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1. Introduction

Let us consider a separable and measurable Gaussian process® X =
{X(t), t= 0} with mean zero and with the covariance function p(z, s)=EX(£) X(s).
We assume that p(¢ £) is independent of #, say ©(>0). The asymptotic
behaviours of sup X(¢) as T — oo have been studied by various authors [2] [3]

te[0,T]
[4] [8] [9]- For example, Pickands [8] proved that
sup X(2)
( * ) tE[0,T] 1 a.s.,

V20logT T4t oo
under the following conditions (for stationary Gaussian process),
lirrtljup t~%(v—p(t, 0))<<oo, for some «a>0,
and }LIB p(t, 0)=0.

In this note we shall prove (*) under certain conditions (condition A and B
in Section 2) weaker than Pickands’ conditions. As an application of (¥), we can
prove the Holder continuity as well as the uniform Halder continuity for statio-
nary Gaussian processes;

lim sup | X(®)—X(0)| =1, as.,
0 A 4w—p(0, 2)) log log %
sup | X()—X(9)]
lim sup »SBlszh =1, as.

B V 40— p(0, k) log%

There are many references on this subject (see, for example, [10]). Our method,
different from the usual Borel-Cantelli method, consists in making use of some
transformations of path functions to reduce the behaviour of path functions near
t=0 to that near t=oo.

(1) We mean a real valued process.
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2. Results

Let X={X(t), £=0} be a separable and measurable Gaussian process with
EX(t)=0, p(t, s)=EX(t)X(s) and EX*(t)=v(>0). We shall introduce the
following two conditions:

ConpitioN A. For any ¢ and s,

(1) 2(v—p(t,5)) (= E(X()—X(5))) < ¥*(I2—s])

where + is a non-decreasing and continuous function on [0, o) such that

(2) [Cwe=ydn < oo
CoNDITION B.

(3) lim sup p(t,5) < 0.

T4 |t-s|>T

(This condition A implies the continuity of almost all sample paths, by a theorem
due to X. Fernique [6]).
In Section 3, we shall prove the following theorems,

Theorem 1. Under condition A, we have

sup |X(?)|
lim sup €22 <

4w \/20log T —

with probability 1.
Theorem 2. Under condition B, we have

sup X(z)
lim sup £ > 1
T4o ~ \/20log T
with probability 1.
Therefore, if condition A as well as condition B are satisfied, we can conclude that

sup | X(t)] sup X(z)

: €[, T M [0, T
hmt [ ] tel ]

= —_— 1
rte \/2vlog T r4=\2vlog T
holds with probability 1.
Suppose that X is stationary and stochastically continuous. So, the covari-
ance function y(t—s)=p(t, s) is expressible in the form

y(r) = S: ¢™dF(\)

with a bounded measure dF, symmetric with respect to 0. Moreover, the
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meausre dF can be split into the continuous part dF, and the discontinuous part
dF;; dF=dF +-dF,.

Corollary. Let v,=F,R"). If v, is positive and if condition A is satisfied,
then we have
sup | X(2)]
lim sup €21 <
rre - /20, log T
with probability 1. Moreover, if condition B is also satisfied, then

sup | X(t)] sup X(t)

hm t€[0,T) 3 t€[0,T]

= == 1
r4e\/20, log T 7Tr=\/20_ log T

with probability 1.
In Section 4, we shall show the following theorems for the stationary and
stochastically continuous process X, using Theorems 1 and 2.

Theorem 3. Let o(t)=+/E|X(z)—X(0)|>>0.
Suppose that there exist two positive constants 3 and L such that

(4) o) <1, for 1,5€(0,1],
a(f)
and that
(5) oX(t)—a*(t—h) < Lo*(h),  for smalltand h.

Then we have
| X(1)—X(0)]

o(t)A/ 2 log log %

lim sup
tvo

with probability 1.

Theorem 4. If the assumption (4) of Theorem 3 is valid and if o*(t) is
concave in a small interval (0, 8), then we have
t :E[O,Slllj:fl):—=l=h I X(t)—X(S) I .

lim sup =1
He a(hM/ 2 log %

with probability 1.

