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1. Introduction

A Riemannian manifold is hyperkahler if it has three compbtructures 1, 15, I3
satisfying the quaternionic relatiodsl, = —I,l; = I3 and if the Riemannian met-
ric is Kahler for each ofl1, 15, 13. The basic example of a hyperkahler manifold
is the guaternionic spadd”. The hyperkahler quotient method of Hitchin, Karlhede,
Lindstrom, and Rocek is known as a technique for constrgcsuch manifolds [6,
§3.(D)]. Bielawski and Dancer studied a hyperkahler guutief a quaternionic space
by a subtorus of a real torus, which they call a toric hypkka manifold [1]. Let
K be a subtorus o™ . We have a right diagonal actionkof Hh with the hy-
perkahler moment mapix: HY — & @ RS If v € ¢ ® R% is a regular value
of ux and if K acts freely onug ~1(v), then we have a toric hyperkahler manifold
X(v) = ux ~Y(v)/K. There exists a canonically induced action®f 7#/K on the
4n-dimensional manifoldX (), which preserves its hyperkahler structure.

In this paper we study complex structures of a toric hypel&amanifold. Konno
recently studied the variation of its complex structurels [9

We start out in Section 2 with a review of the definition of ouanifold. If p =
"(p1, p2, p3) is a unit vector inR3, thenl , = Z?:l pil; is its complex structure. Thus
we obtain a family of complex structures parametrized by 2k&phere. In Section 3
we determine precisely which of these structures have comganplex submanifolds
(Theorem 3.3). We can find such structures as follows:iet — R be the inclu-
sion map and{es, ..., ey} the standard basis ®®". We assume thafi*e; | j € J}
forms a basis ot*, whereJ C {1,... . N}. If v =37, ,t"¢; ®u;, whereu; € R3
for eachj € J, then CP! is embedded in X (), lu;/|u;) for eachj € J (Proposi-
tion 3.4). Bielawski and Dancer discussed when our manifslén affine variety [1,
Theorem 5.1]. By their result, we find that the manifold has $itructure of an affine
variety with respect to each of the other complex structutesSection 4 we give
two examples; one is the case din = 1 (Example 4.1) and the ddhthe case
dim7T" =1 (Example 4.2). We apply results in Section 3 to the fiodohg in these ex-
amples. In the final section we discuss whether complex tstres of the family are
equivalent to each other. We assume that there exist exaetlycomplex structures
that have compact complex submanifolds. Then it follows tha other complex struc-
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tures are all equivalent (Theorem 5.2 (1)). Its proof runsalbel to the proof given

in [5, Proposition 9.1 (i)]: we use a circle action on the teisspace of the mani-
fold that preserves the complex structure. It is still opemether in the general case,
a similar result holds.

2. Toric hyperkahler manifolds

In this section we review the definition of a toric hyperléhimanifold. Let
{1,i,j,k} be the standard basis d¢i. Let go be the standard metric ohl". The
Riemannian manifoldH”, go) is a hyperkahler manifold with complex sructurgs],

K given by left multiplication byi, j, k. We identify /—1 € C with i € H and iden-
tify £ € H with (z, w) € C® C by £ = z + wj. Under this identification the complex
structures can be written as

I(z, w) = (V—1z,V—1w),
‘](Zv U)) = (—U_), Z_)
K(z, w) = (—vV—1w, vV—17)

wherez =¢1,...,zx), w = (wy, ..., wy) € CV. The real torus
™ ={a=(a1,...,ay) €C" | |a;| =1 for each I<i < N}
acts onH" by right diagonal multiplication. The action can be writtas
(z,w) - a = (zor, wa™2).

This action preserves the hyperkahler structure.
The hyperkahler moment map for this action is defined by

prn = (ugn 1, pirv 20 pgv 3): HY — RV @ R®,

where uy~ 1, ury 2, pry 3 are the Kahler moment maps corrsponding to the complex
structuresl, J, K, respectively. The three moment mapgv 1, prv 2, v 3 €an be
written as

1 N
prva(zow) = 53 (1 = lwil)e
i=1
N
(v + VT ) w) = V=LY (ermer
i=1

where {es, ..., ey} is the standard basis &".
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Let K be a subtorus of ¥ whose Lie algebrac R" is generated by rational
vectors. Then we have the tord¥ 7% /K. We obtain an exact sequence:

0—t-—-RY LR —0,

and by duality an exact sequence:

*

0—R LRV g0,

where . is the inclusion map ana is the projection. The hyperkahler moment map
for the action ofK is defined by

ik = (k1 pr2s pxs): HY — & @RE,
where
pi,i =t opupv; foreach 1<i <3.

The following definition is due to Bielawski and Dancer EB].

