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1. Introduction

This paper concerns the spectral gap for a Markovian parsgstem, which we
call a zero-range-exclusion process. The process is a Kitdttice gas onz¢, which
consists of particles carrying energy and whose transiti@chanism is made up with
a combination of dynamics for an exclusion process (foriglagt) and that for a zero-
range process (for energy). It has two conserved quantities number of particles
and the total energy, so that its hydrodynamic behavior rbesbf interest. Our pro-
cess is reversible relative to certain product probabitityasures (serving as the grand-
canonical Gibbs measures), but of non-gradient type. It lvél proved that for the lo-
cal process confined to a cube 2 of width n, the spectral gap is bounded below by
Cn—2, whereC is independent of but depends on the two order paeaspetamely
the number of particles per site and the energy per particle.

For the models whose grand-canonical Gibbs measures adlegirmeasures as in
the present case the estimation of the spectral gap may bealyatreduced to estab-
lishing two things: one is a suitable estimate of the speégaps for the corresponding
mean-field dynamics and the other is a certain inequalitynédiones called a moving-
particle lemma) that compares a Dirichlet form for two-gignamics of a distant pair
(i.e., a pair of two sites that are far apart from each otheth w sum of those of
nearest neighbor pairs (cf. [7], [2]). The former one can b&ined by adapting the
arguments developed by Landim, Sethuraman and Varadhaheirpaper [3] which
establishes the uniform bound of the gap for zero-rangeessss; it has also been
proved in a recent paper by Caputo [1] based on a somewhatetiff idea. The ma-
jor ingredient in this paper therefore is a verification o¢ tlatter one, namely that of
the moving-particle lemma for the present model, which is $m simple a matter as
for zero-range or exclusion processes and causes the damEndn the order param-
eters of the constant in the bound of the gap mentioned alWegeshall also pro-
vide an indication of how to adapt the proof of [3] as well asra&éfbdescription of
the approach in [1]. The uniform bound of the spectral gapafenodel similar to the
present one is obtained in [4], but the energy values anditiam rates are uniformly
bounded therein whereas they are unbounded in our model.

Our estimate of the gap, though not uniform with respect o dhder parameters,
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is sufficient to prove a theorem (the fluctuation-dissipatsmguation) that is fundamen-
tal in the study of the hydrodynamic behavior of the process This theorem, origi-
nally discovered by Varadhan [7] for a stochastic Ginzbuagdau model (cf. [8], [4]
or [2] for other models), describes a structure of the quadfarm of central-limit-
theorem variances and owing to this structure one can igetite bulk diffusion co-
efficients and prove the convergence of the equilibrium diatton fields to an (infinite
dimensional) Ornstein-Uhlenbeck process (cf. [7], [2]).

2. The model and the result

Let A, (also writtenA £ ) in sub- and superscripts) be a -dimerdicube with
width 2z + 1, centered at the origin. The lattice gases that reet@ study are Markov
processes on the state spat&™, whereZ, = {0, 1, 2...}. Denote byn = (., x €
A,) a generic element aZ2®, and define

& =1(ny 2 1),

wherel (A ) is 1 or 0 according as a statemént is true or false.aRoordered pair
(x, y) of two distinct sitesx ,y € A, we define the exclusion operatat, , and the
zero-range operatov, , which act on a functionf o™ by

Ty S () = F(S&'n) — f(n) and V., f(n) = f(Szx'n) — f(n)
where the transformatiofSs;’ of configurations is defined by
ny, if z=1x,
(Saxm:z = 4 My B z=y,
7., Otherwise,
if & =1 and¢, =0; andS;"n by
n —1, ifz=x,
(S;ry’r])z = ny + 1, if =Yy,
Mz, otherwise,

if 7, >2 and¢, = 1; and in the remaining case of both Sex'n and Sz’ are set to
be 1, namely

S&n=n if &@L-¢&)=0,
S =n if I(n >2) =0.

We shall interprett, as the indicator of occupation of the site by a particle apd
as the energy possessed by the particle.
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Given two non-negative functiongx andc; on Z., we define

Lx,y = Cex(nx)(l - 5}‘)7Tx.y + Czr(nx)gyvx.y-

It may be worth noticing that the factors-1¢, and &, on the right-hand side are
superfluous because from our definitionsS8f" and Sz it follows that 7, , = &(1—
&)myey and Vi, = I(ne > 2)&,V, . (Here we put them to stress the condition for
possible transitions of a configuration.)