3. Proof of Theorem 1 and 2

Without loss of generality, we may assume that v=1. Since X has con-
tinuous paths under condition A, Theorem 1 follows immediately from the
statement
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A. For any €>0 and for almost all &, we can find a finite 7(§, ) such that,
for all values of T greater than T(&, w), the inequality

sup I X(t’ a’) I

tEIT ), T]
e < 146
V2log T +

holds.
Let a(n)=[#n*]® and define £ by

E(n, k) = X<n+——k—~), E=0,1, -, a(m), n=0,1, -

1+4-a(n)
Using the following well-known inequality;
1 —x2 2 e
6 L S w2 gy < 2 gmorp
(6) VZz iaiz e
we can get
= aln)
(7) ”EO’;P(IE(”»k)|2\/210gn(1+8))<c>o.

Therefore, using Borel-Cantelli’s Lemma, we see that, for almost all w,

max |E(n, k)| < \/2Togn(14€),  for large n.

E=0, ++, (%)

Define » by

k= X (r e L) Kk )

j:1’2’ cery A’L’ k:O, 1, "',a(n), n=0) 17'"
14-a(n)

where b(n)=(1-+a(n))| exp & LB | and K=2( y(e) .

By virtue of condition A, we have

P(|n(n, k,j)| = €v/21og n)

|n(n, &, )| V2logn B
SP{D(n(n’k’]))Z ED(ﬂ(n’k’]))} for n_liz)"')
|n(n, &, j)| V2 log n
<Pt h) = © ¥ )

where D(-) stands for the standard deviation of a random variable. On the
other hand, (2) implies

e VK
(8) Wy s B e<o.

(2) [c] is the integer part of c.
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Hence, appealing to the inequality (6), we see
o gln) b*(n) .
”Z_l }; gl P(|n(n, k, j)| = /2 log n)

1 & 29(n7F) &(log n)’ &logn
< c 2\/2 lognexP< 2257 4 g(log n)— Vo _e))

Combining this inequality with (8), we have

bn)
1+a(n)

a(n) b*(nd

(9) 3 5 S PUnn, b ) = v/ ZTogm) < oo
We set ¢(p)=2*" and define ¢ by

where b¥*(n)=

(n i’p’q’r)

4 _t q
=Xt i sy mr )iy i)
1=0,1,-,b(n)—1, ¢=0,1, -, ¢(p)—1, r=1, -, ¢p),
PZI,Z’ b n:()’ 1) :
Let Y(n, p):marx |E(n, i, p, q, 7)| and Z(l, p)= max ¥Y(n, p).

CCHSNLEU+1)
Then we have, for any >0,
cCl+1) cCh) c(PI=1 b(nd—1 (oo
E2(0, p) < bt 33 38 3 ("l dingn 0, ®)

=c() =1 g=0 =0

where ¢ is the probability law of ¢, ([5], Proposition 2). Hence

EZ([ p) < h—l—,\/z cer D(C(n i » D q, r))e p( Dz(é'(n_lth q r)))
< hbe(H 1) o(p+1) el 1) W (1b(e(D) (b)) exp (zwa/b—(c]fl))c(p))) :

Let k= h(, p) = v/2Tog B 1) c(p+ 1) e(IT 1) (1 /b(c(D) c(p)) -

Then, we see

(10) EZ(1, p) < 2h(l, p) .

