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1. Introduction and statement of results

Let G be a compact connected Lie group and H a connected closed
subgroup of G. We can consider G a differentiable H-manifold as follows. A
differentiable H-action on G ady: H X G—G, called the adjoint operation of H
on G, is defined by

ady(h, g) = hgh™  heH, geG.

Then by (G, ady) we denote the manifold G together with the adjoint operation
ady.

The purpose of this paper is to calculate K 4-group of (G, ady) for (G, ady)
=(U(n), ady) and (SU(n), ad ;) when H is of maximal rank, where U(n) and
SU(n) are the n-dimensional unitary group and special unitary group respectively.

Let G denote U(n) or SU(n) henceforth and V the standard #-dimensional
G-module over the complex numbers C. Moreover, when we regard the
G-module V as an H-module, let ¥V denote a trivial H-vector bundle with a

fibre V over G and h‘(Z) the i-th exterior power of V for i=1, 2, -+, n. Then
we can define an H-automorphism 8{ of A/(V) by

0i(g, 2) = (& M(&)(?)  2€G, zen(V)
which can be easily check to be compatible with the action of H on A#(V). Hence
67 determines an element [A\/(V), 6], which we shall also write 6% in KXG,
ady) (See [3]). In particular, ¥ =0 in case of (G, ad ) =(SU(n), ady) because
AY(g)=det g=1 for any g SU(n) and so the automorphism 67 is the identity
map of A*(V).
In this note we prove the following

Theorem 1. When (G, ady)=(U(n), ady) or (SU(n), ady) and H is a
connected closed subgroup of G which is of maximal rank,

K¥G, ady)=Ar (01, 0%, -+, OF)
as an algebra over R(H) where 05 =0 in case of (G, ad z)=(SU(n), ad i) and R(H)
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1s the complex character ring of H.

L. Hodgkin [2] has stated a more general case of this theorem without
proof.

In the following sections we discuss only the case of (G, ady)=(U(n), ady)
as we can compute K#(G, ady) analogously in case of (G, ady)=(SU(n), ady).
2. (T(n), @, U(n—1))-bundle

In this section, we prepare some results, which will be applied in §3.
The standard maximal torus T(n) of U(n) is

Ay
7‘2. eUm)neC,i=1,2, -, np.
An

Let p;, 1<i<mn, be the 1-dimensional complex representations which are given
by the ¢-th projectionT(n)— U(1) defined by

Ay

A

and let us denote the representation space of p1'p,@Ppi'p,P-:- Dpi'p, by W.

We identify U(n— 1) with a subgroup 1 X U(n—1) of U(n). Then U(n—1)
is a closed T(m)-invariant submanifold of (U(n), adrc,) and hence the
homogeneous space U(n)/U(n—1) becomes a T(n)-manifold. When we denote
the unit sphere of COW by S(CPW), we can define a map

7 : U(n) — S(CHW)

by n(A)=wv, for any A< U(n), where v, is the 1 column vector of A. Then
= is a T(n)-equivariant map and furthermore induces a T'(n)-isomorphism

Un)|Un—1)~S(CDW).
Now if we define a homomorphism

a : T(n) — Aut(U(n—1))
by a(t)(u) = tut™ teT(n), uc U(n—1),

then we see easily the fdllowing

Proposition 1 (See [4]). 7= : Un)—>S(CHOW)is a(T(n), a, Un—1))-bundle
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in the sense of T. tom Dieck.
Put
S(CHW) = {(21 2, -+ 2)EC| 2,2+ |2, 1%+ -+ + | 2,2 = 1}
and
Dy = {(2,, 2, -+, 2,)ES(CHOW) | (1 £ 1)w <2arg 2, <(3x 1)z}

respectively. Then Dy are closed T(n)-invariant subspaces of S(CHW) such
that
(2.1) S(Ce&W) = Df UDy

and moreover since T(n) acts on the 1% vectors of n-tuples of S(CP W) trivially,
Dx are T(n)-contractible to (1,0, ---, 0) respectively by 7T(n)-homotopies H* :
i X I—=D¥ defined by