Let

A, ={b=@xy):x,yce A, |x—y| =1}

namely A} denotes the set of all directed bonds connecting two neigidpcites in
A,. Herel|x| := Y0, |xi| for x = (x1,...,x%) € Z¢. Forb = (xr,y) € A} we write
Ty, Sby Ly, etc. formy ,, Sex’, Ly, €tc. Then the infinitesimal generatbr(, of our
lattice gas onA,, is given by

Lz = Z Ly.
)

beEA*(n

The process is regarded as a gas of particles having energiluded to above. The
site x is occupied by a particle f, = 1 and vacant otherwise. Each particle has en-
ergy which takes discrete values 1, 2, ... and for whj¢hstands. A patrticle at site
jumps to a nearest neighbor site at ratgn,) if it is vacant. Between two neighbor-
ing particles the energies are transferred unit by unit @tog to the same stochastic
rule as that of the zero range processes. It is assumed thabiioe positive constant
ag, cex(k) > ap for k > 1 andc,(k) > ao for k > 2. This especially implies that
the lattice gas onA, with both the number of particles and thal tenergy being
specified is ergodic. We call the Markov process generated. k) the zero-range-
exclusion process. For sake of convenience we set

cex(0) =0 and cz(0) =cx(1) =0

We need some technical conditions on the functiegsand c4:

@ |czr(k) — ek +1)] < ap forall k>1;
(2) cu(k) — cz(l) > az whenever k > 1 +ko;
(3 Cex = A3Cqr,

whereasi, a; and az are positive constants arkg is a positive integer.
Take a pair of constants & p < 1 anda > 0 and letv, , = A0 denote the

p.o
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product probability measure ad?® whose marginal laws are given by

1-— p if [= 0,
1 _
) — if I= 1,
vpa{nine =1}) = Zo
1 a1
1 it 1>2
P en@en@) - enll) =

for all x. Here Z,, is the normalizing constant:

al—l

Zo =1+ ; D el

and« is supposed to be less than the radius of convergence of thers®ries on the
right-hand side above. Our lattice gases are reversibkgtivelto the measures, .,
(namely LA,y is symmetric relative to each of them), as is easily showe (g¢ be-
low). For each pair of positive integers < n and E > m the lattice gas which con-
sists ofm particles whose total energy £  is ergodic. Theriamh measure is the
conditional law:

Vp.oz( i m{n:|£|:m’ |77|:E})

Pn.m.E[ ’ ] = Vp,a({n : |€| =m, |77| = E})

Here

€= Y & and [n[= ) ne
) )

xEA(n xEA(n

This definition does not depend on a choice of the paira. We denote byE, ,, g
the corresponding expectation.

The reversibility is equivalent to the detailed balance ditbon, namely the fol-
lowing set of conditions:

(4) CZT(nX)g}' anE{n} = CZI'(n.\‘ + 1)1 (77/\ Z 2)anE{S;r}77}
and
(5) Pn,nLE{ﬁ} = Rz,m.E{S&yﬁ},

both of which are valid for anyy m E € Z, (n, E > m), for any two distinct sites
x, y € A, and for any configuratiom on A, . Here P{n} denotes theP -measure of
the one point se{n}. From (4) it follows that for any functiong’ ang af

En,m,E[Czr(ﬁx)&yf(SQr’"'ﬁ)g(ﬁ)] = En,/r1,E[Czr(77y)§x F(me(Sy n)]
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(here &, or & cannot be removed); an analogous relation involviidg” also holds.
The Dirichlet form

Dn,m,E{f} = _En.m.E[fLA(n)f]

is accordingly written as

O Y Bk [ean ) 1P+ eatn (Ve /Y]

XEA, |y—x|=1

The objective of this paper is to find a suitable bound of theavee

Vn,m,E(f) = En,m,E [(f - Ele.E[f]) 2}

by means of the Dirichlet fornD, ,, {f} as stated in the following theorem.