Derinimion 2.1.  Suppose that € ¢ ® R® is a regular value of the hyperkahler
moment mapux and thatk acts freely opg ~1(v). Then the hyperkahler quotient

X(v) = px W)/ K

is a smooth hyperkahler manifold of dimension 4 . We calb) 4 toric hyperk&hler
manifold

We denote by 4 |1, 12,13) the hyperkahler structure and we denote dgy the
Kahler form corresponding td; for each 1< i < 3. There exists a canonically in-
duced action off” onX i), which preserves the hyperkahler structure.

Konno discussed when the hyperkahler quoti&nt) i6 a smooth manifold. Let
m be a non-negative integer. We set

Ap={J C{l,...,N} |#J =dimspadc®e; | j € J} =m}.

For each/ € Agimk—1, we define a hyperplang; in ¢ by H, = spar{t*e; | j € J}.
He obtained the following propositions [8, Proposition,2Ptoposition 2.2]:

Proposition 2.2. Letv = (v, 12, 13) € £* ®R3. Then the following conditions are
equivalent
(1) v is a regular value of the hypeékler moment mapik.
(2) For eachJ € Agimk—1, we havevy ¢ Hy, vo & Hy, or v3 ¢ H,.
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Proposition 2.3. Let v € £ ® R® is a regular value of the hypedkler moment
map ux. Then the following conditions are equivalent
(1) The action ofK onug~(v) is free.
(2) {r(e;) | j € J}is aZ-basis ofr(Z") for eachJ C {1, ..., N} such that{rn(e;) |
Jj € J} is a basis ofR".

We remark that the following cases are not essential for dsgudsion.

RemaRrks. (1) Suppose that(e;,) = 0 for someip, 1 < io < N. Then we have
t=t ®spae;,}, wheret' =tnspade; |1<i <N, i #io}.

Let K’ be the Lie group corresponding . Let 5: ¢ — ¢ be the inclusion map.
We setr’ = (b* ® 1gs)(v). The hyperkahler quotienk vf of HY by K is just the
hyperkahler quotien’(v') of H¥ =1 by K’, whereH" ! = {(z, w) € H" | z;, = w;, =
0}.

(2) Suppose that*e;, = 0 for someip, 1 < ip < N. Then we havet C spare; | 1 <

i <N, i #ip}. The hyperkahler quotienx vf of HY by K is just the product of the
hyperkahler quotienx’() of HY~! by K andH.

3. Main results

In this section we prove our main results. LEtv) be a toric hyperkahler mani-
fold. If p="(p1, p2, pa) is a unit vector inR3, then we have

(Zp.)_l

Thus we obtain a family of complex structures parametrizgdhe 2-sphere. We de-
note byl , the complex structurezf’:1 pili. We determine precisely which of these
structures have compact complex submanifolds.

Bielawski and Dancer proved the following proposition [lhebrem 5.1]:

Proposition 3.1. We setv = (v1, 12, v3). We assume that for each € Agimg—1,

we have eithen, ¢ H,; or v3 ¢ H,;. Then(X(v), 1) is biholomorphic to the affine
variety SpecC[V] K® whereV is defined by the equation

N
—V —12(2,‘11),‘)11*6,' =vy++v-1us,
=1

and K€ is the complexification ok

Let P = (p;;) be an element i§O (3). For each<li < 3, we denote byp; the
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ith row of P. We set

3 3 3
Py = (Z P1jVj, szjl/j, Zp3jl/j) for eachv = (v1, 12, 13) € £ ® RS,
j=1 = j=1

If v € &*®R3 is a regular value ofig, then so isPv. We prove the following theorem
needed later:

Theorem 3.2. There exists a mag: X(v) — X(Pv) that satisfies the following
conditions
(1) ¥ is an isometry.
(2) W is a biholomorphic map ofX(v), 1,,,) onto (X(Pv), |;) for eachl <i < 3.

Proof. We set
Ji =pil + pi2d +pizsK and j; = pi1i + pi2j + pisk  for each 1<i < 3.

We consider the hyperkahler structurgp;@1, J2,J3) on HY. We identify v/—1 €
C with j, € H. Under this identification we define the action (a.2) of i8N by
right diagonal multiplication. Letp;v: HY — RY ® R® be the hyperkahler moment
map for the action (a.2). We assume thiat.(0) = 0. We defineuzv: HY — RY @ R®

by
fipn () = Pupn(€)  for eaché € HY,

The mappuzv is the hyperkahler moment map for thie¥  -action (a.1) defimethe
preceding section. We set

P if p11=-1,
A= putl-—pai,+pais it puy #—1
V2(p11+1)

We definey: H — H by right multiplication by . Let ®Y =4 @ --- @1 (N times).
It is easy to verify the following:

Ciam. (i) (a+bi)A = Xa +bj,) for eacha ,b € R.
(i) ¥®" is orthogonal.
(i) @V is a biholomorphic map ofH", J;) onto itself for each K i < 3.

