m-+1; C) X SL(n+ 1; C)-isomorphic to P"(C) X P"(C) with standard
action.
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ii) (X;&x7)is a dominant SL(m-+1; C)X SL(n+1; C)-equivariant comple-
tion of ( & Op(d); o X 7), (cf. (4.2.1)).

Furthermore, a routine computation shows that:
iii) 'The normal bundle N(X: X..) of X.. in X is just pr¥(Ops+(1))QprF(Opr(—d))
under the identification of X., with P"(C)X P"(C), where pr,: P"(C)x P"(C)—
P"(C) (resp. pr,: P"(C) X P"(C)—P"(C)) denotes the projection to the first (resp.
second) factor.

We now assume d=1. We shall show that there exists an SL(m+1; C)x

SL(n+1; C)-morphism from X =P((G"§HOP"(1))®OPH) onto P"+**1(C) as follows:
Let E (resp. F) be an (m+-1)-dimensional (resp. (n+1)-dimensional) C-vector
space, and s: F'—F be the blowing-up of F at the origin 0. Then #d;Xs:
EXF'—EXF(=E®F) canonically induces a morphism s': EXF'— P(E®F).
Since the natural identification F’'=COps(—1) enables us to identify EXF’ with

(B Op)DOps(—1), our s’ induces the morphism §”: P((D Op) DOpa(— 1))—
P(E®F). Combining this with the natural isomorphism P(('@® Op(1)) B Opr)
=P(( ’élOpn)EBOPn(—l)), we finally obtain a morphism

3: X (= P((D Op(1)DOp) — PESF) (= P**(C)),
with the following properties:

1) The restriction Zy_y_: X—X,—>P(E@QF)—P(E® {0}) is an isomorphism.
2) = is an SL(m-+1; C)X SL(n+1; C)-morphism from (X; & X 7) onto
(P(E®F);v), where v is the natural SL(E)X SL(F)-action (=SL(m+1; C)Xx
SL(n+1; C)-action) on P(EDF) (=P""*Y(C)).

3) In terms of theisomorphisms X.,=P"(C)Xx P"(C) and %(X..)(=P(E® {0}))
=P"(C), the morphism =%, _: P"(C)X P"(C) (=X.)—>P"(C) (==(X.)) is just
the projection to the first factor.

Before getting into the proof of Theorem (4.2.4), we shall first prove:

Proposition 4.2.3. Let m, n€Z., and let E be a vector bundle of rank
m+1 over P"(C). Assume that the algebraic group G=SL(m-+1; C)X
SL(n+1; C) acts on E essentially effectively, satisfying the following conditions:
(a) For every pcP"(C), the subgroup G'=SL(m+1; C)x {e} of G leaves the
fibre E, over p invariant in such a way that G’ acts on E, linearly.

(0) The locus Z of the zero section of E forms a single G”-orbit, where G” denotes
the subgroup {e} X SL(n+1; C) of G.

Then, for some d€Z, E is G-zsomorphzc to 65 Op»(d) endowed with one of the
following G-actions: o X7, c*X7, o X7¥, o*X7¥, (cf. (4.2.1), (i) of (4.1.1)).
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Proof of (4.2.3). Let B (resp. 7) denote the G'-action (resp. G”-action) on
E. Since our G-action on E is written as 8 X v, it suffices to show the equalities

E= ’é;lOpn(d), B=0c or o¥, y=1 or T*,

Step 1. By (2.2.3), G’ acts on E,(p&P"(C)) non-trivially. Hence, for
each p, we may choose a C-basis {e,;;;¢=0, 1, ---,m} of E, in such a way
that our G'-action B on E, is, in terms of this basis, written either as the standard
SL(m+-1; C)-action on C™*! or as its contragredient. We now fix a point
PEP(C). Then, putting Y={peP"(C); Bz, is equivalent to Bz, } and
Y'={pEP"(C); Biz, is equivalent to B*z,}, we have: YU Y'=P"(C). For
each 7, let G'(z) be the isotropy subgroup of G’ at the point e, ;;, and G'(7)* be
the subgroup of G'(=SL(m-+1; C)) defined by G'(5)*={'g”!; g€ G'(?)}. Then

Y = #z(P(E)¥ ®) = closed in P"(C),

Y'= z(P(E) ©*)= closed in P*(C), (cf. (0.4)),
where z: P(E)—>P"(C) denotes the projective bundle associated with E, and
P(E) is endowed with a natural G’-action induced from the one on E. Since

Y contains the point p,, the connectedness of P"(C) immediately implies
Y=P"(C).