Theorem 1. Suppose that the conditiorf$) through (3) are satisfied. Then there
exists a constan€ such that for all positive integersn and E, satisfyingm < |A,|
and E > m, and for all real functionsf orz2®,

2
m m

Here |A| denotes the cardinality of a set

Remark. i)  We shall actually prove that

2
Vn‘m.E(f) S an <|If\}’l—”|) {Dn,m,E{f} + 5 Z En,m,E[(Trbf)z]} .

beA*(n)

(If d=1, the factor (A,|/m)? on the right-hand side may be deleted.)

ii) It is natural to have the factot? (the square of the length of the underlying phys-
ical space) in the bound (6), while the dependencenghA,| and E/m of the right-
hand side of it might not be intrinsic and seems to be causedhbytcoming of the
method. The non-uniformity of the bound, however, would hetserious obstruction
in its application to the hydrodynamic limit of the model. fact, by applying Theo-
rem 1, we can determine the structure of the quadratic fornseoitral-limit-theorem
variances and thereby identify the limit of the equilibridtactuation field under the
hydrodynamic scaling [6]. We have difficulty for proving thgdrodynamic limit itself
because of the lack of sufficient moment bounds.

An outline of the proof of Theorem 1. We fix m anBl , and simply tenf][ - ]
and D [-] for E, . e[ -] and D, ., g [-], respectively. We take the conditional expecta-
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tion given the occupation variable

E={& x €AY

which we denote byE[ - |£]. Then

@) Vi e(f) < 2E[(f — ELFI))?] + 2E[ (ELfIE) - ELA)-

The second term on the right-hand side is easy to disposeimde &[ f|£] is a
function of £, we can use a spectral gap estimate for the simple exclusimesgs to
see that

E[ELF16 — EL?Y] < Con’E[ 3 (mEL/14)7]
beA*(n)

(cf. [B]). For x, y € A, the operatorr, , and the conditional expectatidg[-|{] com-
mute sincet is distributed uniformly on its configuration space und¥®r, r n @ing
Jensen’s inequality, the last term therefore is at n@gt* ", E[(7, f)?]. Thus

2
(®) E[(ELfIA - ELA)?] < Con? Y Ellm )2
beA*(n)
Estimation of the first term of (7) is made by applying the daling two lemmas.

Lemma 2. Suppose that the condition&) and (2) hold true. Then there exists
a constantC such that

e[(r ~ELr1)? | < CE 3 eures (Vas )|
x,y(7)

Here the summation on the right-hand side extends over aéred pairs(x, y) €
A, x A, such thatx # y.

Lemma 3. Suppose that the conditior(&) and (3) hold true. Then there exists
a constantC such that

1

| Al

Al

E[ Y cutn)ey (Ves £)F] < 222 pgpy+ 205 Elm A}

x.y(#) beA*(n)

We shall prove Lemmas 2 and 3 in Sections 4 and 3 respectiBglyapplying
Lemmas 2 and 3 in turn, the first expectation on the right-hsidd of (7) admits the
bound

[Anf?
2

[Disy+ 2 3 Eltm 1)

bEA}

E[(f —ELfI)?] < c"n?
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The inequality of Theorem 1 is now obtained by combining thith (8).

Remark. Lemma 3 is an averaged version of the moving-particle lenfonaen-
ergy exchange (by the zero-range interaction) in our mixgdachics. Without such
averaging our model would not admit any relevant bound amitby means of Dirich-
let forms only, while the zero-range or exclusion processegcf. Lemma 4 in Sec-
tion 3). Owing to the inequality (8) we do not need the coroesfing one for particle
exchange, which seems not easy to prové if = 1.

3. Proof of Lemma 3

As in the outline of the proof of Theorem 1 given in the preocgdsection we
fix n, m, E, and simply writeP[-], E[-] and D{-} for P,mel ], E.mel-] and
Dy,m.e{-}, respectively.

Let v(x, y) denote the canonical path from {0 . By this we mean that

9) Y, y) ={z 1 0<i < |x —yl},

with z; = (z}, ..., z¢) which are defined in the following way: for = 1...d, r(k) =
it [¥! —¥'| and

=xk for i=1....r(k—1); =y for i=rk),....d
yk ek
=xb+ i —rk—1)=—Fr for r(k—1)<i<r(k),
| vk — x|
namely v(x, y) denotes the (shortest) path of successive nearest mgigites that
goes fromx toy , moving firstly along the first coordinate axistaphe r (1)-th step,
secondly along the second coordinate axis up torthe (2)ep, €tind so on. For the
following lemma we do not need any of the conditions (1) to {B)posed oncex

and cz.

