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Introduction. Let K be an algebraic number field and {p} be the valua-
tions of K, then related to Takagi-Artin’s class field theory, the following exact
sequence is well-known (c.f. Hasse [5]);

(1) 0~ Br(K) — §Br(K,) > Q/Z 0

where K, is the completion of K with respect to p. In the Seminar 1966 at
Bowdoin College, G. Azumaya [4] showed that the middle term of (1) is iso-
morphic to the Brauer group of the adéle ring A4 of K and that the following
diagram with canonical arrows is commutative;

EBBr(Kp)
@ 0-BrK).  n Y@z —0

Br(dg) "

But on an algebraic function field, the class field theory does not hold except
the case of finite constant field (Artin-Whalpe [1]), so the analogies of (1), (2)
must have fallen.

The purpose of this paper is to clarify the relations of the Brauer group of
the adéle ring of a function field, to the Brauer group of a function field and to
Galois cohomologies.

We use the following notations:
a perfect field
the algebraic closure of &
an algebraic function field of one variable over % i.e. FJk is finitely
generated, & is algebraically closed in F and the degree of transcend-
ency of F/k is one
F=F-F: the field theoretic compositum of F and %
p : a prime divisor of F over &
F, : the completion of F with respect to p
the valuation ring of F
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: the residue class field of F, i.e. Op/p
G : the Galois group of k over £ and we shall identify G with the
. Galois group of F over F
: the decomposition group of p
X(x) : the character group of the group =
Ap=Apg,: the adéle ring of F ie. the restricted direct product of Fp with
respect to O, ’
Br(x) : the Brauer group of the ring .
The author would like to express his gratitude to Dr. Y. Watanabe for
suggesting this problem, for helpful advices and for continuing encouragement.

1, -The homomorphism of Br(4y) to DX(Gy)
)

*Tt.is well-known that O, coincides with the formal power series ring ky[[7,]]
with respect to some prime element 7z, and F, coincides with k(7)) (c.f. Serre
[8] II, §4). Witt [10] and Shuen Yuan [11] showed the sequence

0
@3) 0 —— Br(ky) —> Br(Fy) —> X(Gy) — 0

is exact, where 6, is the one induced by the ring homomorphism k,—F,. Azu-
maya [3] and Auslander-Goldman [2] showed that Br(k,) is isomorphic to Br(,).
From the sequence (3), considering the direct product for all p, we have the
following exact sequence;

116
4) 0— TIBr(k,) —3 NIBr(F) 1, IIX(Gy) — 0

Proposition 1. There exists the epimorphism @ of Br(Ay) to the direct sum
EPX(GP) of X(Gy).

Proof. Let A be a central separable algebra over Az and A ,=1, \,, **-, A,
be a set of generators of A over 4. Since A is separable over A, there exist
the elements u,, «*+, u,; v, ***, v, in A satisfying the relations;

Zuﬂ)": 1
%
) S, QoI=>,;Q(v;x)° in the enveloping algebra A°=A® A° for any
i i AF

xin A.

Let us set U;=— Zaih)“h) Vi=— Eb;hkh, 7\,-7\,—=2€,-]-,,7\h where A;py bih) Cijh are in AF'
h h h -

Since a;, by, ¢; ;5 are adéles, @b}, (bh}, {0y} are in O, for almost all p where
x° is the F,-component of an element x in A,. We shall set A¥,=A®F‘D and
ap v,

B=u,®1, =v,®01, \'=1,®1 in A,, and let T, be the Oy-module generated
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by 7»'1’, co, AP Then uf, o, ub; of, oo, o satisfy the similar relations as (x).

Thus T, is a separable Op-order in A, for almost all p since B, e uby e o
are contained in T’y for almost all p and T, forms a ring with identity for almost

all p. 'Therefore, defining @,: Br(Az)—11Br(F,) to be the homomorphism in-
P

duced by the projection Ax—F), the image of ¢, is contained in the restricted
direct product of Br(Fy) with respect to Br(O,)=<Br(k,). We define ¢ to be the
composite [[7yop,, then the image of ¢ is in @X(Gp).