Since ;v oyp®V is also the hyperkahler moment map for the action (a.1) s/ dtaim,
we have

drx 0 pEN(E) = fipn(€) for eaché € HY.
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Thus4®" induces a mapl X ) — X(Pv) satisfying conditions (1) and (2). O
Let J be an element iM\gimx. We write

v=> 1'e;®u;, whereu; € R®for eachj € J.
JjeJ

Then we set

:|:I/lj .
Uj={—L|jeJ}.
[

Note that from Proposition 2.2, we hawg # 0 for eachj € J. We set

C,={peS?|(X(),l,) has a compact complex submanifhld

where we regards? as the unit sphere iR3. The main theorem in this section is the
following:

Theorem 3.3. Let X(v) be a toric hyperkhler manifold withdimg X(v) > O.
Then we have

CV: U Uy.

J € Adimk

Proof. By Remark (1) at the end of Section 2, we may assumentfg} # O
for each 1<i < N.

We assume thafn +1,n +2 ..., N} € Agimk. Then{r(e1), ..., m(e,)} is a ba-
sis of R". Let {v1, ..., v,} be the dual basis corresponding {e(e1), ..., w(e,)}. We
write

N
v= Z e Quj,
i=n+l
whereu; € R3 for eachn +1< i < N. Let P be an element ir§O (3) whose first
row equals'u,+1/||ua+1]. We setPu; =' Qfu, Az, Agi) for eachn +1< i < N. We
may assume thak; ,+; > 0. Note that\,,+1 = A\3,+1 = 0. By Theorem 3.2 we find
that (X (), 1 4,../|jussr))) 1S biholomorphic to X Pv), 11).
We prove that X Pv),11) has a compact complex submanifold. We set

N
hi = Mje; foreach 1<i <3,
j=n+l

We have Pv = (t*hi1, .*ha, 1*h3). Let p: ux ~(Pv) — X(Pv) be the projection. We
set g, w] = p(z, w) for each ¢, w )€ px~Y(Pv). The hyperkahler moment map for
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the action of7" onX Pv) is defined by

pirn = (ge 1, pire 2, pre3): X(Pv) = R" @ R3,

where 7. ; is the Kahler moment map corrsponding to the complex stradt; for
each 1< < 3. For each K i < 3, uz; can be written as

<,LLTn,i([Z, U)]), 7T(x)> = <,LLTN,1'(Z, lU), x) — <hl', _x>
for eachx € RY and for each{, w ¥ px ~1(Pv). We write
m(e;) = Za,-jw(e,-) for each 1< j < N,
=1

where «,; € Z by Proposition 2.3 and [8, Lemma 2.2]. By assumption we have
(0, ..., ) 7 0 for eachn + 1< j < N. There existsr , I< r < n, such that
a,a+1 #0. We may assume that, .1 < 0. We set

. A1
a= mm{— L
Oérj

We define the closed segment R by A = {rv, | 0 < r < a}. We prove that
ur (A, 0, 0) is a compact complex submanifold of (Px), | 1).

(@) We prove thatur-—%(A, 0, 0) is compact. Letd, w ] € pur—(A,0,0). Then
we have the following:

ntl<js N, arjhy <0 Az,-+\/—_1>\3,:o},

@) 0= (uralz ul). 7(e)) = 5 (2P~ fur) < a.

(i) 0={pra(z, w]),m(e)) = %(|z,-|2 —|wi|?) for each 1<i <n, i #r.
(aiiiy 0= {((urn2+vV—Lpup3)([z, w)), n(e;)) = —v/—1z;w; for each 1<i <n.

We have from (a.i) and (a.ii),

(prna([z, w]), 7(ei))

n

Z aji{ pra([z, wl), 7(e;))
=1

~

NI

(lz[* = |w,|?) ey for each 1<i < N.

Thus we have

. 1
(a.iv) §(|zr|2 - |w,|2)ari +Ay =

—~

prn [z, w]), 7(e;)) + (ha, e;)

(zi]? = |wi[?) for eachn +1<i < N.

NI =
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Hence we have from (a.i) and (a.iii),

(3.1) w, =0 and |z,2 < 2a.

Furthermore we have from (a.ii) and (a.iii),

3.2) zi =w; =0 foreach Ki<n, i #r.

Since ¢, w) € ux ~1(Pv), we have

(3.3) —V—1z;w; =Xy +vV—1Xy for eachn +1<i < N.

It follows from (3.1), (3.2), (3.3), and (a.iv) thajf-op) (A, 0, 0) is compact. Hence
ur (A, 0, 0) is compact.

(b) We prove thatu;-—1(A, 0, 0) is a complex submanifold ofx( P), 11). From
the proof of (a), we obtain the following: let[w ]€ ur~1(A,0,0). Leti be an
element in{n+1,..., N} such that\p; +1/=1)\3 = 0. Then from (3.3) we havew; =
0. If a; <0 and \y; < 0, then from (a.iv) and (3.1) we have

1 1
§(|Z"|2 - |wi|2) = §|Zr|2ari +Ay <0.