Lemma 4. There exists a constaf  such that for anyy € A, (x #y),

E[caln), [V, /1]
<cl—y Y E[etm) (Ve /P4 ma12)8)]

Z,vEY(x,y):|z—v|=1

+Clx —y| Z E [[Wz,vf]zczr(ny)]

ZVEY(x,y):|z—v|=1
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Proof. Let us define the transformatiéhi->  pfby

Sexn if & =1 & =0,
SV = sy if g >2 6, =1,
n otherwise,

Letz(}) =z (0<i < |x —y|) be thei -th site fromx on the canonical pafx, y) as
defined just after (9). Put

r=lx -yl

and suppose thaj, > 2 and&, = 1. Then the transformation — S;:'n is achieved
first by applying the transformation§?(—12() 1 < ; < r, successively along the
canonical pathy(x, y) until arriving at the sitey and then, in the return trip stag
at z(¢- — 1), by applying the transformation§® —9-«@—i=D » +1 < i < 2r —1 to
recover the original configuration between and ; formally

S;cr,)n - S;;&l)"(o) o Sé§<2)z(l) 6.0 Ség(r—l)z(r—Z)

° Sz(rfl),z(r) ° Sz(r72),z(r71) 6.0 SZ(O)’Z(]')?].

Let us defineT;n by Ton :=n,
Tin=§D0T_1n for 1<i<r,
and
Tyn=S§@—D:@=i=D1 1y for r+1<i<2r—1
Then the relation above may be written as
Sz?m = T —1m.

It follows from the reversibility relations (4) and (5) thédr any two distinct sites
Z, U

cz(n)P{n} = ca(n)P{n}&u + ca(n)P{n} (1 - &)

czelne + DP{SZ 0} + czln:)(1 — &)P{Se'n}

whenevern, > 2; hence

(10) cz(n:)P{n} = ca((S ) )P{S*“ 0} 1 (n: = 2).

One notices that the argument of is unaltered (namelyS¢t-“n), =n;) if the jump is
done by exclusion rule.
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By repeated applications of (10), we see that
ez )P{n} = ca((Tim)-0))P{Tm}H (e = 2),  (Tim)y = ny
for 0<i <r -1, and that ifn, > 2 and&, = 1, then
ca(n)P{n} = ca((Tim),)P{Tin}, (Tin)y =n, +1

for r <i <2r — 1. (In the last stage of the onward trip one unit of energy isdea
over by a particle at (— 1) to that aty =z £ ) when an application of the rule (10)
changes the argument of;, to 7, + 1, which since then remains to bg + 1 all the
way back.) Using these equalities, we have

E[ca(n)& [V /1]
€ [ealn) (S22 0 ) - FT-n) 6]

IA

IN

2r—1
2 37 E[ealn )L (Tn) — £ (T8, |
i=1

IN

2r Y N P{Timteal(Tim))LF(Tim) — f(Tian)*I((Tin)y > 0)
=1 n
2r—1

+2r SN T P{TmYea(Tm) LA (Tim) — F(Tioam)]?.

i=r+l n

SinceT; is one to one on the séy:n, > 2, &, =1}, the right-most member equals

2r Z E {CZr(nz(i)) ([vz(i)-l(ifl)f 12 + [y 1) f ]2) 5“}
i=1

2r—1
+2r Y E[[Wz(i),z(i7l)f]zczr(77y) :

i=r+l

Thus we obtain the required inequality. U

Proof of Lemma 3.  First we prove Lemma 3 in the cdse =1. We surhatip
sides of the inequality of Lemma 4 over and , and dominate y| by 2n to see
that

(12) > Eleatmg Ve, /1]
x,3(7)
< Cn Z Z E [Czr(nu)([vu,vf]z + [th,vf]z)fy

X Y(F) u,v€y(x,y):lu—v|=1
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von Y Y EllmfTea(n)].
X Y(F)u,vey(x,y):lu—v|=1

Taking summation orx y first and applying the inequalitless, < m, > n, < E
and ¢ < cex/az we derive the inequality

n—1
> Eleame[Vas /7] < Cn?(mD{f}+ EY Ellmwn/)4).
x,y(#) x=1

which in turn implies the inequality of Lemma 3.