To see @ is an epimorphism we need the following

Lemma 2. Let A be an algebra over AF which is a finitely generated free
Ay -module with the free basis w,, -, w,,. If A,,-A@F is a central separable

algebra over F, for all p and the 9 o-module generated by W=w,®1, -, wh=
w,,Q 1 in Ay is a separable Oy-order for almost all p, then A is a central separable
algebra over Ap.

Proof of Lemma 2. As A, is separable over Fy, there are the elements uh,
uﬁp, of, - vﬁp in Ay satisfying the similar relations as (*). Since n,<m, we
may assume without loss of genera11t1es that np—n is independent of p. Let us
set ul-—za,,,w,,, 'vt—zb wh where af,, b%, are in F » then from the hypothesis

we may assume that a},, b}, are in O, for almost all p. We shall put u;=>"a;,w,,
h
v;=3b;,w, where a;,=(:", ay, - ), ,,,—(---,bf,“ .-} are in A, then the fact
h
that u,, ***, #,; v, -+, U, satisfy the same relations as (x) is readily verified.
Thus A is a separable algebra over Az. The statement about the centrality is

easily verified and we omit the proof.
Now let us return to the proof of Proposition 1. For any ®X,& ®X(Gy),
P )

we can find a central separable algebra A, over F, such that the class of A, in
Br(Fy) is mapped to X, by 7, in (3). For X,=0, we can take such that A, is
similar to Fp, hence we may assume (A F,)=m is independent of p. For p
such that Ap is similar to Fy, let w?}, ++-, wh, be matrix units and for another p let
wh, -, wh, be an arbitrary basns of A, over F,. We shall set w,w,—Z}c, D AW

cf,,,EFp. We, now, construct an algebra A over Ay as follows; Let A be an

A p-algebra with an Ag-free basis w,, ---, w,, and with the structure coefficients

Cin=("" Sy ) E AR, ie. waw; =3¢, ;w,. Then by Lemma 2, A is a central
h

separable algebra over Az and the class of A in Br(4r) is mapped to the given
@X, by . Thus we have proved that @ is an epimorphism of Br(Af) to
»

BX(G,).

This construction of the epimorphism ¢ is essentially due to Azumaya [4].
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REMARK 1. For any element [Ic/(A,) in the restricted direct product of
p

Br(F,) with respect to Br(k,) such that the set of Schur indexes of cl(A,) is
bounded, we can construct, by the similar argument as in the proof of Proposi-
tion 1, a central separable algebra over 4, whose class in Br(4y) is mapped to
the given [Ic/(A,) by ¢@,, where “c/” means the algbera class.
»
ReMARk 2. Let [IK, be the direct product of fields K,,:=I. For any

1

element [I¢/(T,) in the direct product of Br(K,) such that the set of Schur
eI

indexes of ¢/(T",) is bounded, we can construct a central separable algebra over
IIK, whose class in Br(HK ) is mapped to the given Hcl(F ) by ', where ' is

tei

the homomorphism of Br(HKL) to [I1Br(K,) induced by the projection [IK,—K,.
LEr ter eI

The proof of this fact is also similar to that of Proposition 1.

To define the epimorphism ¢, we used the homomorphism @,: Br(4z)—
[1Br(F,). As to ¢, we have the following
)

Proposition 3.a. The homomorphism @, is a monomorphism.

