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0. The aim of this paper is to improve and generalize some results of the
author’s previous paper [8]. Therefore, all notations and terminologies are same
as those in [7] and [8]. In [8] the author studied some commutor theory of
H-separable extension A |T" in the case where A=T'Q ;A with A(=V,(T")) central
separable over C and C=the center of A=the center of T',and in the case where
A is left or right T'-f. g. (finitely generated) projective and A|T satisfies the
following condition (*)

(*) 1) A is an H-separable extension of T such that T'\<@PrAr.
2) VA(T)=C’, where C’ is the center of T.

(See Theorem 1.2, Corollary 1.4 and Theorem 1.3 [8]). In case A|T satisfies
the condition (%) 1), A is left T'-f. g. projective if and only if A is right T-f. g.
projective by Corollary 2 [9], hence we shall simply say that A is T'-f. g. pro-
jective in this case. We note also that the condition (%) implies that V' ,(C’)=T
by Proposition 1.2 [7]. In this paper, we shall consider the case where A is left
or right T-f. g. projective and A is an H-separable extension of T', and shall
prove that there exists a one to one correspondence between the class of sub-
rings B of A which is separable extensions of I" and zBz{P zAp and the class of
separable C-subalgebras of A (Theorem 1). From this theorem, Corollary 1.4
and a more beautiful result than Thoerem 1.3 [8] follows.

1. To obtain our main results we need the next lemma which appears in
[6].

Lemma 1 (Corollary 1.2 [6]). Let A be a ring, M a left A-module, Q= End
(aM) and E=End(My). Then if M is A-f. g. projective, EQ .M =M as E-Q~
module by the map: eQm—>em for e E and me M.

Proof. Since M is A-f. g. projective, we have natural isomorphisms

E® M =Hom(Mgy, Mg)Q 4,M =~Hom(Hom(,M, ,M)q, My)
—_ HOm(Qg, MQ) g]‘4
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as E-Q-module. The composition of the above isomorphisms is the required
one.

For rings 'C BC A, we shall say that BQA— A splits if the map of BQrA
to A such that b5Qx—bx for b= B and x= A splits as B-A-map. We also need
Proposition 2.3 [8]. This proposition can be improved as follows

Proposition 1. Let A be an H-separable extension of T'. Then for any
intermediate ring B between T and A such that gBr{@P pAr and BQrA—A\ splits,
pD<{DpA and DR A—>A sphts, where D=V, (B). Conversely for any C-
subalgebra D of A such that ,D{PpA and DR A—A splits, zBr<PpAr and
BQRrA—A splits, where B=V (D).

Proof. 'The first part of this proposition have been proved in Proposition
2.3 [8]. Hence we need to prove only the second part without assuming that B
is right T'-f. g. projective. Suppose that D is a C-subalgebra of A such that
DR cA—A splits. Then B=V,(D)=Hom(pA,, pAx)PHom (,DQ A4, pAs)
=V ,(C) as B-V,(A)-module. Hence zB{@zAr. Then, since A is H-
separable over T and zB<{P zAr, we have a B-A-isomorphism » of BRrA to
Hom(p,A, pA) such that n(b®x)(d)=bdx for b& B, d =D and x= A by Proposi-
tion 1.3 [7]. Hence, we have a commutative diagram of B-A-maps

BQ®rA — Hom(,A, pA)
7 .

Ix
A —— Hom(,D, pA)
J

where j is the natural isomorphism and 7y is the one induced by the inclusion
map 7: DCA. Then if ,D{PpA, ix B-A-splits and BQA—A splits.

Let A be a semisimple R-algebra in the sense of A. Hattori [2], thatis, A is
a weakly semisimple extension of R-1 in the sense of [3]. Then every finitely
generated A-module which is R-projective is A—projective, and by Proposition
4.1 [1] if = is a finitely generated projective R-algebra which contains A, \A{P >
and A,(P=,. Itisalso well known that a separable algebra is a semisimple
algebra.

Proposition 2. Let A be an H-separable extension of T. If (1) D is a
separable C-subalgebra of A, or if (2) A is a separable C—algebra (e. g., if tTr<{PrAr)
and D is a semisimple C-subalgebra of A, then V \(V x(D))=D, pB<{@pAr and
BQrA—A splits, where B=V (D).

Proof. Suppose (1). Then since DQ D—D splits as D-D-map, DR cA
—A splits as D-A-map. Suppose (2). Then DX A—A splits as D-C-map,
since D is C-semisimple. Then D® -A—A splits as D-A-map, since A is C-
separable, Thus in both cases, DQ A—A splits and ,D{Pp,A. The latter
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follows from Proposition 4.1 [1], since D is C-semisimple and A is C-f. g.
projective. Then BQrA—A splits and zB P pAr by Proposition 1. Hence A
is H-separable over B by Proposition 2.2 [8]. Let D’=V,(B). Then there
exists a ring isomorphism 7: D’Q cA*—End(zA) such that 7(d Q«°)(y)=dyx for
x, yEA, d= D’ (see Proposition 3.3 [5]). Then D’®@ .A’is the double centralizer
of a left DR cA°-module A, since B=End(pA,). While DR A—A splits, since
DR A—A splits. This implies that A is left DX A’-f. g. projective. Then
by lemma 1, (D'® cA°)® pe, A=A, hence D’QpA°=A. This isomorphism is
given by d Q@x—>dx for d=D’, xA. Then for every d=D’, d®1=1®d in
D’'® pA, since both are mapped to d by this isomorphism. On the other hand,
since A is H-separable over B, D’ is C-f.g. projective, and D’ is right D-f.g.
projective, since D is C-semisimple. Hence D'® ,D'CD'QpA, and d Q1=
1Qd in D’'Q D’ for every d=D’. Since ,D{P,D’', D'=DPA for some left
D-submodule 4 of D’ and D’'Q p,D’'=D'Q ,DPD’' R pA. Let x be an arbitrary
element of D’ and x=d--a for d€D, and ac A. Then D'Q D' 2xQ1=1Qx
=1Qd+1Q®a, and 1Qa=0, x®1=1Qd. Thus x=de D. Thus D'=D.
Thus D=V \(V A(D)).

