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Introduction

Let M be an irreducible Hermitian symmetric space of compact type and
let L be a holomorphic line bundle over M. We denote by Q?(L) the sheaf of
germs of L-valued holomorphic p-forms on M. In this paper we study the
cohomology groups H(M, Q?(L)). Further, applying the results so far obtained,
we shall consider the hypersurfaces of M.

The paper divided into three parts. §1 is devoted to recalling basic notions
and results which are necessary in the following. In §2, for the cases that M
is an irreducible Hermitian symmetric space of compact type BDI, EIII or EVII,

we obtain the theorems analogous to the following theorem of Bott [3] for
M=P,(C).

Theorem. Let E be the hyperplane bundle over an n-dimensional complex
projective space P,(C). Then the group H(P,(C), Q*(E*)) vanishes except for the
following cases:

(1) p=q and k=0, (ii) q=0 and k> p, (iil) q=n and k<p—n,

where E*=EQ®---QFE (k factors).
Further we shall discuss when the group H‘(M, Q?(L)) vanishes for any irreduci-
ble Hermitian symmetric space of compact type for p=0, 1. These results are
obtained by analyzing in detail structure of Lie algebras and their Weyl groups
and applying the generalized Borel-Weil theorem.

Let V be a hypersurface of M. Denote by © (resp. Q) the sheaf of germs
of holomorphic vector fields (resp. holomorphic functions) on V. In §3 we
study the cohomology groups H*(V, ®) and H'(V, Q) using the results in § 2.
And we find that if M is BDI, EIII or EVII, one has

HY(V, ©) =0

for the hypersurfaces V of M except for a certain special case (Theorem 8).

The author would like to express his gratitude to Professor S. Murakami,
Professor M. Takeuchi and Doctor Y. Sakane for their useful suggestions and
encouragements.

1) Present address: Nagasaki Institute of Applied Science, Nagasaki.
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1. Preparations

1.1. The generalized Borel-Weil theorem. In this section we recall the
generalized Borel-Weil theorem in a form convenient for our purpose.

Let G be a simply connected complex semi-simple Lie group and let U be
a parabolic Lie subgroup of G. Then the quotient manifold M=G|U is a
Kihler C-space, that is, a simply connected compact complex homogeneous
manifold admitting a Kihler metric. And every Kihler C-space is obtained
in this way (Wang [10]). Let g be the Lie algebra of G and § a Cartan sub-
algebra of g. We denote by A the root system of g with respect to ). We shall
identify a linear form A on ) with the element H, of §) defined by

MH) = (H\, H)  for Heb,

where (,) is the Killing form of g. We fix a linear order on the real form
hy={asA}rof h. Let A* (resp. A”) be the set of all positive (resp. negative)
roots. Let 1= {«a,, --*, @;} be the fundamental root system and II, be a sub-
system of IT, where [ is the rank of g. We put

!
A= {aed;a=2ma;,m, =0 forany «a;eIl}
1=1

At = {BeA; B = ,Z;m,a,-, m,>0 for some o €TII;}
A() = A UA(nY).
Define Lie subalgebras g;, n* and u of g by
4= E)‘nglgw

nt = 8
AeA(nt)
n= [)—I— 2 (s P9
acs A1)

where g, is the root space corresponding to a=A. Then g, (resp. n*) is a re-
ductive (resp. nilpotent) subalgebra and n=g,+n* (semi-direct). We denote by
U the connected Lie subgroup of G with Lie algebra 1t. Then U is a parabolic
subgroup of G, and M=G/U is a Kahler C-space.

We denote by D (resp. D,) the set of dominant integral forms of g (resp. g;).
Let £€D, and choose an irreducible representation (pl¢, W_t) of g, with the
lowest weight —E.  We may extend it to a representation of 1t so that its restric-
tion to n* is trivial, which will be denoted by (p_¢, W_¢). Since any irreducible
representation of 1t is trivial on n*, we may call (p_¢ W_¢) the irreducible re-
presentation of 1 with the lowest weight —&.  Moreover there exists a
representation of U which induces the representation (p_¢, W_¢) of u, and we
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denote it by (p_¢, W_¢). This representation (p_¢, W_¢) defines the holomorphic
vector bundle £_¢ over M associated to the principal tundle G—>M by the re-
presentation g_g of U.

For a holomorphic vector bundle E over a complex manifold, we denote by
Q(E) the sheaf of germs of local holomorphic sections of E. Let ¥ be the Weyl

group of g and Af the set of all positive roots of A;. We define a subset W* of
W by

W' = {oceW; c-}(A})C A},

For any set .S, we denote by #S the cardinality of S. The index n(c) of c€ W is
then defined by

n(o) = #(e(AT)NAT).
We denote by 8 the half of sum of all positive roots of g.

Theorem of Bott [3](cf. Kostant [7]). Under the notations defined above let
geD,. Thenif £+ is not regular,

Hi(M, QE_) =0  forall j=0,1, .

If 48 is regular, £+4-8 is expressed uniquely as E+38=o(\+-8), where €D and
oW, and

H(M, QE_¢)y=0  forall j%n(c),

dim H* (M, E_{) =dim V_, ,

where (p_y, V_, ) is the irreducible representation of G with the lowest weight —\.
We prove the following lemmas to restate this theorem in a form suitable
for our purpose.