In the cased > 2 the argument made above is inadequate. This is because in th
summation over the bonds:,(v ) there occurs concentration oticplar ones which
depend ony (so that ifu(v ) is fixed first, the multiplicity of sifjoantly varies
with (u, v)) even if we choose any number of pathdrom x to y any different ways
and make averaging over them. However, for the first term a@n rtght-hand side
of (11) we obtain, by dominating, by 1, the bound

(12) Cln2|An|D{f}’

as is easily observed by applying the inequality
> > Aw,v) <2n[A,| Y A, v)
X (7)) u,vEy(x,y):lu—v|=1 u,VEA, Ju—v|=1

valid for every non-negative functiod u{v ). For the secondntewe cannot follow
suit: we have anyhow to dispose ofi(n,). To this end we use the following variant
of Lemma 4.

Lemma 5. There exists a consta@  such that for anyy € A, (x #y),

E [cﬂ(nx)fy[vx,yflzl (1 Sy S ZWE)]

SCl—y Y Ela)(Veanf P+ r 196

Z,vEY(x,y):|z—v|=1

+£C|x—y| Z E{[”z,vf]zfy}’

Z,VEY(x,y):|z—v|=1

where~(x, y) is the canonical path from to

Proof. We may proceed along the same lines as in the proof ofntae 4 but
with the functiong ¢,) := I(1 < n, < 2E/m) being inserted in all the expectations
appearing there except for the last formula consisting af wes in which we insert
g(ny — 1) instead ofg 4,). U
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We resume the proof of Lemma 3. Using the inequality
m 2E
— < <p <=
> = Z 1 <1 <n < - )
x€A(n)

and making decompositioN,, f = f o $*¥ — f o " +V,,, f in turn, we dominate
>z Elezm)&[ Vi, f17] by

% Z Z E{Czr(nx)gyl(l <ny < ZZE)[VX’YJC]Z}

xy(#F) w
< %zéA E[catn)t (1< 10 < 22)1900 7]
+Efeatndt (1< < 2E)19,.077] .

where Schwarz inequality and the reversibility (with a specare in the casev = )
are applied for the last inequality and, , f is understood to identically vanish if
v. Noticing the symmetric role of ang and then using Lemma 5,ceve dominate
the last member by’n?(|A,|2/m)D{f} plus

CI|An|2% ' %nZ Z E{(Tru.vf)z}

u,vEA, ju—v|=1

by the same computation as is done for obtaining the bound. (I&e proof of
Lemma 3 is complete. O

4. Mean field interaction

Let J, :={1, 2 ...,m}. In this section we consider a meanfield type zero-range
process on{1, 2,...}/ with jump ratec,. Its generator is defined by

— 1
L,anf(n) == E Czr(nx)vx,yf(n)-
m
-X,}'e‘lm(?)

(Note that heren, > 1 for all n.) It is reversible relative to the product measure

(the grand canonical measure), denoted:hy whose marginal distribution at site
equals the conditional law of that undey . given & = 1 for everyx . We denote
by P, [ - ] the conditional measures given by

Em,E[ : ]: Eua[ : |771+"'+77m :E]
and the corresponding Dirichlet forms _,E{_E{f}, namely

Blzan{f} = _Em,E[fzﬁzrf]-
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Lemma 2 clearly follows from the following proposition.

Proposition 6. Suppose that the rate function, satisfies the conditiongl)
and (2). Then there exists a constaat  such that

Enmgl(f — Enelf)?4 < CDZ ,{f}.

Proposition 6 is the mean field version of the result for theozange processes
that is established by Landim, Sethuraman and VaradhanLE].DZ . denote the
Dirichlet form for the zero-range process under the car@muteasureP,, . Then they
have shown that

(13) VmE(f) = EmE[(f - EI",E[f])Z] S ClszrirE{f}

It is easy to see thaDZ .{f} < C,m?DZ .{f}. Hence (13) follows from Propo-
sition 6, but actually the latter is a corollary of the prodftbe former given in [3]:
indeed, the proof of Proposition 6 can be carried out by adgphe proof of (13) for
replacement ofn>DZ . { f} with B,Z,f’E{f} in various steps of it. In below we indicate
some main points for the adaptation of the proof. In a recapiep [1] Proposition 6
is proved in another approach, which we shall describe pregflthe end of this sec-
tion. We shall omit “zr” from the notationd.Z, DZ . and ¢z and letV,,f = 0 if

m?