The next proposition is a generalization of Proposition 1.5 [8].

Proposition 3. Let A be an arbitrary R-algebra which is R—f. g. projective.
Then for any separable R-subalgebra T of A, T is a T-T'-direct summand of A.

Proof. Since T' is R-separable, there exists Zr;®s;,&(I'® )" such that
Sris;=1. While, since T' is R-semisimple, ;['{@rA. Let p be the left I'-
projedtion of A to I'. Then the map p* of A to T such that p*(x)=3= p(xr,)s;
for xe A is a T-T'-map, and p*(r)=3=p(rr;)s,=Zrr;s,=r for every r&T. Thus
'SP rAr.

Now we are ready to get our main theorem.

Theorem 1. Let A be an H-separable extension of T. Then if A is left or
right T- f. g. projective, there exists a one to one correspondence V: A wv— V \(A4)
such that V*==identity between the class of separable extensions B of T such that
sBe{@P pAp and the class of C-separable subalgebras of A.

Proof. Let D be an arbitrary separable C-subalgebra of A and B=V (D).
Then B <@ pAr and V,(B)=D. This and Corollary 1.3 [8] imply that B is
separable over T, since B is left or right I'-f. g. projective and , D, PpAp-
sBs{P pAp follows from zB P pAr and the separability of B over I'.  On the
other hand, if B is a separable extension of I' such that zpBz{(PpAg, then
D=V \(B) is a separable C-algebra and V,(V ,(B))=B by Proposition 1.4 [8].

Corollary 1. Let A be an H-separable extension of T" with the condition (*)
of §0. Then if A is T-f. g. projective, there exists a one to ome correspondence
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V: A V\(A) such that V>=identity between the class of subrings of A which
are H-separable extensions of T' and the class of separable C-subalgebras of C’.
In this case V corresponds each H-separable extension of T to its center.

Proof. Let B be any ring with TCBCA. Then V (B)CV,(I')=C'CB,
hence the center of B=Vy(B)=BNV,(B)=V,(B). On the other hand, by
Propositions 1.8 and 1.9 B is H-separable over T, if and only if zBz{PpAp.
Thus the assertion follows from Theorem 1.

ReEMARK. Ring extension A|T which satisfy the condition (*) and such that
A is T-f. g. projective really exists. Let A be a central separable C-algebra and
T a C-separable subalgebra with its center C’3=C. Then A is H-separable over
T, ;' <{BrAr and A is T-f. g. projective. Let A’=V,(C’). Then A|A’
satisfy the condition (%) by Proposition 1.3 [8].

In [10] we considered ring extension A |T" which satisfy the following condi-

tion (#).

(#) (1) A is a separable extension of T" such that V,(T")=C.
(2) A is I—centrally projective (i.e., pA <P (TP -+-BT)r).

And we proved that if A|T satisfy the condition (%), there exist one to one cor-
respondences U and V between the class 2 of separable extensions B of I" such
that zBp(PpAp and the class B of separable C’-subalgebras of C, defined by
V:Bwmw—=>BNCand U: RWM=>RT for B and Re®B, with UV=1y and
VU=1g (Theorem 8 [10]).

Let a ring extension A | T satisfy the condition () of §0. Then Q=[End(rA)]°
=C’®cA and C’ is a commutative C-separable algebra and C-f. g. projective.
Then clearly, the center of Q=C’=Vy(A), and Q|A satisfies the condition (#).
Let U be the class of separable extensions = of A such that 33:{PsQs, B the
class of separable C—subalgebras of C’, and let U and V be such that U(R)=RA
for Re®B and V(2)=ZNC’ for S=A. Then by Theorem 8 [10], U and V'
provide one to one correspondences between 2 and B with UV =1y and VU=1s.
Furthermore, let € be the class of subrings of A which are H-separable extensions
of I'.  Then by Corollary 1 we have.

Proposition 4. Let a ring extension A|T satisfy the condition (x) and A be
T-f. g. projective. Then if we define A, B and € as above, the correspondences
W: A W\~ € such that W(Z)=V (SN (C'Q1)) for SN and T: € wr—> A such
that T(B)=End(gz\) for BE€ are one to one with WI'=1g and TW=1q.

Proof. For B, V,(B)Q:A=End(zA). Then by Corollary 1 and
Theorem 8[10], TW=1% and WT=1¢.
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