Hencez; =0. Ifa,; > 0 and A\y; < 0, then from (3.1), (a.i), and (a.iv) we have

1 5 2 1, ; 1,
(17:1¢ = |w: =a.: | = + )V <a: = _ <0.
2(IZ,I |w; | ) Qi (2|zr| ) Qi <2|zr| a 0

ri

Hencez; =0. Thus we have

z; =0 for eachn +1<i < N such that\;; < 0 and\y ++v—1)\3 = 0.
Similarly, we have

w; =0 for eachn +1<i < N such that\y; > 0 and My + vV —1 )z = 0.

We denote byM the set of all points G x CV that satisfy the following conditions:
(b.i) w, =0 andz; =w; =0 foreach X i <n,i #r.

(b.ii)) —v/—1z;w; =Xy +v/—1)g for eachn +1<i < N such that\y ++/—1)3 # 0.
(b.iii) z; = 0 for eachn +1<i < N such that\y; < 0 and Ay ++v/—1)3 = 0.

(b.iv) w; =0 for eachn +1<i < N such that\;; > 0 and Ay ++v/—1 )3 = 0.

By an argument similar to that in (a), we have

(3.4) (urn © p)"H(A,0,0) =M N i1~ (1 ha).

Obviously M is a complex submanifold oH("', I) and so its induced metric is Kahler.
The action ofK onM preserves the Kahler structure. It is cthat its moment map
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is the restriction ofux 1 to M. Since from (3.4) we have
pirn (A, 0,0) ={M N pga *(*h1)}/K,

we find thatuz.~1(A, 0, 0) is a complex submanifold ofX( P@), I 1).

Next we prove thatp € C, implies p € U, for someJ € Agmk. Let Q be an
element inSO (3) whose first row equdjs . Sincé Qi), 11) has a compact complex
submanifold by assumption, there existss Agimx Satisfying the following condition:
if

v=Y 1'e;®a;, wherea; € R® for eachj € J,
JjeJ
then there existsip € J such that the second and the third componentQaf;, are
equal to zero. Therefore we hayec sparfaj,}. O

Proposition 3.4. The submanifold.;» (A, 0, 0) is biholomorphic toCP2.

Proof. It is sufficient to show that;» (A, 0, 0) is homeomorphic t€P!. Let
S be the one-dimensional subtorus Bf whose Lie algebia spanned byr(e,).
Let 2: s — R” be the inclusion map. There exists a canonically inducetbracf S*
on ur (A, 0, 0). The moment map for this action is the restriction of* o iz 1 to
(A, 0, 0).

Let r € (0,a). First we show thats! acts freely ong=1(:*(tv,)). Let [z, w] €
¢~ 1(*(tv,)). By (a.i), we havez, # 0. By (b.ii), we havez;w; # 0 for eachn + 1<
i < N such that\y+v/—1 )3 # 0. We assume that there exiggsn+1 < iop < N, such
that )\21'0 +\/__1)\3i0 =0 andz,-o =wi, = 0. Sincear,-o ?f 0, we have|zr|2/2 = —)\1,'0/&”'0
by (a.iv). Since O< |z,]?/2 < a by assumption, this is a contradiction. Hengk acts
freely on ¢—1(2*(tv,)).

Next we show thatp—1(:*(0)) and ¢—1(+*(av,)) are one-point sets. Letz[w ],
[/, w] € $~(*(av,)). By (a.i), we have

(3.5) |zr| = Iz/"].
By (a.iv) and (3.5), we have

|Zi|2 - |wi|2 = |Zil|2 - |wil|2 and zw;, =z;'w;’

for eachn +1<j < N. Thus for eachh + K i < N, there existsy; € T such that

— —ap ! =1
zi=z'a;, and w; =w;'a; " ".

There existsjg, n + 1 < jo < N, such that
A

al’jo>‘1jo <0, /\Zjo + v _1>‘3jo =0, and a =—

Qrjo
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Sincea =|z,1?/2 =|z,'|?/2, we havezj, =wj, = zj,’ =w;,’ =0 by (a.iv). Thus {,w ] =
[z/, w']. Similarly, it follows that ¢—%(:*(0)) is a one-point set. Thug is a Morse
function with exactly two critical points. We have thus showhat ;7. —(A, 0, 0) is
homeomorphic taCP. O

We obtain the following three corollaries to Theorem 3.3.

Corollary 3.5. Let X(v) be a toric hyperi&hler manifold withdimg X(v) > 0. If
p is a point of $2\ C,, then (X(v), I ,) is biholomorphic to an affine variety.