X =y.

Proof of Proposition 6. As in [3] we proceed by induction mn piove that
for eachm there exists a constamt,_, such that if 2< k <m — 1, then

(14) Vi (f) < WoaDi e {f}

foral E > kand f =f({,...,m). In the casen = 3 (implyingk = 2) the as-
sertion (14) follows from Lemmas 2.1 and 2.2 of [3]) (a bourd bne-site spectral
gaps).

Suppose thatn > 3 and (14) holds fokx =2..,m — 1. Let E,, g[f] = 0. We
then observe thaV,, (f) = En e[ f? =1+ 11 where

I= % Z Em,E[(f - Em.E[f|77X])2]’

XEJIm

1= % > Enel(En el fInd):

xXEJp

Regardingf as the function of variableg,(y # x) with n, fixed, we denote it by
fln.. Then by integrating over the variableg, (y # x) first and applying (14),

1 m
I =— Em Vm— — 1] 7
2 EntlVn1 o ()
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1 —
S E Z WmflEm.E |:D11171,E7m{f|17_‘ }i|
xXEJpy
m

Wmil% Zl ﬁ- Z Em.E |:C(77u)[vu,vf]2:|

u,v€ Jn \{x}

IN

1 —
(15) (1 - m) Win—1Dp e{ f}.
Proceeding as in [3] with suitable modifications (with théphef Lemmas 2.1, 2.2
and 2.3 and Eq (3.1) of [3]) one will deduce that

(16) 11 < (C"Wp_1+1)D, c{f}.

It is immediate from this and (15) that there exists a cornstép such thatV, g(f) <
W Bk,E{f} for k =2,...,m, which completes our induction argument.

In what follows we denote by the same symb), the best possitde (namely
the minimum) among such constants. Notice that (15) remedtid with this choice
of constants. It remains to prove that the sequeWge is baourfe® this end we
apply another fundamental result of [3] (Proposition 3d)the following version of
it:

Proposition 7. For everye > 0 there exists an positive integet, and a con-
stant C = C(g) such that

2

m

Vin,E (f- % ZC(ﬁy)) < %BmE{f} + %VHLE(f)

y=1

1
EnLE[C(nl)]

for all m > m, and E > m and for all real functionsf ofy.

Proof. The proof is essentially the same as that of Proposi3i.l of [3]. In the
latter the setJ,, is divided into intervalB i () of size br + 1 forckd. For the
present purpose of mean field estimatigp is partitioned sutosetsB i( ) of cardi-
nality / or/ +1. We consider all such partitions and take theraye over them. Since
the distribution of{n, : y € B(i)} under the lawP;,, does not depend on the shape
of B(i), the all the relevant computations are carried througth these partitions in
the same way as with the partitions into intervals. [l

Employing (15) and Proposition 7 together with the argumemitide for deriv-
ing (16) one will deduce

n /!

1 — c" —
Vm,E(f) S (1 - m) Wmlem.E{f} + WDmE{f} +

< VmE(f)

m—1
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Taking € small enough we infer tha¥,, must satisfy
1 C1
W, <<1l—— s W,_1+— forall > m,

with a constantC; independent ofn . This is possible only W,, < 2C; for all m
since W,, cannot decrease. Proposition 6 is thus obtained. O

On Caputo’s approach. Caputo [1] found out a remarkable inequality that holds
in product spaces obeying certain conditions (its prooieselpon some key results
in [3] in the case of zero-range processes). The Caputo atiggueorresponding to the
zero-range process may read thatif, s f [ 1=0, then

5 B el(En el 102 < (140 (o)) Bl
XEJm

or, what amounts to the same thing,

1 p
1= Enelf?]-11> (1— m—_l) (1 - m) En e[ 7]
for m sufficiently large, whered and§ are some positive constants less than one. This
combined with (15) shows that iz is large enough, thép may dkernt so that
W, < W,_1/(1 — Bm~17%), which immediately yields Proposition 6.
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