Lemmal. Let(<D, If
(E-+8, B)*=0  forall BeA(nt),
then £-+38 is regular.

Proof. Let o be any root of Aj. Then we have (£, «)=0 and (§, a)>0,
so that (£+38, ¢)>0. Since A*=A] UA(n"), we get

(E+38, v)£0  forall yeA*.
q.e.d.

Lemma 2. Let EeD,. Assume that there are N\& D and o= W* such that
E+8=a(A+38). Then

n(o) = #{BeAm*); (§+3, B)<0} .
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Proof. Since o7!(A{)C A*, we have

n(o) = #{BeAm®); o }(B)<0} .

By the assumption
(48, a) = (A+5, 07 (a)) for acA.

Since A+38 is dominant and regular, o7!(a) is ncgative if and only if
(A48, 07 (@)) is negative. The conclusion now follows from these observations.

Theorem of Bott may be restated as follows by these lemmas.

Theorem 1. Let £=D,. If there exists a root o of A(M') such that
(48, a)=0, then

H(M, QFE ;) =0 for j=0,1, .
If there exists no root B of A(n*) such that (§-+8, B)=0, then

Hi(M,QE_;)=0  for j=*gq,
and
HY(M, QE_;)*0,

where g=4{B€ A(n*); (§4-8, 8)<0}.

1.2. Kostants results. We denote by T'(M) the holomorphic tangent
bundle of M and denote by T(M)* its dual bundle. Let L be a holomorphic
line’ bundle over M. Then it is easy to see that Q?(L) coincides with

»
QAT(M)*RQL), where AT(M)* is p-th exterior product of T(M)*. Since any
holomorphic line bundle over a Kihler C-space M is associated to the principal
bundle G—+M by a representation of U (Murakami [8]), we may put L=E_;
for EeD,. Itis known n* is invariant by the adjoint representation of U on g.
Hence p-th exterior product of n* has a U-module structure. Since n* may be
»
identified with the cotangent space of M at U, AT(M)*—M coincides with the
holomorphic vector bundle associated to the principal bundle G—M by the re-
»
presentation of U on An™.

From now on we assume that M=G/U is a Hermitian symmetric space of

compact type. Then n* is abelian. For any integer p=0, put

Wip) = {fecW'; n(e) = p} .
p
Kostant [7] has proved that An* is decomposed into direct sum:

» »
(1) Ant = 3V (AnY)_(gs-s) (as U-module),

cEWp)

where (An*)_(s.s5 denotes an irreducible U-module with the lowest weight
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—(c6—9).

Let S be a holomorphic U-module represented as follows:
S=We+t+W., for E€D,.

Denote by E the holomorphic vector bundle over M associated to the principal
bundle G—M by the representation of U on S.

Proposition 1.  Under the notations introduced above we have
!
dim Hi(M, QEs) = 2 dim H/(M, QE_y,)  for j=0,1, .

We recall the results of Bott [3] which are necessary to prove the above propo-
sition.

Theorem A. Let S be a holomorphic U-module, and let V be a holcmorphic
G-module. If Egis the holomorphic vector bundle over M associated to the principal
bundle G—M by the representation of U on S, then
multiplicity f V in H/(M, QE)=dim H'(u, g, Hom (V, S)) for j=0,1, -,
where Hi(u, g,, Hom (V, S)) denotes the j-th relative cohomology group of Lae
algebras w, g, with coefficients in the u-module Hom (V, S).

For g;-module T, 7% denotes the subspace of 7" annihilated by all Xeg;.

Theorem B. Let F be a u-module which, considered as g,-module, is completely
reducible. Then
dim H’(u, g;, F) = dim Hi(n", F)% .

Proof of Proposition 1. Let V' be a holomorphic G-module. Then by
Theorems A and B, we have
multiplicity of ¥V in H’/(M, QEg)=dim H/(n*, Hom (V, S))%: for j=0, 1, ---.
Since W_,, 1<i</, are irreducible 1-modules, the restrictions to n* of the
representations of 1t on W_., and W are both trivial. Hence

dim H’(n*, Hom (V, S)%
= dim (H’(n*, Hom (V, C))®S)%

— SYdim (H'(n", Hom (V, C))@W_)%

= ZI_,‘ dim H’(n*, Hom(V, W_¢,))8: .

By Theorems A and B
dim H(n", Hom (V, W_g))h= Zl] multiplicity of V' in H'(M, E_)

for j==0, 1, ---. q.e.d.
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The following theorem follows immediately from (1) and the above propo-
sition.

Theorem 2. Let M be a Hermitian symmetric space of compact type. Assume
that E_¢, E€ D, is a line bundle over M. Then
dim HY (M, Q*(E_y)) = 2 dim HY(M, QUE_(s5-p+p))
cewi)

for g=0, 1, - .

Theorem 2 shows us the importance of the study of the structure of W*
for our purpose.

2. Vanishing of HY(M, Q*(L))

We retain the notations and assumptions introduced in the previous section.

Assume that M is an irreducible Hermitian symmetric space of compact
type. Then G is simple and there exists ;II such that II,=II—{a;}. Let
{wy, +**, ©;} be fundamental weights with respect to II={ay, -**, a;}. Then
any holomorphic line bundle L over M is isomorphic to E_,, for some integer
k, since any 1-dimensional representation of g, is induced by a representation of
the center of g;.