Recalling the definition b(n) and ¢(p), we have

(11) Viog ble(IH 1)) e(p+ 1) c(I+1) < d(2'+2772),

with a properly chosen constant d which may depend on £&.  On the other hand,
by (2),

(12) 32 (1beD) <)) < 3327 (1/e(p))

< 3S”¢(2-x2)dx <o, I=1,2,
0
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Furthermore, by (8), with a properly chosen constant d’
(13) VD) e(p)) < d'(2429)
Using the inequality, for < (0, 1),
x+y = 2%y 04x %" > x%y'*, for x<0, y<O0,

we have,

FUB(D) e(p)) < &2~ 2-cop

Hence, combining this with (11) and (12), we have

g n(l, p) < dd’ 21 g 2 p ) 3d$”¢(2-’2) dx .
Therefore, by (10),
S -ue ﬁ EZ(, p) < o .
=1 =1
For any £€>0,
P(3)Y(n, p) > &/2logn, for somene(c(l), -+ c(l+1))
=1
< P( f’; Z(l, p) > &/2Tog <))
>1EZ(l, )
<e=l
~ &V/2logc()) -

Hence, we have

(14) g P(g Y(n, p) > &/Zlogn, for some n&(c(l), - c(l+1))< oo.

, . B k
Since X has continuous paths, for tE[n+1 T a(n)+ b(n)’ ”+1 +a(n)
J+1
+ b(n)] :

| X)) < 33 ¥(n, p)+n(m, by )|+ 15(n, B!

Therefore, recalling (7) (9) and (14), for almost all w, we can choose a finite
Ny(w) so that, for n=N(w), Ny(w)+1, - .

sup | X(¢, 0)|\/2Togn (14-3¢).

teln, n+1)

This completes the proof of statement A.
To prove Theorem 2, it is enough to show the statement.

B. For any €>0, we can find a finite T(€) such that the inequality
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max X( 7T, o)
lim inf =% >1-¢&
Fhe \/ 2log N
holds, with probability 1.
Without any difficulty, we can carry out the same method as in [8] (pp. 203--
204). We take T so that sup p(t, s)<<€. Let {, n,, n=1,2, -} be a system
lt=s[>T

of independent Gaussian random variables with Ef=E%,=0, E=¢ and
Eni=1—¢. Put Y,=f¢-+7u,. Then

EY} = EX¥Tl) =)
(15) and
EY,Y, > EX(IT)X(jT).

On the other hand, let R(={r,,;}) be a Nx N symmetric positive definite matrix
with 1’s along the diagonal. Define

r. )= c(f —1___ _.1__ .o -1 .o ’) ees
Q(c,{r,j})_S_ws_m(zn)mz\/mexp<2(xl, xN) RNy, -+ %) |dx, ooe dxyy .

Then Q(c; {r;;}) is an increasing function of the arguments {r;;}, ([2], p. 508).
Combining this with (15), we get

(16) P( maxNX(Tk) <c¢)<P(max Y, <c).
k=1, =1, N
For any €', (0<&’'<1), we have

(17) } P max Y, < /2(1—¢) log 2"(1—¢"))

B < 5 VaI-e g7

+ 3P max e < (1-2) V2= g 7) < >

1 k=1,°-:2%

by the inequality of (6). Therefore, using (16) and (17), we have

maxNX(kT)
k=1, — g
hﬁinf—\/—]\r_ > V1—-€(1—¢'), as.

Since &’ is arbitrary, we get statement B.
To prove Corollary, we shall express X by the sum of mutually independent
Gaussian processes so that

(18) X(t) = E(t)+ 2 7 COS Npt+ g £, sin At
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where E£(t)=En,=Et,=0 and the stationary Gaussian process £ has the conti-
nuous spectral measure dF,, ([7]). We define X () by

(19) Xu(t) = X()— 337, cos At— ';_2: £, sin At
Then it is easily seen that
E1X,(t)— X,(5)|* < E| X(t)— X(s)|*

and the process X, also satisfies condition A. Therefore, by Theorem 1, we
have

hm su tE[O T]IXk(t)l

enn <1,
Tt \20,log T ~

a.s.,

k- k=1
where v,=EX?%(#). Since almost all sample paths of Elj 7, COS At 20 £, sin ¢
n=0Q n=0

are bounded functions, we have

i sy S KOs | XO)

et as.
Tre" \/20v,log T rre \/2v,log T

Therefore, we obtain the former half of Corollary, since v, tends to v,.
As to the latter half, condition B implies

p | X(®)|
lim inf:Se1 S «/—
rre \/20,log T 20, log T —
by Theorem 2. Hence, we have v=v,. Therefore under conditions A and B,
we complete the proof of Corollary.
4. Proof of Theorem 3 and 4