Proof. Let A be a central separable algebra over A such that its class in
Br(AF) is contained in the kernel of @, i.e. Ay=AQ Fy~F) (similar) for all p.
Afp

Let A=1, A, +-, ,, be a set of generators of A as an Ag-module. By the
proof of Proposition 1, for almost all p, the O,-module Ty, generated by A, Q1=
AL Q1= in A, is a separable O -order, which is of split type since O,
is a Dedekind domain, i.e. there exists a finitely generated free Oy-module Ej
such that Ty is algebra-isomorphic to Homp,(E,’, E,'). So we identify I‘p with
Hom Dp(E', E’). We shall set Ep_E ®Fp, then Ap= I‘p®Fp— Hom,,-p( Ey).

For another p, A, is algebra- 1somorphlc to Hom,.-p(Ep, Ep) for some ﬁmtely
generated Fy-module E,,. So we identify A, with Hompy(Ey, Ey). Let E,’ be
an arbitrary O,-lattice of E,, then E’ is a ﬁnitely generated free Oy-module since
O, is a discrete valuation ring. et E be the restricted direct product of Ey, with
respect to E,’, then one can easily check that E is a finitely generated projective
faithful Ap-module with the canonical A4 g-module structure on E, since 1=
rankopEp'zrankaEp§\/ m. We define the A-module structure on E via the
canonical homomorphism A—>HA . Then we obtain an A p-algebra homomor-

phism a: A—Hom, (E, E) by the homothety. To see o is an epimorphism,
it suffices to show that Hom , (E, E) is generated by H)& -, TIMY as an Ap-
p

module. For any f&Hom, (E, E), we shall denote the restriction of f to E,
by f,. Then f, has the form SYahns with &) in F, since Hom(E,, E,) is gen-
h

erated by AL oo, AR as an Fy-module. But f, sends E,’" into E,’ for almost all p,
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so @} must belong to O, for such a p. Thus a,=(+-, @}, ---) is in fact an adele.
Hence f can be expressed by the form 3a,II\}, a,€Ay. Therefore a is an
o

epimorphism, so an isomorphism by Corollary 3.2 of [2].

A central separable algebra A over Ay is a finitely generated 4 -module so
Schur indexes of {A®F,}, are bounded. Combining this fact and the proof of
4

Proposition 1, Remark 1 and Proposition 3.1, we get the following

Corollary 4.a. By the monomorphism @,, Br(Ar) can be identified with
the subgroup of the restricted direct product of Br(Fy) with respect to Br(ky) consist-
ing of the elements whose Schur indexes of p-components are bounded.

By the similar argument to the proof of Proposition 3.a, we get

Proposition 3.b.. Let [1K, be the direct product of fields K, (the cardinality

eI

of the index set I=1{.} is utterly arbitrary). Then the canonical homomorphism Jrj:
Br(I1K,)—11Br(K,) is a monomorphism.
eI eI

Similarly to the proof of Corollary 4.a, we get

Corollary 4.b. By the monomorphism g, Br(I1K,) can be identified with
ter
the subgroup of I1Br(K,) consisting of the elements whose Schur indexes of ¢-compo-
eI

nents are bounded.

As mentioned at the beginning of this section, &, can be imbedded to ©,.
So [Ik, can be imbedded to [[OC A, using this imbedding we shall define the
» »p

homomorphism +r: Br(11k,) — Br(Ar).

Theorem 5. The following sequence is exact.

0— Br(IIky) Y, Bran -2 BX(Gy) — 0

Proof. Let us consider the following diagram.

0— Br(Tlk,) ¥, Bray -2 PX(Gy) — 0

l%He |~ I l

0 —> I1Br(k,) =3 TIBr(F,) -5 TIX(Gy) —>0

Then by the definitions of arrows, the above diagram is commutative with the
exact lower row. From the commutativity of the above diagram, it follows that
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r is 2 monomorphism since , is a monomorphism by Proposition 3.b. Also it
follows that the image of + is contained in the kernel of @. Conversely, let A
be a central separable algebra over A such that its class in Br(A4y) is contained
in the kernel of . We shall set ApzAng, then the calss of A, in Br(Fy) is