2.1. The case that M is of type BDI i.e. a complex quadric. Put
dim M=n. The Dynkin diagram of IT is as follows:

© O— +o- —O——O=3=0 if n=2—1(22),

o, o, (o %] Ay 24}

[2 458
@——o—w<z if n=2l-2(z3),
‘o (273 Ay-p a

where o,@ shows that o;=a;. Let {€;i=1, -, I} be a basis of §j, which
satisfies (€;, £;)=39;;. 'Then, we have:

{{i(e,-iej); 1Si<j=l, & 1<i<ly,  if n=20-1,
{(&:¢); 1=i<j=1}, if n=21-2,
{a;=6—6:1; 1Zi<1—-1, a,=¢€}, if n=21—1,
{a.=6—¢4; 1=i<1-1, a=E&_+&}, if n=21-2,
({a£€,; 25j<l &}, if n=21—1,

An*) = -
"0 feey 25, i =22,

-

w, =&,
B {(21—1)81+(21—3)62+---+£, if n=20—1,
—l2g—1)e4-2(0—2)64 426, if n=21—2.
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An element o€ W acts in b, by ¢€,=-+E&,;) for 1=<i</, where o in the
index is a permutation of {1, 2, --+,l}. We represent this element o W by

( 1 2 / )
+o(l) +o2) - F+a())/.
Then

o) iy o+ 4, s(oe)=+41
( 1 2.-1—1 1 0<s, <<y =1
eEW;ol = . .
{0' 7 (s(o‘)i Iyl S(o')’l)’ s(o)=+1 }
if n=21-2.

: 1 2\ 0<iy< <y <1
J-{UEW;O'”:(() ) k< <”*} if m=20—1

Wt =

An element o< W' is determined by 7 and (o), and its index n(s) of o is
given by

( [ i—1 if s(o)=1,
M) = o1y i so)=—1
Furthermore for o = W, the values of (ch ~~~—) (B A(n*)) are as follows.
(8), (8)
If n=20—1,
s(o)=1
| 26 Y |
A(n™*) ‘ (06, (ﬂ)) \
&1—€y —@E-1) ‘[
€1—¢&3 -‘(1 2) {
& —¢&; —1 \
| €141 1 {
| €1—€j42 2 i
E1—¢y i 1—1 1
e ¢ \r [—i+1 ‘
| €1+51_1 ‘ l_i+2 ‘
ebeny | 202 i
& | 21—2i+1 }
e1te; ‘ 2—2i+2 ‘
ete | 2—i ‘

For ce W', s(o)=1, we put
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“;{—;n:a:iﬂew“

Then we see casily the following:
(0-‘_8, 81+86k) = —(0'8, El—EEk) y

where &==-+1 and 2=<k=I. Therefore the case: s(¢)=—1 is omitted.
If n=21—-2,

s(0)=1 s(@)=—1
1< 1=1

| - - T T s ) I 7 ]
‘ A 28 28 28

* 0, =F + 0, =2 | + 5. A
el i (> &) @ | (0 g) [ e (g
q—e | —G—1) e—ep | —2+it+l a—e | —(-1)
e1—e&q [ —@(—2) PR —20+i42 e1—e; —(-2) |
6 —&; 1 ei—e; —22i—1 fi— 2
leg—&, l 1 E1—Ej41 —2/+2i+1 E1—&; | 1
E1— €1 | 2 €1—Ej40 — 2142142 e1-+¢ | —1

o i . e €1 “ 2
a—e | 1—i &1—¢€; —(—1) e1teg | 3
e e ‘ l—i e1t¢ — (=) [
@16ty | I—i k1 eteoy | —(—i=1) | be -1
e14t €1 } 2t—2i—1 &1t€is1 -1
et+e, 21—2i+1 lerte, 1
exteiy 1 20—2i42 1€ 2
€1+ €, ! 2l—i—1 €1 €9 i—1

Furthermore we have

28 ko if B=¢&4+¢, 25j=1,
<k(1)1, ) = .
(B, B) 2k if B=¢,.
Let o= W' Take an integer k£ which is not equal to —(—w“—%)) for all
o )

BeAn*). Put g=#{B=A(n"); (¢8+kw;, B8)<0}. Then by Theorem 1 we
have

H(M, QB _ysssay) = 0,  forall jagq,
Hq(M’ QE—(D‘S—S‘,ZOJI)) + 0 .

Thercfore we obtain the following theorem by Theorem 2.

Theorem 3. Let M be a complex quadric of dimension n, n=3. Then the
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group H (M, Q*(E_,,,))=0 except for the following cases: (i) g=0 and k> p, (ii)
p=q and k=0, (iii) p+q=n and k=2p—n, (iv) g=n and k< p—n.
2.2. The case M is of type EIII. The Dynkin diagram is:

al 013 a4 a5 aS
O—0o—0—0—0

@
a,

where a,© shows that a;=q, in this case. We have #(n*)=16 and $W'=27.

We express Bzi}m,a;eA(rﬁ) by (mmmsmmsms). For o of W', we put
i=1

ad=(nmmnnsmsng) if o= 2”:“’;‘- Then we give the values <a-8, (—%,“8@> for

o= W!and B A(n*) by Table 1. From Table 1, Theorems 1 and 2, we obtain
the following theorem.