(€%, 2,y -+, 2,) 0<t<s

H*((2y, 5 24), 1) = {(\/1_(Z_Zt)Z(l_72),(2—2!)2’2,'“,(2—-2t)z,.) §<t<1

where r=|z,|and (t)=(1—2t) arg 2,+(2z+2x)t. Therefore the restrictions
of 7 : U(n)—S(CPHW) onto DT are trivial (T'(n), @, U(n—1))-bundles over Dy
from the homotopy theorem of [4], §4 and so there exist isomorphisms of (T(n),
o, U(n—1))-bundles

(2.2) 8* 1 (DY) =~ Dy x U(n—1).
Then we see that §* induce isomorphisms
(23) K (D¥)) = Koo(DF x Un—1))
= K%(n)(D%)R(%))K¥(n)( U(n— 1))

by the T(n)-contractibility of D5.
Next we devide Df N D1 into two closed 7'(r)-contractible subspaces Dz
where

¥ = {(r, 20, 2) ES(CHOW)|rER, £7r>0}.
Then
(2.4) DiNDi = D3 UD; and D;N D5 = S(W)

as T(n)-spaces. 'The restrictions of 8 (or §7) onto Dy and S(W) are T(n)
-isomorphisms

7 (D) ~ Dix U(n—1) and = (S(W)) ~ S(W)x Un—1)
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and induce isomorphisms
(2.5) Kfan(n (D)) == Kf(Dz X U(n—1))
= K}.(D7) & Kfq(Ur—1))
R(T(n)
since D3 are T(n)-contractible.
Here we consider the following diagram

1*®1
K¥(P) @ Kinm(Un—1)) 225 Kfo(W) @ Kiam(Un—1))
R(T(n)) R(T(n))

& 1 &2
Kf,(PxUm—1)) p K »(Wx U(n—1))

2%

in which @+ and @, are the Thom isomorphisms for trivial 7T(n)-vector bundles
W—P(=a point) and W X U(n—1)—U(n—1) respectively and £;,i=1, 2, the
homomorphisms induced by the external products. Then, since the diagram
is commutative and £, is an isomorphism we see

(2.6) £, Kfn( W)R(%))K¥<n)( Un—1))—=>KF (W x Un—1))

is an isomorphism.
Finally we prove the following

Lemma 1. K#%,,(S(CDW)) is an exterior algebra over R(T(n)) with one
generator g satisfying

7H(g) = Xhiua( — 1)'pi 07,

Proof. We observe the exact sequence of the prir (D(CHW), S(CHW))
where D(CPW) is the unit disk of COW. Then we see that K, (S(CHW))
is a free R(T(n))-module generated by § *A¢ew from the exact sequence

0 = Kb(D(COW)) = Kb S(CBW)) 2> K2 (COW)
P
— Ro(D(COW)) =0 K3(P)

where § is a coboundary homomorphism, @4 the Thom isomorphism for the
trivial T'(n)-vector bundle CQW —P(=a point) and Acew=@x(1), and also we
get

Ryl SCOW)) = 0
since K3o(D(COW))=Ki,(CPW)=0. Therefore,
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2.7) K¥,(S(CEW)) = Arcrenn(8  Ncow)
as an algebra over R(T(n)).
Now NADPANE(CDW) and SWRDA*(CHW)

are isomorphic as T(n)-modules where A/(CPHW) denotes the j-th exterior
power of CPW for j=0, 1, .-+, n. Because,

the character of X MAN*(CHOW)] — AN (CDW)]

= (1= 1)1 = pi'p)(1— pTp)+(1~ pi’pa) = O
where the brackets denote the isomorphism classes of T(n)-modules. So we
identify the above two T(n)-modules and describe it M.