contained in the kernel of 7,. So by the exactness of the sequence (3), there

exists a central separable algebra T', over k, such that T®F, is similar to A,,.
P "p
The Schur indexes of T'y’s are bounded since those of Ay’s are bounded. So,

according to Remark 2 we can construct a central separable algebra I" over I1%,
p

in such a way that ¢/(T") € Br(I1k,) is mapped to [1ci(Ty) = [1Br(k,) by . If we

P »
set I''=T'Q Ay, then c/T")eBr(Ay) is mapped to [Ic/(A,)e1lBr(F,) by .
Tlky P v
P
Thus A and T’ are similar since @, is a monomorphism by Proposition 3.a.

Therefore, the kernel of @ is contained in the image of y». And ¢ is an epimor-
phism by Proposition 1. This completes the proof of Theorem 5.

Corollary 6. If k is a finite field, then Br(Ay) is isomorphic to SX(Gy) and
)
isomorphic to DBr(Fy), i.e. Br(A4y)=PX(G,)=DBr(F,).
» » »

ReEMARK 3. Let A be an adele ring of the algebraic number field K,
then, replacing 4 by A, and F,, by K,, Proposition 1 and Proposition 3.a still
hold. Thus we get the isomorphisms Br(A4x)=@X(G,)=DBr(K,). So our

P p

results contain those of Azumaya [4] essentially.

2. The homomorphism of Br(F) to Br(Ay)

The ring homomorphism F=a+-(:+-, a, --)=E Ay (diagonal) induces the
homomorphism p: Br(F)— Br(Ay). In this section we shall determine the
kernel of p.

Let K be a finite dimensional Galois extension of & with the Galois group
Gg. We identify G with the Galois group of FK over F, where FK is the
field theoretic composition of F and K. Let Jzx be the idéle group of FK over
K, i.e. the group consisting of all the units of the adéle ring A 4 of FK. We
fix a prime divisor B of FK over K lying above the prime divisor p of F over k.
Let Gk, be the decomposition group of P, and PB,=%, -+, B, be the complete
set of prime divisors of FK over K lying above p. If we put FK¥={(---, ap,
e Jrriag=1 if QFP,, -, Px} the Gg-subgroup of Jpx, then we have
HYGg, FK{)=H*G gy, FK§) by Shapiro’s lemma (c.f. Serre [8], p. 128, Exe-
rcices) since FKF=~FK{ XX FKi'{p = Il (FK§)°" where FK§ is the

¢ 7€Gx/Gryp :
group of all the units of FKy,. We shall denote the valuation ring of FKg, by
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Ogp, and we shall denote the group of all the units of Og, by Ug,. We shall set
Uj=Ug, X+--X Usg,. Then we have HY(Gx, Uj)=H*Gg, Up) by the above
isomorphism. Now, as [k can be considered to be the restricted direct product
of the G-subgroup FK}¥ with respect to Uj, HYGy, Jrx) is mapped surjec-
tively to the restricted direct product l}’H Gx, FK¥) of HY(Gg, FKy) with
respect to H%(G, Uy), since if the FK¥-component of f & Z%(Gx, I;IFK;}‘) is in
Z%Gy, U}) for almost all p, then fis a cocycle in Z%(Gg, Jrx). The homomo-
rphism HY(Ggyp, K§)— H*(Gxy, FK§) is a monomorphism for any p, since any
p is unramified, where K§ is the group of all units of Kg=Og¢/P. Now, we
suppose that for feZ%Gy, Jrk) there exists g,&C? (Gg, FKY) such that
0g,=fy for all the FK¥-component f, of f. Then we may assume that g, is in
C*"Y(Gg, Uj) for almost all p, since H%(Gy, K§) is isomorphic to H*(Gg, U}).
We define g& C*"(Gy, J k) that its FK{f-component is equal to g,. 'Then we
get f=0g. Thus we have proved that HY(Gg, ] zk) is isomorphic to [I'H*(G,
FKY¥). Passing to direct limit and using the well-known isomoprphisms :
Br(FKg|Fy)=H*Ggy, FK§), H(Ggp, Up)=H*Ggy, K§)== Br(Kg[k,), we get
the following