To prove Theorem 3, we shall firstly derive the following inequality from
assumption (4),

(20) lim sup A XA=XOL_ 1 45,

tyo0

o-(t)«/Z log log %
We shall introduce an auxiliary Gaussian process Y by

X(27"— 27" — X(0)
o2 — 127"

Y(n+t) = , te[0, 1], »=0,1, .-

Since X has continuous paths by (4), ([1], [6]), Y is also a continuous Gaussian
process with EY(#)=0 and EY*(#)=1. Moreover, using (4), we have
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E|Y(n+1t)— Y(n+s)|*
_ (=927 ) —(o(27" 127" ) —0(27"—s27" "))
c(27"—127" o (27" —s27" )
< ((t—s)27")
T (27127 )27 —527"Y)
< L*(t—s)*, for ¢, s€]0, 1].

Hence,
E|Y(n)—Y(n—s)|*
=E|Yn—14+1)—Y(n—1+1—5)|*
< L%, for s€][0, 1].

Therefore, we have

E|Y(#)—Y(s)|* < 4L*|t—s|®,  for |t—s|<1.

On the other hand E| Y(¢#)— Y(s)|’<4. Hence, Y satisfies condition A.

Theorem 1 tells us that

max | Y(t)|
limsup =2 <1, as.,
rr= " \/2log T
holds. Therefore
; Y(7T)]|
I YD) <1, s
P V2Ilog T~ a8
Hence, we have
lim sup 1 X0 —XO)| <1, a.s.,

o - a()V2 log p(t)

321

So,

where @ is defined by @(27"—727")=n+71 for 7€[0, 1] and n=0, 1, ---.

Since

(21) (log log %)/log p(t)—1, as t—0,
we obtain (20).

By virtue of (4) and (5), we shall show the converse inequality of (20).

For n<<m, we have

EY(n+1t)Y(m—-s)
_. -1—az(z—n_tz—”—l)_}_O_Z(z—m_sz—m-l)___0_2(2—”_t2—ﬂ—1_2—m+82—m—1)
2 (277 —127" e (27" —527"7Y)
1 (27" —s27"7")
< —(L+1
a 2( * )cr(2‘”—t2"”“)o-(2‘"‘—s2”"‘“‘)

< const, 27F"™



322 M. Nisio

So, Y satisfies condition B. Hence, for €>0 and for almost all w, we can choose
a finite T(&, ) so that, for any T greater than T, the inequality

max Y(, o)
10,71 —&

V2log T
holds. For any v smaller than ¢ ~(7,)*®, the inequality

i Xt 0)—X(0, 0)

>1-€
vern,1 o (1) \V/ 2 log @(v)

holds. Since X(% wzfz;j((o’ ©) is continuous on (0, 1], for >0, we can take

Sy(), smaller than @~}(T,), so that, for any s smaller than S,(»),

o X 0)—X(0,0) _ |

E.
vetet) o(#)V'2 log p(u)
Therefore, for any §>>0, and for almost all ,
X(u, 0)—X(0, ) > 1—¢.

vzlclo.psl a(u) V2 log @(u)

Combining this with (21), we get the converse inequality of (20).
To prove Theorem 4, we shall fix a positive & arbitrarily and define by

e = (X(55)—%(565)) (55)
1=1,2,--a(n), k=0,1,-bn), n=12, .,
where a(n)=[2"] and b(n)=2"a(n). Using (6), we have

(22) 31 83 3P (e, b )] = (146) 2 Tog 27) < oo

Define a continuous Gaussian process {Y(s), s>0} by

(X(%)—X(b—?;)» / a(lﬁ) . for te[0, 1],

(<)) o vt
k=0,1, -, bn), n=1,2, -,

Y(N(n, k)+1t) =

where N(n, k)=2 "2:1 b(j)+2k. Then, using (4), we have

(3) ¢@~!means the inverse function of ¢.
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E| Y(N(n, H)+)— Y(N(n, k)+5)|*
= o(@E=9)/b(m) _ 2, _, or 2,
_WSLU |, for t,s€[0,1].
Hence

E|Y(N(n, k)+t)— Y(N(n, k)+s)|* < L*|t—s|*, for t,s<[0, 2].
Since, Y(2j)=0, for j=0, 1,2, ---, we get

(23) E| Y(u)— Y(u)|* < 4L*|u—ov|*
and
(24) E|Yw)|*< L.