Theorem 4. Let M be of type EIII. Then the group H'(M, Q*(E_,,))
vanishes except for (p, q, k) listed in Table 2.

Table 2
P q=0 1=9=15, (a, b) shows {;:n und‘;e=b (;2764“#
0 k1 | ke—11
Ly E>1 a, 0) r<—11 |
| 2 r>2 (2,0), (14, —9) o k< —11
3R 3,0), (15, —10) o k<—11
4 ess 4,0), (12, —6), (15, —9), (15, —10) k< —11
- 57” hs g,s’o),_l(%,)z), s, —8), (15, —-9), h< —11
6 | E>6 i 8 3 2. 8, 40, —3), 14, -7, k<—10
7 E>7 7,0, (,6), (2,5), (14, —6), (15, —8) k<—9 |
R E?Z;,O)iél),' 31)4({% 2, 6), (14, —3), ks i
9 k>9 9,0), (1, 8), (2,6), (14, —5), (15, —6) k<—7
10 E>10 8(’: 0, (f’ 8)" @9, 2,7, (6, 3), k<—6
11 k>11 (11,0), (1, 8), (1,9), (1,10), (13, —2) k<—5
12| e (12, 0), 1, 9), (1, 10), (4, 6) he—4
13| > 13, 0), (1,10) *7[ k<—3
14 E>11 (14,0), (2,9) - Wv k< —2
15 E>11 (15, 0) } k<—1
e en | | k<1
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where 08, o= W, and B A(n*) are expressed as follows:

’006 ‘(111111)\ ' & | @o0o0000)
X (-1 12111) ‘ﬁef(lmoooﬂ
| o | (=2 11211) | 85 | 101100 |
| o8 (=3 21121) [ Bs | 101110 |
od | (=4 31112 L Bs 111100 |
68 | (=4 11131) | Iﬂe 101111)
050 (=5 41111) | B | 111110
050 (=5 21122 Bs 111111)
0 | (=6 31121) Bs | 11121 0)
08 | (—6 1121 3) Bo| A11211)
20 (=7 21212 Bl 112210
o/ | (=7 12114) | Bz | 112211)
040 (—8 11311) Bz | 111221)
o/ | (—8 2211 3) B | 112221)
o8 | (=7 1111 5) Bis | 112321)
00 (=9 12212 Bis | 122321)
o0 | (=8 21114 ‘

| od | (=9 1121 3)

o® | (—1013121)

oud | (=1114111)

owd | (—1012122)

00 | —(1113112)

0d | (=1011131)

owd | (=1112121)

0ud | (=1111211)

o0 (-1121111)

foed | (S1111111) \

ReMARK. In this case the structure of ! is given by N. Iwahori (Takeuchi

[oD-
2.3. The case M is of type EVII. The Dynkin diagram of II is:

(24} a3 Q4 s Ag oy
O O—0 O O0—O)

Qa,

where o,© shows that a;=a; in this case. We have §A(n*)=27 and §W*=56.
We express 8 of A(n*) and o8 for c= W"' in a similar way as in 2.2. Then the

values <<78, (BZB :3)) for ce W' and B A(n*) are as in Table 3. From Table

3, Theorems 1 and 2, we obtain the following theorem.
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Table 3—continued

109

the numbers which do not

N J B B B Bm Bu Bu Pum Pu P Pum Bu | e numbers which do

000 10 11 11 12 12 13 13 14 15 16 17

010 9 11 10 12 11 11 13 14 15 16 17 |0

020 9 10 10 11 11 13 12 14 15 16 170

03 $8 9 10 11 11 12 12 13 15 16 17 |0, 14

040 8 9 9 10 11 11 12 13 14 16 170,15

050 7 8 8 9 10 11 12 13 14 15 170, 16

PR 8 9 9 10 10 11 11 12 13 16 1710, 14, 15

00 7 8 8 9 10 10 11 12 13 15 17| —2, 0, 14, 16

0g'0 6 7 7 8 11 9 21 13 14 15 160, 10

o0 6 7 7 8 10 9 21 12 13 15 16| —3, 0, 14

a0 6 7 8 9 9 10 11 11 13 14 17| —4, 0, 12, 15, 16

05 5 6 7 8 9 9 10 11 13 14 16| —s5,0, 12, 15

g’ 6 7 7 8 8 10 10 11 12 13 17| —6, 0, 14, 15, 16

o0 4 5 7 8 8 9 9 10 13 14 15|35 —6,0, 6, 11, 12

0’0 5 6 6 7 8 9 9 11 12 13 16| —7, 0,1 0, 14, 15

0g’0 s 7 6 8 7 9 9 10 11 12 17| —8,0, 13, 14, 15, 16

0100 4 5 6 7 7 9 9 10 12 13 15| _8 —6, 0, 11, 14

0100 4 6 5 7 7 8 8 10 11 12 16| —9, 0, 13, 14, 15

0| 5 6 6 7 7 8 9 9 10 11 170, 12, 13, 14, 15, 16

0110 4 5 5 6 6 9 8 10 11 13 14| _-8 -9 0,8, 12

) 3 5 5 7 6 8 7 9 11 12 15|_-10, —7, —3, 0, 10, 13, 14
o | 4 5 5 6 7 7 8 9 10 11 16]0, 12, 13, 14, 15