Let p : U(n)— U(n) be the identity homomorphism and A¢p the j-th exterior
power of p for j=0, 1,---, n, and let us denote

SYBRDAEp and DDA : Un) — U2")
by a and B respectively. Then we can define a map
y : Um)|Un—1) - UQ2"")
by YhU@—1)) = a(Bk)™  heUln)
because @ and 3 agree on U(n—1) and so a T(n)-automorphism & of M by
§y(hU(n—1), v) = (hU(n—1), y(h)(v)) heU(n), ve M.

Therefore 7 determines an element [M, ] in K7,.,(S(CHW)) since S(COW)~
U(n)/U(n—1). This element satisfys the condition we require. Because if we
denote by V'’ the representation space of p,@p,P---Pp, of T(n), then

”*LM_» ] = [ﬂa d]——[ﬂ, B]
— E["lzl[Kzi(C@W) 5\.2‘.([))]—Z["/zl[hziﬂ(C@W), XZHI(P)]
— [ﬂ_/glp—zi[)\‘zs(l’//) )\"h(p)] 2(1;/2] —2f— 1[7\2i+1(V'), Xz,-+1(P)]
and since 67 =[A (V") A(p)] by the definition of 67 for i=1, 2, ---, n we have
wH[M, §] = SIHprH05 — SUBpr 0T,
— S~ 1pror”
where the definition of &, B and A(p), 0<i<m, are similar to that of 7.
Terefore a proof of [M, 9]=8""Acew concludes Lemma 1.
Let f: Kiw(S(CAW))—K(S(CHW)) be the forgetful homomorphism

and j* : K7,,(CO®W)—>K 1,»(C) a homomorphism induced by the natural
inclusion map j : C—>C@®W. When we forget the action of 7'(n), we have
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8ml)"C@W = [E’ ;7]
from [1], p. 115. Namely

J(8"Ncow) = A([M, 7).
Hence, since K7, (S(CHW))is a free R(T(n))-module generated by 8 'Acew
according to (2. 7), there exists an element r of R(T(n)) satisfying
(2.8) (8" Ncaw) = [M, 7]
and r = 1 mod R(T(n))

where R(T(n)) is the reduced character ring of T(n).
Next we consider the j*-image of the two elements \¢gw and 8([A:4, 7.

If we compute j*Acew and j*8([M, #]) directly by using the technique of the
proof of [1], Lemma 2.6.10, then we obtain '

(2.9) J*Neow = j*([M, 7))
= —20-(= D'M(W)re

where \¢is the Thom element for the trivial T(n)-vector bundle C—a point.
Therefore

(r=1) 22 o(= )M (W)e = 0

follows from (2.8) and (2.9). Now, since Kr¢,(C) is a free R(7(n))-module
generated by A¢ and

2?:0(_ 1)’7\,'(W) :(1 — pl—lpz)...(l _ pl_lpn)

is non zero element of R(T(n)), we get
This shows

q. e. d.

3. Ki¥n(U(n), adtem)

In this section we give a proof of Theorem 1 in case of H=1T(n) by
induction on zn. For convenience we denote (U(n), ad 1) by (U(n), ad) and
67 by 0(n), 1<i<n. Then the theorem is as follows.

Theorem 2. K¥,,(U(n), ad)==Agcramn(0,(n), 0,(n), -+, 0.(n)) as an algebra
over R(T(n)).
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Proof. In case of n=1, since (U(1), ad) is trivial T(1)-space, we have
Kfo(U(1), ad) = R(T1)@K*(U(1))

from [3], Proposition 2.2 and since K*(U(1)) is the exterior algebra with one
generator 6,(1), we get

K¥,(U(1), ad) = Agcran(0:(1)).

Suppose the assertion is true for n=k—1. When we put T(k)=U(1) x
T(k—1), the action of U(1) on U(k—1)(=1x U(k—1)) is trivial. So we have

KFa(U(k—1)) = R(U(1)) @ K¥x-1(U(k—1))

(This is shown by a parallel argument to the proof of [3], Proposition 2. 2).
This formula and the inductive hypothesis imply

(3.1) K¥(U(k—1)) = Arcran(0,(k—1), 0,(k—1),-++, 0,_,(k—1)).