Proof. LetP be an element iSO (3) whose first row equals . Since), | ()
is biholomorphic to ¥ Pv),1;) by Theorem 3.2, X Fv),11) has not a compact com-
plex submanifold. By Theorem 3.3 satisfies the condition of Proposition 3.1. Thus
(X(Pv), 11) is biholomorphic to an affine variety. O

Corollary 3.6 is the converse of Proposition 3.1. Konno glsaves this corollary
in a different way [9, Corollary 6.12].

Corollary 3.6. Let X(v) be a toric hyperkhler manifold withdimg X(v) > O.
Let (X(v), 1) be biholomorphic to an affine variety. Then for eathe Agimg—1, We
have eitherv, € H,; or v3 & 'H,.

Proof. We assume that there existsc Agmx—1 such thatv,, v3 € Hy. Let jo
be an element id1, ..., N} such that/ U {jo} € Agimk. If

v=> 1ej®@u;, whereu; € R®for eachj € J U {jo},
jesU{jo}

then the second and the third componenugf are equal to zero. From Theorem 3.3,
(X(v), 1) has a compact complex submanifold. Thus i), (1) is not biholomorphic
to an affine variety. ]

Corollary 3.7. Let X(v) be a toric hyperkhler manifold with4N >dimg X(v) >
0. Then the cardinality of,, is even and we have

#Cy
1< > <#{H,|J € Adimx-1}-

Proof. By Theorem 3.3 we find thatC# is finite and more than zero. X v}
has a compact complex submanifold for some complex streictinen X ¢) also has
one for its conjugate. HenceC# is even.

We prove that &,/2 is less than or equal to{#; | J € Admk-1}. Let I, J €
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Agimk- We assume that there exigte I and jo € J such that

spar{t’e; | i € I\ {io}} =spar{i’e; | j € J \ {Jjo}}-

v=Y 1'ei@u; =Y 1'e;®v;, whereu;, v; € R®for eachi € 1 andj € J,
icl =

then we havey,, € spaf{v;,}. Thus we have

#C,
2

<#{H,|J € Adimkx—-1}- U

4. Examples

In this section we give examples of toric hyperkahler madg; one is the case
dimK =1 and the other is the case diii = 1.

In order to obtain a toric hyperkahler manifold, it is suict to define a linear
map7: RY — R".

ExampLE 4.1. We consider the case dikh = 1. Let R"! — R” be a linear
map such that:
(1) {m(e;)|i=1,...,n} forms a basis oR".
(2) m(en+r) = —m(er) — -+ — 7w(en).
Then the Lie algebra is spanned by +--- +¢,+1. We haveir ey =--- = 1*ey41. The
moment maps are

n+l

1
pia(z, w) = 2 Z(|Zi|2 - |w,-|2)11*e,,+1,
i=1

n+l

(nx2+V=1pk3) (. w) = —V=1) (zw;)"ern.

i=1

Let v be a nonzero element itf ® R3. From Proposition 2.2y is a regular value of
the hyperkahler moment mapy. Moreover, from Proposition 2.3, the action &f  on
pux ~Y(v) is free. We writer = 1*e,+1 ® u, whereu # 0 € R®. Then we have from

Theorem 3.3,
u u
= {it
(4 0t

Note that & ¢),1,/).) is biholomorphic to X £),1_,/,). Let P be an element in
S0(3) whose first row equals:/||u|. From Theorem 3.2,X 1), 1, /|,) is biholomor-
phic to (X (Pv),11). Thus from [1, Theorem 7.1],X( 14,1,/ ) is biholomorphic to
T*CP" with its natural complex structure.
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Remark. There exist many linear maps &"** onto R", but we need only con-
sider 7: R — R" satisfying conditions (1) and (2). Indeed, let be a linear map
of R™* onto R" such that:

(i) =’ satisfies condition (2) of Proposition 2.3.

(i) (/)*e; #0 for each 1< i < n+1, where/: kerr’ — R"! is the inclusion map
(recall the remarks at the end of Section 2).

By the conditions above, there exists a map{1,...,n+1} — {1, —1} such that

n

en+1)=—1 and 7'(e1) =Y (i) ().

i=1

Let K’ be the Lie group corresponding to k&t We sety’ = (/)*e,+1 ® u. We denote
by X’(v) the hyperkahler quotient dfi"*! by K’. We defineF :X ¢) — X'(v') by

F([z, w]) = [u, o,
where

(ui, v;) = (zi, w;) for each 1<i < n+1 such that(i) = -1,
i Vi (—wj, z;) for each 1<i <n+1 such thak(i) = 1.

Note that the mapF is well-defined. Under this m&fv’) is isomorphic as a hy-
perkahler manifold taX ).