Proposition 7.a. H*G, J) is isomorphic to the subgroup of the restricted
direct product of Br(Fy) with respect to Br(k,), which consists of the elements
IIcl(A,) satisfying the following condition: There exists a finite dimensional Galois
p

extension K of k such that FKy splits the p-component cl(A,) for every p, where J
is the idéle group of F=F -k over k.

Similarly, we get the following

Proposition 7.b. H*G, U) is isomorphic to the subgroup of the direct prod-
uct I;[Br(kp) of Br(ky), which consists of the elements 11ci(Ty) satisfying the same
4

condition of Proposition 7.a, where U is the group of idéle units in J.

Now we are ready to prove the following

Theorem 8. The kernel of p: Br(F)—Br(A) is isomorphic to HY(G, CJ).
More precisely, the following diagram with canonical arrows is commutative with
exact rows and columns,
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0
!
: HY(G, H) 0
| ! !
0 - HYG,CU) — Br(k) — Br(];[kp)
I ! o V¥
0 - HYG,CJ]) — Br(F) — Br(4p)
! | X
0 — HYG,CD) — H¥G, H) — @xwp) —

! | !
: : 0

where we use the following notations:
D: the divisor group of F|k
H: the group of principal divisors in D
CD=D|H: the divisor class group
CJ=]|F*: the group of idéle classes
CU=U|k*: the group of idéle unit classes.

Proof. The commutativity is easy so we omit it. The exactness of col-
umns is clear by Theorem 5 and by the following commutative diagram of G-
modules and G-homomorphisms with exact rows and columns (c.f. Roquette

[6], Scharlau [7]).

0 0 0
! ! !
0>k —>U-—-CU—-0
| } !
0> Ft—> J— C] >0
| l !
0> H-—>D—>TCD—0
! ! |
o 0 0

The exactness of the lower row is clear by the above diagram since H*G, D)=
@©X(Gy) by Shapiro’s lemma. Also the homomorphisms H*(G, C])—Br(F),
p

HYG, CU)—>Br(k) are monomorphisms since HY(G, U)=0, H(G, J)=0. By
the following commutative diagrams,
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0 0
! !
HY(G, C)) HY(G CU)
Br(lF) P, Br(4y) Br(lk) —> Br(Ilk,)
l l @,: MOoNo. l l Jro: MONoO,
H%G, J) —> IIBr(F,) H%G, U) —> I1Br(k,)
mono, * mono. ?

and by Proposition 7.a, 7.b, we can easily see that the upper row and the middle
row are exact. 'This completes the proof of Theorem 10.

By Tate [9], we have immediately

Corollary 9. If kis a p-adic number field, then the homomorphism p: Br(F)
—Br(Ay) is a monomorphism.

RemARK 4. By Remark 1, 2 and Proposition 7a, 7b, we can define 3: H?
(G, J)=Br(4z), v: H(G, U )—>Br(IIk,). With these homomorphisms, the fol-

lowing diagram is commutative with exact rows.
0 — H¥G, U) — H¥G, J) —> ®X(Gy) —> -
p

0—>s Br(lrp[Zp) v, Brl(Ai) 2, ?JL(G”) —0

The homomorphism 3 is given by the crossed product. In fact, for any finite
Galois extension K of k, Ayx is nothing else 4,QK. So Apx/Agis Galois
k

extension of rings. Since ¢, is a monomorphism, the homomorphism S is
completely determined by the composite @,03: H¥G, J)—>IIBr(Fy). And the
P

composite @,of3 is obtained by the componentwise crossed product. So our
assertion follows immediately. But the author does not know whether 8 is an
epimorphism or not.
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