As (3.1) shows that K#,(U(k—1)) is a free R(T(k))-module, K¥(X)
® K¥u(U(k—1)) becomes an equivariant cohomology theory for T(k)-
»

R(T (R

spaces X. We denote this cohomology theory by Afu(X). Kfu(X x U(k—1))
is another equivariant cohomology theory. So we observe a natural
transformation

£ hfu(X) = Kf(X X U(k—1))

of equivariant cohomology theories induced by the external products.

If we apply the five lemma to the exact sequences for the pair of the unit
disk D(W) and the unit sphere S(W)of W in the two cohomology theories
(X)) and K§ (X X U(k— 1)), then it follows from (2.6) that

(3.2) £ : W (S(W)) = KFu(S(W) x U(k—1))

is an isomorphism.
Here we consider the following commutative diagram
— hfw(D3i UDz) ——  hE(DP)®hta (D7) —
e |eee
— K#uw((D7 UD7) X U(k—1)) = Kfu(Di x U(k—1)) DK Dz x U(k—1)) —
» h¥uw(D3 N D7) —
e
K#4((D3 N D7) X Uk—1)) —

where the rows are the Mayer-Vietoris sequences for the pair (D3, D). Then
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(2.5) and (3.2) shows that the 2" nd and 374 homomorphisms §PE and £ are
isomorphisms respectively since Dy N Dz =S(W) by (2.4). So applying the five
lemma, we see that the 1 homomorphism £ is an isomorphism and so since
DiNDr=D; UD; by (2.4)

(3.3) &:K*¥w(Din D;)Rc(%))K#(”( Uk—1)) - K¥u((Df N Dy)x U(k—1))
is an isomorphism.

Let j: U(k—1)—U(k) be the canonical inclusion of U(k—1) and j*:
K%} u(U(k))—K#%u(U(k—1)) the homomorphism induced by j. Then we get

]*al(k) = ol(k— 1)
(34) ]*as(k) = ai(k-1)+P10i-1(k_ 1)’ k—1>i>2
]*ek(k) = plak—l(k_ 1)

easily.
Let M* be the free Z,-graded module over R(T(k)) generated by

1 and 0, (R0, (R)--6i(k), 1 <iy <o <iy<k—1.

Then from (3.1) and (3.4) we see
(3.5) W¥* s isomorphic to K4 (U(k— 1)) as an R(T(k))-module by the correspondence

0.(k) — 0,(k—1) and 9,(k) = 0,(k—1)+p,0;_(k—1),i=2, 3,---, k—1.
Now we can define a homomorphism
A Kfw(X) @ MM*—K¥p(z (X))
R(T (kY
by AMx Qo) = z*(x)i*(v) xE K¥p(X), ve W*

for any closed T'(k)-invariant subspace X of S(CPHW) where i : #~(X)— U(k)
is the inclusion of z7*(X). In particular we see
(3.6) When X =Dx or DY N\ D1, \ is an isomorphism.

A proof of (3,6) is as follows: We consider the following diagram for
X=D{ or Dy N Dy

A
Kf (X)) @ I+ — K¥u(z™ (X))
| RCTCEY)
1Qu T
13
K%ck)(X)R(;eiDFﬁk)( U(k—1)) > Kfu(X x U(k— 1))

where p denotes the isomorphism of (3.5) and 7 the isomorphism induced by
8* or §7, and first we show the commutativity of this diagram. We have

A x®1) = TE(x®1) for any x € KF(X)
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since §* are the bundle homomorphisms and
AM1Qv) = TE(1Q u(v)) for any v It*

in case of X =D5 from the T'(k)-contractibility of Di and also when we observe
the restriction of this formula to K¥,(z *(Df N D1)), we get the same formula
in case of X =D{ N Dy.