0120 3 4 4 5 5 9 8 10 11 12 13| __10, —9, —8,0, 7, 8

01270 3 5 4 6 5 8 6 9 10 12 14|11, —9 0,2, 11, 13

01270 3 4 5 6 6 7 7 8 10 11 15| _8 —4,0,09, 12,13, 14

0130 2 4 3 5 4 8 7 9 10 11 13| __12, —10, —9, 0, 7, 12

015"0 2 5 3 6 4 7 6 8 9 12 13|_12 —11, —6, 0, 10, 11

09| 3 4 4 5 5 7 7 8 9 11 14|_10, 0,10, 12, 13

0140 1 4 2 5 3 7 6 8 9 11 12| _13 —12, —10,0, 10

01470 2 3 3 4 4 7 6 8 9 10 14|11, —10,0, 6, 11, 12

oW 2 4 3 5 4 6 5 7 8 11 14| _12 -7 0,09, 10, 12

0150 2 3 3 4 4 5 ¢ 6 7 11 12)_.8 _70,8,09, 10

01570 1 3 2 4 3 6 5 7 8 10 12|13 —11, —2, 0,9, 11

o | —1 3 1 5 2 6 5 7 9 10 11| _14, —13, —12, —9, 0, 4, 9
0160 1t 2 2 3 3 5 6 6 7 10 11|12 —8,0,8, 9

ogd |—1 2 1 4 2 5 4 6 8 9 11|_14 13, —10,0,3, 7, 10
o |—2 3 —1 4 1 5 5 7 8 9 10| _15 14, —13, —12, 0

o6 |—1 1 1 3 2 4 6 5 7 9 10| _14, —11,0,6,8

0/8 | —2 2 —1 3 1 4 4 6 7 8 10| __15 —14, —13,0, 9

o/% | —3 3 —2 4 -1 S5 5 6 7 8 9 |_16, —15 —14, —13, —12,0
080 | —2 —1 1 2 2 3 5 4 7 8 9 |_12 —11,—6,0,5,6

od |—2 1 —1 2 1 3 3 5 6 8 9 |__15 —14, —10,0, 7

0% | —3 2 —2 3 —1 4 4 5 6 7 9 |__16, —15 —14, —13, 0, 8
o0 | —3 —1 —1 1 1 2 4 4 6 7 8 |_15 —12,0,5

o | —3 1 —2 2 —1 3 3 4 5 7 8 | _16 —15 —14,0, 6

020 | —3 —2 —2 —1 1t 1 3 4 5 6 7 |_14,0,3

00 | —4 — —2 1 —1 2 2 3 5 6 7 | _16, —15, —12,0, 4

00 | —4 —3 —3 —2 1 —1 2 3 4 5 6 | _10,0

050 | —4 —2 —3 —1 —1 1 1 3 4 5 6 |_—16, —14,0,2

03 | —5 —3 —4 —2 —1 —1 1 2 3 4 5 | _16,0 !
0220 | —4 —3 —3 —2 —2 1 —1 2 3 4 5 |15 —14,0 ’
Opd | —5 —4 —4 —3 —2 —1 —1 1 2 3 4 |_150

Opd | —6 —5 —4 —3 —3 —2 —2 —1 1 2 3 | _14 0 |
000 | —6 —5 —5 —4 —4 —3 —3 —2 —1 1 2 |9 ,
o0 | —7 —6 —6 —5 —5 —4 —4 —3 —2 —1 1 g “
Oyd | —8 —7 —7 —6 —6 —5 —5 —4 —3 —2 —1 !
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Theorem 5. Let M be of type EVII. Then the group H'(M, Q' (E_,,))=0
except for (p, q, k) listed in Table 4.

Table 4
» A 15q=26, (a, b) shows g—a and k—b L g=27 /[
0| k1 k<—17
1 k1,0 B k17
2 2 @, 0) - k<—17
3 k23| G,0), (24 —14) 7 k17
4 E>4 (4, 0), (25, —15) 7 k<17
5 E>S (5, 0), (25, —14~—15) N P
6 | k6 6,0), (4, 2), 21, —10), 25, —14), @6, —16) | k<—17
7 | G068 w D e 12,05 19, k17,
8 E>8 (8,0, (2, 6), 3, 5), (24, —12), (26, —14~—-16) k< --17
R A A N S e
10 5510 (;o’ 91(13& @, 8), 3, 6), (24, —11), e |
=TI T YL M A T
12w e O s, iy, a6, (1512_~2)—14L RS
L I O Y iy o Sy A e B e
Mk 8“ 0, 9(1121‘0‘)1%)26(2_11?:2) ()5 7,22, —6), k<—13
B 88 D 2t 8y, (25 B 10 (56, A1) D k<12
16 | k>16 82 0, (T (%§~_158),~(3 91)?) (3’ 10), )(5 8), (20, =3), | p—_ 11
17 E>17 82(2()1 12~16), (3, 11), (24, —6) (25, —9), he 10 }
18 | k>17 | (18,0), (1, 13~16), (3, 11~12), (4, 10), 9, 6) k<—9 |
19 | k>17 | (19, 0), (1, 14~16), (3, 12), (24, —5), (25, —6) k-8 |
20 E>17 | (20,0), (1, 15~16), (2, 14), 3, 12), (23, —3),(24, —4) | k<—7
21| k17 | L 0), 1, 16), 2, 146, 10), (23, —2) k<—6
2 | E17 | (22,0),(1,16), 2, 14~15) o k<—5
3 p>17 (23, 0), (2, 15) o k<—4
4 k17| 240), G 14) B P
25 | k517 | 25,0 ke
26 17 | @60 ket
| 2 ' E>17 - k<1
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where o8, s W?, and B A(n*) are expressed as follows:

Gog (1111111 | Bi | 0000001)

0 111112 —1) ‘

o M11121 2 . B | 0000011
0,0 122111 —4) | Bs | ©O001111)
0556 gi‘;:“—; " Bs | ©101111)
g’ —
060 222111 —6) ; Bs | 0OO011111)
0g'0 141111 —6) B O111111)
;0 132111 —7) Bs | 1011111)
078 311211 —7)
6 | 221211 —8 | Ao | 0112111
040 111311 —%) Bl 0112211)
09’66 g“”;—g; Biz| 1112111)
0,9// o |
A 211221 —10) Bis | 0112221)
0wd | (421112 —10) L Bl d112211)
010" 611111 -9 Bis | 1122111)
md 1213710 B | 1112221)
o Gai111 10 Bu | 1122211)
0120 111141 —12) | Bis| 1122221)
"12’% Ei}féff*}f; Bis | 1123211
0% —
aija 211132 —13) B | 1123221)
61570 (113113 —13) Bar | 1223211
08 | 31212112 | Bz | (1123321)
"14?6 (;1“%?_}‘3‘) [ Bos | (1223221)
s 2213112_133 B | 1223321)
0150 114111 —13) Bss | 1224321)
015:% g}f;fi—}g ‘ Bas | 1234321)
015" — 1
od 113121 —14) | B | 2234321
08 | (211213 —15)
08 | 121115 —16)
0170 (212212 —15)
o8 | (221114 —16)
o8 | 111116 —17)
0160 111311 —15)
0Wd | 122113 —16)
o3 | 211115 —17)
0160 (121212 —16)
0® | 112114 —17)
Oa0d (131121 —16)
00 | 111213 —17)
02,0 (141111 —16)
0’8 | 121122 —17)
0220 131112 —17)
023 | (111131 —17)
0350 (121121 —17)
0240 111211 —17)
0250 1211117 |

| 096 11111 —17) |

| 11111 —17)
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ReMARK. In this case the structure of W! is given by T. Yokonuma
(Takeuchi [9]).

2.4. Other cases. If M is of type AIII, DIII or CI, it is not known com-
pletely when the groups H(M, Q?(E)) vanish. In this section we consider the
case when p is equal to 0 or 1.

We denote by K, the canonical line bundle of a complex manifold N. If
N is an irreducible Hermitian symmetric space M, there exists an integer A such
that K M:E,\‘,,I.. Further we know

r=2 X (B a)la;a))
EEINC)

(Borel-Hirzebruch [2]). Applying this formula, we may calculate A for each
type and get the following table.

AIlIl SU@m+n)/S(Um)x U(n)), »=m+tn,

DIII  SO(2n)/U(n), A=2n—2,
CI  Sp(n)/Um), A=n+l,
BDI  SO(n+2)/SO(2)x SO(n), A =n,
ENI  E,/Spin(10)x T", A =12,
EVIL E,Ex T, A=18.

Theorem 6. Let M be an n-dimensional irreducible Hermitian symmetric space
of compact type. Then the group H*(M, QE_,,,)=0 except for the following cases:
(1) g=1 and k=0, (ii) g=n and k< —\.

Proof. By the theorem of Bott, we get

(2.1) H(M, QF_,,) % 0 if k=0,
2.2) H(M, QE_,,)=0 for j>0, if k20,
(2.3) H(M, QF_,,) =0 if k<O0.

By Serre’s duality theorem, we have
dim H'(M, QE_,,)) = dim H"~"(M, QK4 QE,.))) -
Hence we obtain, from (2.1) and (2.2)

(2.4) H'(M, QE_,,) * 0 if k= —x,
(2.5) H/(M, QE_,,)=0  for j<n, if k<—X\.

We note that E_,,,_ is positive if 2>0. Then by Kodaira’s vanishing theorem,
we sec

(2.6) H(M, QE_,,)=0 for j>0, if k>—\.
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The conclusion follows from (2.1), (2.3), (2.4), (2.5) and (2.6).

Remark. If M is a Kihler C-space whose 2nd Betti number is 1, we get the
same conclusion in the same way as above.

Theorem 7. Let M be an irreducible Hermitian symmetric space of compact
type. Assume that M is not P,(C), Sp(2)/U(2), SO(6)/U(3) or SO(8)/U(4). Then
the group H'(M, (Q'E_,,,))=0 except for the following cases: (i) =0 and k>1,
(11) g=1 and k=0, (iii) g=n and k< —n-+1.

Proof. We may assume that M is of type AIII, CI or DIIT by Theorems 3,
4 and 5.