ExampLE 4.2. We consider the case dift =1. et RY — R be a linear map
such that:
(1) m(en) is nonzero.
(2) w(e1) =---=m(en—1) = —7(en)-

By an argument similar to that in the remark above, we neeyl oahsiderr: RY —
R satisfying conditions (1) and (2). The Lie algelirés spanned byi+ey, ..., exn_1+
en. We haverrey =S¥ 1*¢;. The moment maps are

N—1
px.a(z, w) = Z (|Zi|2 - |wi|2 + |ZN|2 - |U)N|2)L*eia
i=1

NI

N—1
(,UK,Z LAY —1M1<,3)(Z, w)=-v-1 Z(Z:’wi +zywy)'e;.

i=1
Let v € £ ® R3. We write

N-—-1
v= Z tfe; @u;, Whereu; € R® for each 1<i < N — 1.
i=1

We assume that
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() u; #0 foreach I<i < N —1.

(i) u; Zuj; foreach 1<i #j <N -1

Then, from Proposition 2.2y is a regular value of the hyperkahler moment map
Moreover, from Proposition 2.3, the action &f rx ~X(v) is free. From Theo-
rem 3.3, we have

C,,:{j:HLt—iH‘1<i<N—1}U{%‘1<i¢j<N—l}.
u; j

| ui —u

We expressX ) as an affine algebraic set i@3. First we define the map; of
§2 into C=CU {oo} for each 1<i < N — 1 as follows:

Case (a). u; anduy_; are linearly independent.
For eachp € §2, we choose pointg’, p” € R3 such that p, p’, p”) € SO(3).
We define
(p'+v-=1p", u)
(p'+V=1p" un-1)

Note thatr;(p) is independant of the choice of, p”.

7i(p) =

Case (b). u; anduy_; are linearly dependent.
Then there exists\; € R such thatu; =\;uy_1. We define

7i(p) =X\ for eachp € §2.

We have:

Proposition 4.3 (cf. [1, Example 5.2]). Let p € 52\ C,. Then(X(v), I,) is bi-
holomorphic to the affine variety

N-1
xy =z [[(p) —2).

i=1

Remarc. We obtain a family of affine varieties parametrized §%\ C,. These
varieties are known to be diffeomorphic to the minimal retioh of the simple singu-
larity of type Ay_1. It is still open whether these varieties are biholomorphicach
other.

Proof. Letp € 52\ C,. Let P be an element i§O (3) such thap,(p’, p”) €
S0(3), wherep’, p” € R%. From the proof of Corollary 3.5,X 14, |,) is biholomor-
phic to Spe@[V]KC, whereV is defined by the following equations:

V=1 (iw; +zyvwy) ={(p’ +vV—-1p", u;) foreach 1<i <N -1
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The invariant ringC[V] K is generated as &-algebra by

N-1 N-1

N H w;, Wy H Zi, zywy  (modI (V))

i=1 i=1

Thus C[V]X° can be written as

N-1
Clx, y.4] / (xy -z H (< V=1p' - p", ui) — Z))
=1
This completes the proof of Proposition 4.3. 0

We identify C with S2 by the stereographic projection from the south pole. We
may regardr; as a map ofC into itself. We obtain an explicit formula for; for each
1<i<N-1

Proposition 4.4. In Case § )there exist two linear fractional transformatior
and 7; such that

1 ~
SiotioTi(z)=z+= for eachz ¢ C.
Z

Proof. Letd;, 0 < 60; < m, be the angle between; andy_;. Let v; =
(0, sind;, cosh;). There existsP; € SO(3) such that
u;

= UN-1
o

P,' Vi .
[l —all

and Pie3=

We denote byT; the linear fractional transformation corresfimgy to P; . Letz € C\
{0}. We denote byp = #, p2, p3) the point of S? corresponding tz . Lep’ and
p"" be points ofR3 such that p, p’, p”") € SO(3). By the definition ofr;, we have

(P(p'+vV=1p") wi) _ uill(p +vV=1p" vi)
(Pi(p'+V=1p"), un-1) lun—1l[{p'+V—=1p", e3)

By direct calculation, we find that the right-hand side is aqo

i v/—1 sing;
] {0089,- - (P1— V—lpzps)}

1 0Ti(z) =

llun—al| 1— p3?
i v —1 sing; 1
= i coshy — —— | z+— .
lJun—all 2 z

We define the linear fractional transformatiéh by

2V ( flun 1
S,' = —
©= Sina; ( Ju]

z— cose,-) for eachz € C.
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Then we have

1 ~
Sjor;0Ti(z) =z+= for eachz € C. O
Z

5. The equivalency of complex structures

In this section we discuss whether complex structures offaha@ly are equivalent
to each other. We mainly consider the cagk # 2.