In view of the decomposition E, = @ (E,)¢ @ (direct sum of 1-dimensional
i=0

vector spaces), our equality Y=P"(C) now says that:
E=@ES® (direct sum of line bundles).
i=0

Since G'(7), =0, 1, -+, m, are mutually conjugate in G’, there exists g;€ G’ for
each 7 such that G'(3)=g,-G'(0)-gi'. Hence E¢ V=g, E¥®, i.e., ES ®=E®
as line bundles over P*(C). Since the line bundle E¢® over P"(C) is written
in the form Ops«(d) with some dE€ Z, it then follows that F= '"efa' Opr(d). From
our choice of the C-basis {e,; ;},<;<n for E,, one can easily check that ES'® is
the line bundle generated by e, ;; over each p€P*(C). Then, our G’'-action 8

m+1
on E coincides with either o or o* under the identification E= @ Op»(d).

Step 2. By (b) above, for a suitable choice of the homogeneous coordinates
of the base space Z=P"(C), the restriction v, of our G”-action 7 is written
either as the standard SL(n+-1; C)-action on P"(C) or as its contragredient.

Hence, identifying E with mél Opr(d), we obtain: 7,=v,; or v*,.

Case 1) 7;="7,;. In this case, we shall show that 7 and 7 coincides on
the whole space E. Now, fix an arbitrary g& G” and consider the G-equivariant
automorphism ), of E defined by
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Y ()= T7(g!, v(g, %)) forall x€E.

Since ,1,=id; and ES =Z, applying ii) of Theorem (3.1) to W=Z and V=
E=N(V: W), we have a non-zero constant ¢,&C* such that the restriction
Vrgix, to each fibre E, is exactly the scalar multiplication by ¢, in the vector space
E,. We shall now show that ¢,-¢c,=c,., for all g, hEG”: First note that
cro7(f, X)=7(f, ¢ x)=7(f, ¥ {(x))=7(f, x) for every fEG” and every x€E=
m+1

D Opr(d). Then (¢g-c;)-7(g-h, %)= (¢ 1) 7(g, T(h, X)) =, 7(g, ¢, 7(h, %)) =
v(g, v(h, 2))=7(g-h, x)=c,.,*7(g"h, X), 1.e., ¢,*c,=¢,y. Thus, the mapping
g—c¢, defines an algebraic homomorphism of G’=SL(n4-1; C) into C*. But
then it must be trivial, i.e., yr,=1dy for all g&G”. Hence 7= on the whole
space E.

Case 2) T7,=v%;. Putting ¢ (x)=7(g7", v*(g, x)), the same argument as
above shows that y=7* on E. The proof of (4.2.3) is now complete.

Q.E.D.
We finally show:

Theorem 4.24. Let m,nEZ,, and let V be an (m-+n-1)-dimensional
non-singular complete variety endowed with an essentially effective action v of the
algebraic group G=SL(m-+1; C)XSL(n+1;C). Denoting by G’ (resp. G”)
the subgroup SL(m+-1; C)X {e} (resp. {e} X SL(n+1; C)) of G, we assume that
the fixed point set VS contains a subvariety W with two properties:

(e W=P'(C),

(b) W is a single G”-orbit.

Then, for some automorphism h of G, the space (V; ") (¢f. (ii) of (4.1.1)) is G-
isomorphic to one of the following:

P (C); v), (cf. (2) of (4.2.2)),
(P((D Opld)BOp); ox7), d=0, 11, £2, -,  (df- (422).

REMARK 4.2.5. From the proof below, we shall see that one of the following
four automorphisms of G=SL(m+1; C)X SL(n-+-1; C) can be chosen as % in
(4.2.4) above:

ide, OgXidgr, idgy X0y, O0i%X0y,

where 0y (resp. 0;) denotes the automorphism of G’'=SL(m+1;C) (resp.
G"=SL(n+1; C)) defined by g—‘g™!