Then, Mr®o) = M(xR1)(1Qv))
= AMxQRQ1N1Q7)
= 7E(xQ1)TE(1Q u(v))
= TE(xQ u(v))
= TE(1Qu)(x*Q7) xE K¥4(X), veM*,

This shows that the above diagram is commutative. Therefore we obtain (3.6)
from (2.3) and (3.3).
Thus, by applying the five lemma in the following commutative diagram
— K¥u(D7 UD7) ® M* — K?(k)(Dit)R(;%))im*@K#(k)(Di—) ® MP*

R(T (k) R(T (kDD

2 2P

— K¥(n (DY UDT)) —— K¥uo(n (D7) DK Fw(r (D7)
— Kfw(DiNDy) @ M+ —

RCTCRY)
lz
— K¥ (= (Df N D1)) —

where the rows are the Mayer-Vietoris sequences for the pairs (z7*(Dy), =~ (D7))
and (Df, Dr) respectively, we see that the 1 homomorphism \ is an isomorphism
and since S(CPW)=D;7 UD7 by (2.1) we see

(3.7) A KFa(S(COW)) & M — Kiaw(Uk)

R(T (k)

is an isomorphism.

From Lemma 1 and (3.7), it follows that K¥.,(U(k), ad) is an exterior
algebra over R(T(k)) generated by 0,(k), 0,(k), --, 6x(k) as required. This
completes that induction. q.e.d.

4. KHX)V®

Let H be a compact connected Lie group and 7 : T—H the inclusion of a
maximal torus. Then from [3], Proposition 3. 8 we see that #* : K#(X)—>K¥(X)
is injective for any compact H-space X.
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Here we define an action of the Weyl group W(H)(=N(T)/T) on K¥(X)
where N(T') is a normalizer of T. Let = : E—~X be a T-vector bundle over an
H-space X. For each ne N(T), n*E admits a T-vector bundle structure if we
regard 7z as a continuous map # : X—X by its action on X. Namely we can
define a T-action on #*E : T' X n*E—n*E by

(2, (%, u))—(tx, nin™*(u)) for teT, x€ X and uck,,.

In particular, if ne T, then n*E and E are isomorphic by a T-isomorphism
n~'. So the operation of W(H) on K(X) : W(H)x K(X)— K 1(X) is defined
by (nT, [E])— [#*E]. Further if E is an H-vector bundle, then #»*E admits
an H-vector bundle structure, and #»*E and E are siomorphic by an H-iso-
morphism #~'. Similarly we can define the operation of W(H) on K}(X):
W(H)x Ki(X)—K#(X) by (nT, [E, a])—[n*E, n*a] and if (E, a) is a pair of
an H-vector bundle over X and an H-automorphism of it, then (n*E, n*a) and

(E, a) are isomorphic by an H-isomorphism #™'. Thus we see

Lemma 2. *: KH(X)—>K¥(X) is an injection into K¥(X)"WH> which is a

submodule of K¥(X) consisting of invariant elements under the action of W(H).

Proof of Theorem 1: Let T be a maximal torus of H. Since the rank of H
is n, T is conjugate to T(n) in U(n). Therefore we have
K%(G) adT) = K%(n)(Gy adT(n))
and so
K¥(G, ad 1) =Agcr(67, 0%, OF)
from Theorem 2. Thus

KH(G, ad )V = Apcpywean(01, 63,-, OF)
gAR(H)((91T, 07, -+, 5{)
From this formula and Lemma 2, we see that K}(G, ady) and K¥(G, ad ;)"

are isomorphic because of i*0¥=67 for j=1, 2,--, n. 'This shows that Theorem
1is true. q.e.d.

ReEMARK. In particular, we see that if G = U(n) or SU(n), H=G and K¥(X)
is torsion free for a compact G-space X, then K¥(X) and K¥(X)"® are
isomorphic.
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