Let X(v) be a toric hyperkahler manifold. We assume thatis of the form
(11,0, 0). Then we have, = {'(+1, 0, 0)}. We define the two circle actions ak v)(

by

(5.1) fowl V70 = [zeV710 )]
and
(5.2) [z, w] = V10 = [z, we\/jw} ,

where# € R and we denote byz[w ] the element K v)(defined by {,w ) €

ux ~Y(v). Sincev = (11,0, 0), these actions are well-defined. These actions preserve

both the metric and the Kahler form;. We denote byX# and X3 the fundamental
vector fields corresponding to 4 R for the actions (5.1) and (5.2), respectively. The
moment maps for the actions (5.1) and (5.2) with respectit@re the maps

1 18
Alew) =53 [ef and folle,ul) = 53wl
i=1 i=1

respectively.
We can easily show the following proposition, and so we omsitproof.

Proposition 5.1. We have
LXfwl =0, Lxl#wz = —ws, Lxl#wg = —w, foreachi=1 2
The main theorem in this section is the following:
Theorem 5.2. Let X(v) be a toric hyperhler manifold with#C, = 2. Then
(1) (X(),1,) and (X(v),1,) are biholomorphic for eactp, g € $2\ C,.

(2) (X(),1,) is a Stein manifold for eachp € $?\ C,.

Remark. By Corollary 3.5, (2) is obvious. In this section we provebit giving
a strictly plurisubharmonic exhaustion functon.
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Proof. (1) First we consider the case wherds of the form ¢, 0, 0). We de-
fine the circle action ors? by the standard rotation leavirig-{, 0, 0) fixed. Then the
circle acts diagonally orX 14 x §2 by the action (5.1) orX ) and by the action on
$2. We denote byX the fundamental vector field correspondinge1R for the circle
action onX {) x S2.

Let | ;2 be the standard complex structure §h The product manifoldX ) x §?
has a natural complex structufie defined on the tangent space af v)(x $2 at
([z, w], p) as follows [6, §3.(F)]: we express the tangent space as the direct sum
Ti..u) X (v) @ T,5?% and define

il([z,w],p) = ((I p)[z.w]a (I Sz)p>-

Since the circle action oiX vf x S2 preserves the complex structure we find that
(X(v),1,) and X ¢), 1,) are biholomorphic for eaclr g € S? whose first component
is equal to zero. Hence we must prove that the vector fidlds complete.

Let c(r): (1, 12) — X(v)x S2 be a maximal integral curve dfX, where Oc (11, 15).
Let p1: X(v) x §? — X(v) and p2: X(v) x S — §? be the projections. We sei(r) =
pioc(t) andx ¢) =pooc(t). We assume that the first componen(r) of x(¢) is strictly
increasing and that;(0) = 0. Assuming that, < oo, we derive a contradiction. We
have

d
20 = (00 XDy for eachs € (. 1),

Thus we have

g <‘;—f(l), (1)) (Xf)cp(z)) = g((L)p) XD (11D t) (X))

= xl(;)g((Xf)w(z), (Xf)w(z))

(5.3) = x1(0) ||(XD 0| > for eachr (1, 12).

We fix an elementy € (0, £,). Sincexy(¢) is increasing by assumption, we have from
(5.3),

A

x1(to) ||(XT)¢(:)||2 < xa(t) H(Xf)go(t)Hz

d
8 (d_f(t)v (B0 (XT)¢(1)> for eachr € [to, £2).

(5.4)

Now for each vector fieldd orX 11,
g(gradfi, ) =dfi(Y) = —wi (X7, Y) = —g(1.1X7. Y)
and hence

gradf; = —11X7.
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Thus from (5.4),

d
x1(t0) ||(Xf)q:(t)H2 <g <d_f(t)’ _(gradfl)ga(f)>

_%(fl o )(r) for eachr € [1o, 12).

We setxp = v/x1(f0). Sincexi(fo) > 0, we have the inequality

1/2

d
(5.5) xo | (XDt < ]E(fl o@)t)|  for eacht € [10, 12)

Let so ands be two points onr, t2), wheresy < 5. Let a curvep(r) = (z(z), w(t)) in
ux ~1(v) be a horizontal lift ofp|[so, s], whereso < t < s. By definition of the metric
on X (v), we have

920

*lde -
/SO E(I) dt = /SO dt
(5.6) > |¢(s) — ¢(so)|.
We have
N N 1/2
|3(s) — @s0)| = (D i(s) = zilso) P+ ) |wils) — wi(So)|2)
1;]1 l};l
> <Z|Zt(s)_zt(50)| )
i=1
N 1/2 N 1/2
>‘ Z|Z:‘(5)|2) - <Z|Zi(50)|2>
i=1 i=1
5.7 = V2 |V fro o) - Vo vl |
From (5.6) and (5.7),
[ Zo)a= v2|Vieet - Vi)

Thus if f1 0 p(so) # 0, then we have

do

> V2
dt v2

(5.8)

d
E\/flosﬂ

=50 =50
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Now
H ()H ( . ())
= & (1)) XD (Lx0)o) XD o))
(5.9) = "(Xf)w(t)‘|2 for eachr € (11, 12).