It is known

n(c) = min {k; o =7, T

(5 Cypy

a, 11} for c&W,

where 7, denotes the symmetry with respect to «A. Therefore by the defini-
tion of IW'(1), we have

Wi1) = {7} .
Since 7, §=8—a;, we have by Theorem 2
(2.7 dim H'(M, QE_,,,)) = dim H'(M, UE ;-4 p)) for ¢=0,1, ---.
1. The case M=SU(I41)/S(U(j) x U(l4-1—j)) for 1<j<[. The Dinkin

diagram of IT is:

) aj-l (64 a),l (o4}

I+1

We may assume that 0, is the set of points ()& R"*! such that > x,=0. Let
=1

{&:} !} be the natural basis of R'*.  Then

At = {g—&;; 1Si<j<I+1},

= {a;=8&;i=1,2, 1},
;= &t 1€,

8= 181+(l—1)52+“'+251—1+51,
A*) = {&,—¢&; 1Sssj<t=I+1} .

It follows that

{(a—a]., (78%%) . Be A(n+)} — {1, 1,2, 0}
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Further if B A(n") satisfies <8—a1, C@%)z —1, then B=a,. Therefore

the conclusion follows from Theorem 1.
2. The case M=Sp()/U(l) for I=3. The Dinkin diagram of II is:

o a; -y Qg

where @@ means o, =a;. Let {£}il]l be the basis of h, which satisfies
(€, €)=8,. Then

AT = {&,+¢€,; 1Si<j=I, 26,5 1<i<1]},

= {a,=8&—8&, o, =E&,—&, a= 2},

w, = E+E+ €,

o= 151+(l“1)82‘|‘"“|‘251—1+51 ’

A(n") = {6+€,; 1Si<j<I, 265 1<i<I}.

Hence we have
{—=2,1,2, 201,21} if >3,
{8—ay, B); BeA(n™)} ={

{—2,1,2,4,5, 6} if 1=3.

Further if B3 A(n) satisfies (6—a;, B)=—2, then B=q,. Since (kw,, B)=2k,
Be A(n*), the conclusion follows from Theorem 1.
3. M=S02]U(l) for I=5. The Dynkin diagram of II is:

-y

a, (24 [0 7B’ a; -

where o,© means a;=a;. Let {6},L, be a basis of §, such that (¢, £;)=3§

Then

=040

At = {646, 1=i<j<]}

M= {oy=&—&, ~, oy, = E1—E&, ay = &, +&}
w; = %(51+52+"'+51) )

8 = (-1, +(I—2)&++--+&,_,,

A7) = {&+¢€,; 1Si<j=1}.

Hence we have

{6—an B); BeAMM)} = {—1,1, 2, -, 21—3},
(kwy, B) =k for any BeAmnt').

Further, if BeA(n") satisfies (§—a;, 8)=—1, then B=q,. The conclusion
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follows from Theorem 1. q.e.d.

ReEMARK. Assume that M is one of the following Hermitian symmetric
spaces of compact type. Then the group H'(M, Q*(E_,,,))=0 except for the
following cases:

Sp(2)/U(2)

SO6)/U(3)

(i) =0 and k>1, (ii) ¢g=1 and k=0,
(i11) ¢=2 and k=—1, (iv) g=3 and k< —2,
(i) ¢=0and k>1, (ii) g=1 and k=0,
(ii1) g=3 and A< —2,
SO(8)/U(4) (i) ¢=0 and k>1, (ii) g=1 and k=0,
(ii1) g=5 and k=-—4, (iv) ¢=6 and k< —35.

3. Hypersurfaces of Hermitians symmetric spaces of compact type

We retain the notations and assumptions introduced in the previous sections.

Let V be a hypersurface, that is closed codimension 1 complex submani-
fold, in an irreducible Hermitian symmetric space M. Taking a sufficiently
fine finite covering {U} of V, V' is defined in each U, by a holomorphic equation
s;=0. We associate with V' the complex line bundle {V'} over M determined by
the system {s,} of non-vanishing holomorphic functionss ,=s;/s, on U;N U,.
There is an integer d such that {V}=E_,, . Since {V'} has a holomorphic
section, d>0. We call d the degree of V. If M=P,(C), this definition coincides
with the usual definition of the degree of the hypesurface of P,(C). We denote
by © (resp. Q) the sheaf of germs of holomorphic vector fields (resp. holomorphic
functions) on V. We shall compute the dimensions of H*(V, ®) and H(V, Q).

By Serre’s duality theorem, we have

dim H(V, ©) = dim H"(V, Q'(K)).

Denote by E|, the restriction to V" of a holomorphic vector bundle E over M.
Since K, =(K,® {V})|y, we have
(3.1) dim HY(V, ©) = dim H*(V, Q(E-(-r, 1)) -

Let us recall the following vanishing theorem of Akizuki-Nakano [1]. Let L
be a holomorphic line bundle over a compact complex manifold V. Then we
have

(3.2) H'(N, QL)) =0 for p+q=n+1, if L is positive.
Therefore we get

HWV,8)=0 if d>x,
by (3.1).
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Theorem 8. Let M be an irreducible Hermitian symmetric space of compact
type BDI, EIII or EVII, and let V be a hypersurface of M whose degree is d.
Then we have

H(V,8)=0 if d=2.
The following lemma follows from Theorems 3, 4 and 5.