REMARK 4.2.6. We shall use the following lemma in the proof of (4.2.4):

Lemma. Let G=SL(m+1; C)XSL(n+1; C) act on a variety A in such
a way that there exists a surjective G-morphism &: P"(C)x P*(C)— A, where G
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acts naturally on P"(C)x P*(C). We assume that £ is neither an isomorphism nor
a contraction to a point. Then one of the following two situations happens:

i) A=P™(C), and via this isomorphism, the above £ is regarded as the canonical
projection: P"(C)X P*(C)—P"(C) to the first factor.

ii) A=~=P*(C), and via this isomorphism, the above & is regarded as the canonical
projection: P™(C)X P"(C)—>P"(C) to the second factor.

Proof of Lemma. Let H,={(h;)€SL(m+1; C); h;=0 for all =1} and
let H,= {(h;)eSL(n+1;C); h;=0 for all i=1}. Then every closed sub-
group K of G=SL(m-+1; C)x SL(n+1; C) satisfying H, X H,S K &G is either
H,xSL(n+1; C)or SL(m+1; C)xH,. Our Lemma is now immediate from
this observation.

Proof of Theorem 4.2.4. Let W’ be the irreducible component of V¢
containing W. Then, by Theorem (3.1) applied to V, W’, and G, it follows
that W=W’, and there exists a G-isomorphism i: N(V: W)=U(—V') onto
a G-invariant open subset U of V. Now, by Proposition (4.2.3) applied to

E=N(V: W), there exists d & Z such that N(V: I/V)--—-("él Opr(d) with one of the

G-actions o X 7, 0¥ X T, 0 X T¥, o* X 7¥). 'Therefore, for some automorphism %

(cf. (4.2.5)) of G, the space (V; v*) is a G-equivariant completion of ("él Opn(d);
o XT).

We now put X——-P((mé Op(d))POp»), X..=P(( mE+Bl Op(d))D {0}), (cf. (4.2.2)).
Then, by ii) of (4.2.2), (X;5X7) is a dominant G-equivariant completion of

(méra1 Op+(d); o X 7), and hence i) of Corollary (1.1.3) shows that the G-isomor-
phism ¢: "élOpu(d)(=N(V: W))=U extends to a surjective birational G-

morphism f: (X;ex7)—>(V; v*). Recall that X.(=X— 'éél(?y-(d)) forms a
single G-orbit which is G-isomorphic to P"(C)XP"(C), (cf. (i) of (4.2.2)).
Then by the above Lemma, the following four cases are possible:

Case 1) fix_: X f(X.) is an isomorphism. In this case, f is a surjective bira-
tional morphism with finite fibres. By Zariski’s Main Theorem, f: (X; X T)==
V5 a".

Case 2) f(X.) is a singleton. In this case, the argument in Grauert [2; §3,
Satz 9] shows that some negative tensor power of the normal bundle N(X: X..)
admits a non-zero section, which contradicts iii) of (4.2.2). Hence, Case 2)
cannot happen.

Case 3) f(X.)=P"(C), and via this isomorphism, the restriction f x_ is regarded
as the projection P"(C)X P"(C)(=X.)—=>P"(C)(=f(X)) to the first factor: Since
X.. in X is an exceptional subvariety of the first kind in the sense of Moisezon
[7], a theorem of Moisezon [7; Chapter III, Corollary 2] says that d=1, (cf.
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(iii) of (4.2.2)). We now compare the G-morphisms f: (X;ax7)—(V; 7%
and 2:(X; e X 7)—=>(P*"*(C); v), (cf. (2) of (4.2.2)). Then in view of 3) of
(4.2.2), both f(=7%(q)) and =(f'(g')) are finite sets for every g&=(X..) and
¢’ f(X.). Applying Theorem (1.2.1), we conclude that the isomorphism
(Eix-x)o(fix-x.) "t of V—f(X.) with P""{(C)—Z(X.) (cf. (1) of (4.2.2))
canonically extends to a G-isomorphism: (V; ¥*)=(P"***(C); v).
Case 4) f(X.)=P"(C), and via this isomorphism, the restriction f x_ is regarded
as the projection P"(C)X P"(C)(=X.)—>P"(C)(=f(X.)) to the second factor:
In this case, we apply the theorem of Moisezon [7; Chapter III, Corollary 2]
again to X.=P"(C)XP"(C), only to get 1= —1, which is a contradiction.
Hence Case 4) cannot happen.

Thus, the above four cases 1)-4) complete the proof of Theorem (4.2.4).
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