Let 7 be a standard Gaussian variable which is independent to {¥(u), #>0}.
We shall define a Gaussian process Z by

Z(u) =Y (W) +V1+L*—EY*u) 7
and show that Z satisfies condition A.
(25) E(Z(u)—Z(v)}
< 4L\u—o| 2‘E‘—k(l~{—L2—EY2(v))|4v/1—|—
By (23) and (24), we have

EY(@)—EY(@) 4|
1+ L*—EY*(0)

|EY*(u)—EY*()| < 4L*|u—v|P.

Hence, using the inequality [\/14+x—1| < |x| for |x| <1, we see that the second
term of the right side of (25) is less than 16L'|u—v|* for |u—o| <(4L%)~.
So, the process Z satisfies condition A. Therefore, by EZ(t)=0 and EZ%(t)=
L*4-1, we have

o ]
li =t <1, S.
P 1V 1g T s
This implies that
max | Y(u)|
lim su 2e00. 7 <1, a.s.,

The P12 1og T

because the second component of Z is bounded in #, for almost all ». Recalling
the definition of Y, we have
O lt0),
X< )X+
lim sup * bin) bi)

n4 oo V2 log N(n+ 1, 0) J(%’_Q

max
=0, 5, b(#) tE[0,T]

<VIL*41, a.s.
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log ]\(n—l—l 0)
log 27
for almost all w, there is n,(w) such that, for any integer 7 greater than n,(w),

*(ay =)o) )

< (1+28)\/L2-{-la<b—(ln—)>\/2 Tog 2"

On the other hand, tends to 1-+& when z tends to co. Therefore,

the inequality

(26) max

k=0, +*% b("), tE[0,1]

holds. On the other hand, we have
,,(_1__>
_\b(n)/ < [2BFn for Te[27*, 27"].
a(7)

Moreover, for small positive 7, we take integer # and ¢ so that

. »
21 7 < 2" and b <7< Tl
STES T e ST b

Then, we have, by the concavity of o7,

a(7)

and, for any positive s(<1—7),

| X(s+7)—X(s)| < _max - max IE(", 7, D) o(i/b(n))

X(i&i‘)—X(ﬁ) .

Therefore, appealing to (22) and (26), we see that, for almost all w,

+2 max max
k=0, b(n) 4E[0,1]

(27) | X(s40)—X(s)| < (1—1—28)0(7)«/2 log %, for small 7.

We shall derive the converse inequality of (27) from the concavity of o*(z).
Define a separable Gaussian process Y by

Y2 k) = BEEDZ—XER2T) i opo 17,

(27" ’
k=0,1,,2"—1, n=1,2, -

Then, by the convexity of the covariance function of X, we have
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EY(2-+h42) V(2" +j+s)

1 .
= {y(R2 =2 —y (k2 —(j+ 1) 2™
SO e TR I R ()27

—Y((k+1)27 27"+ ((k+ 1) 27 H(j4+1)27™)} < 0,
for (j+1)2° " <k27.

Hence Y satisfies condition B. So, for any &>0 and for almost all w, there
exists an integer n,(&, ») such that

_max [ X((k+1)27", )= X(R27", )|

k=,
e a(2") /2 log (27" —2) > 1=¢,

for n>nyE, ).

Hence, for any integer /,

11, a(27™) V2 1log 2™

>1-€, a.s.

m=

Consequently, we have the following required inequality

(1]

2]
(3]
[4]
(5]

(6]

, sup | X())—X(5)|
lim sup “S 1= >1-—¢ a.s.

e a(h)x/z log%
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