Lemma 3. Let M be an n-dimensional irreducible Hermitian symmetric space
of compact type BDI, EIII or EVII. Then we have

HY(M, QNE_,,)) =0, H'" (M, Q(E_q_p.,)) = 0
for p+g=n+2, k=pd—N\ if 2< p<n and d=2.

Proof of Theorem 8. Recall the pair of exact sequences (Kodaira and
Spencer [6]).
o ___)Hq'-l( V) QP(E-—km] | V))—)Hq(M, Q”p(E_km.))_)Hq(M) Qﬁ(E*quj))' > )
= HY(M, Q"E )= H(V, Q' E_ -0, | V) H (M, Q(E--00,)) =" s
where Q”?(L) is the kernel of the canonical map of Q?(L) onto Q*(L|,) for a

holomorphic line bundle L over M. We see from the above pair of exact se-
quences and Lemma 3 that

HY PV, QB (g 0y )= HY (M, QHE y 00,))=0
H' (M, QB 0,)) > H PV, Q0B yorianing 1)) =0
Thus H**(V, QB u-n1, |v)=0 implies H*"**(V, Q2 (B pa-v; 7))

=0, while we have H'(V, Q(E_(,4-ru,;1v))=0 by (3.2). Hence we obtain
H'(V, Q(E_ -2y lv))=0. g.e.d.

ReEMARK. The above proof is motivated by Kodaira and Spencer [5].

Let N be a complex manifold and let W/ —N be a holomorphic vector bundle
over N. Assume that V' is a hypersurface of N. We denote by Q(WIV) the
trivial extension of Q(W|,) to N. Then we have the following exact sequence
(Kodaira and Spencer [6])

(3.3) 0—QWR{V}) = QW)—QW],)—0.

Assume that V is a hypersurface of M with degreed. Itiseasy tosee that the
normal bundle of V' is equivalent to {V'}|,. Hence, by Kimura [4], the nullity
of I as a minimal submanifold of M is given as follows:

(3.4) n(V) = dimg H(V, Q({V}],)).

Denote by C the trivial line bundle over M. Then, by (3.3), we have the exact
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sequence:

0—Q(C)=Q({F}H)—Q{(V},)—0.
Since H'(M, Q(C))=0,
dim H(V, Q({V'} |y)) = dim HY(M, Q({V'}))—1.
Since {V}=E_,, , we get
dim H(M, Q({V'})) = dim V_,,,,
by the theorem of Bott. Therefore,
(3.5) dim H(V, Q({V'}|y)) = dim Vg, 1,

and by (3.4)
w(V) = 2(dim V_,, —1).

We prove the following lemma.

Lemma 4. Let M be an irreducible Hermitian symmetric space of compact
type of dimension>3. Assume that M is not P,(C), Sp(2)/U(2), SO(6)/U(3) or
SO(8)/U4). Then for a hypersurface V of M, we have

dim HY(V, (TQ(M)|,)) = dim H(M, QT(M)),
H(V, (T(M)]y)) =0.

Proof. We have the exact sequence:
s H'(M, Q(T(M)RE,,,))— H' (M, QT(M))~H'(V, (TAM) )~ -+
by (3.3). On the other hand, by Serre’s duality theorem
dim H'(M, QT(M)RE,,,)) = dim H* (M, Q(E_(;-r,)) -
Hence, since H'(M, QT(M))=0, j=1, 2, the lemma follows from Theorem 7.
From this lemma we get the following.

Theorem 9. Let M be an irreducible Hermitian symmetric space of compact
type of dimension>3. Assume that M is not P,(C), Sp(2)/U(2), SO(6)/U(3) or
SO(8)/U(4). Then for a hypersurface V of M, we have

dim H(V, ©) = dim H(V, {V} | )-+dim H(V, ©)—dim H(M, QT(M)) .
By Theorems 8, 9 and (3.5), we obtain the following theorem.

Theorem 10 Let M be an irreducible Hermitian symmetric space of compact
type: BDI, EIIl or EVII, and let V be a hypersurface of M. Assume that
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dim M >3 and the degree of V >2. Then we have
dim H(V, 8) = dim V_,,,—dim H(M, QT(M))—1.
Finally the following theorem follows from Theorem 6.

Theorem 11. Let M be an n-dimensional irreducible Hermitian symmetric
space of compact type, and let V be a hypersurface of M with degree d. Then the
group HY(V, Q) vanishes except for the following cases:

g=0 or n—1 if d=n\,
g=20 if d<x.

Proof. By Serre’s duality theorem we have
(3.7) dim H(V, Q) = dim H* "V, UE_4-n0, | v))

for ¢=0, ---,m—1. On the other hand, by applying (3.3), we obtain the exact
sequence:

(3.8) = HI(M, Q(EM,].))—>H"(M, Q(E_(d_m,))
> HAV, QB gy | 1) =+

It follows from Theorem 6 that:

HY(M, Q(E)\wi))zo, for ¢=20,1, ,n—1,
H"(M, Q(E\.)) +0,

H'M, UE_;-».;) =0, forany ¢, ifd<:,
H'M, UE_-r.;) =0, for ¢>0, ifd=n,
H(M, Q(E_(s-ra;) F 0, if d=x.

Hence the theorem is obtained by (3.7) and (3.8).
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