Thus from (5.5) and (5.8),
1/2

d
fiop E(flow)

1
<[ (XD < Yo

=50 =50

and hence

Slho9)| | < oo

=50
Note that the inequality above is also valid for eaghe [#o, 1) with f1 0 p(sg) = 0
Hence

(5.10) ]%(flw)(r) < 2o for eachr € [, 12,

Thus we have
2(t —
fro(t) < f1o () EXP<%)
< f10p(to) exp< 2 — )) for eachr € [1o, 12).
0

Thus from (5.5), (5.9), and (5.10) we have

< v2(f1 @)(lo) exp(tzx—zlo>
0

(5.11) H‘fl—f(t) for eacht € [r, 12).

We set

= V2(f1 0 ¢)(t0) ox p(tz —lo> ‘

sz xo

We fix an element 4, wo) € px~(v) such thatp(to) = [zo, wo]. We write zo =
(aq,...,ay) and wo = (B4, ..., Oy). Let so = 1o and let(ro) = (zo, wo). From (5.6)
and (5.11),

(tz—to)L > (s — to)L



COMPLEX STRUCTURES OF TORIC HYPERKAHLER MANIFOLDS 601

S d@
> —(1)|| dt
/,0 dt
_ [']4¢
—/t T ()| dt.

v

N N 1/2
<Z i) — i + Z [wi(s) — ﬁi|2>
' i=1

i=1

N 1/2 N 1/2
(Z(lz,-(s)|2+|w,-(s)|2)> —<2(|a,-|2+|@|2)) |

i=1 i=1

v

N 1/2
= ||¢(s)] = <Z(|Oﬁ|2+ |ﬁ;|2)>

i=1

and hence

N

1/2
(2 —10)L + <Z(|a,-|2 + |5i|2)) > |@(s)] .

i=1

Hence{y(r) | t € [10,12)} is contained in some compact setihv).(This is a contra-
diction. Hence we have, = co. Similarly, we haver; = —oc.

Next we consider the general case. Sincég # 2, by Theorem 3.3 there exists
P € SO(3) such that the second and the third componentPof are equal to zero.
Hence the theorem follows from Theorem 3.2. ]

(2). We may assume that is of the form ¢4, 0, 0). From (1) it is sufficient to con-
sider the complex structure. Now for each vector fieldd orX v, we have

(5.12)  dfi(2Y)=(0f +0f)(12Y)=vV=1(@f — f)(¥) for eachi =1 2

whered and 9 are the (1,0) and (0,1) parts df  with respectl o We have

—i(X])wr(12Y)

—g(l1 X}, 12Y)

—g(ls X}, Y)

—w3(X},Y)

—i(X*)ws(Y) foreachi =1 2

dfi(12Y)

Thus from (5.12),

—i(XHws=V=1(@f —0f) foreachi =1 2
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Thus from Proposition 5.1 we have
2/=100f; = Lyswz=w, for eachi =1 2
and hence
V=109(f1+ f2) = wa

Since f1 + f»> is proper andw, is a Kahler form, f + f» provides a strictly plurisub-
harmonic exhaustion function fax v) with respect tol,. Hence X {),1,) is a Stein
manifold. ]

ExampLE 5.3. Let X () be a toric hyperkahler manifold in Example 4.1. Since
#C, = 2, it follows from Theorem 5.2 (1) thatX(v},1,) and (X ¢),1,) are biholo-
morphic for eachp g € S\ {Zu/ || u |}

Problem. Let X(v) be a toric hyperkahler manifold withC# > 2. It is still open
whether & ¢),1,) and X ¢),1,) are biholomorphic for eaclp g < 52\ C,.

We give an example of a toric hyperkahler manifatdy) vith #C,, > 2 such that
(X(v),1,) and X @), 1,) are biholomorphic for eaclp g € 52\ C,.

ExampLE 5.4. Let X ¢;) be a hyperkahler quotient di™ by K; for each 1<
i < m. Suppose that@, = 2 for each 1< i < m. We setv = (vi,...,vn). The
product X ¢1) x --- x X(v,) is the hyperkahler quotien v) of HM x ... x HV» by
K1 x --- x K,,. For each 1< i < m, there existsp; € S? such thatC,, = {p;, —p;:}.
We assume thap; ang; are linearly independent for eaghi % j < m. We have
from Theorem 3.3,

C,={xpi |1 <i <m}.

By assumption, &, is equal to 2: . It follows from Theorem 5.2 (1) thaX ¢; ). 1,)
and X ¢), ) are biholomorphic for eaclp g < 52\ C,, and for each < i < m.
Thus X ¢),1,) and X ¢), 1,) are biholomorphic for eaclp g < 52\ C,.
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