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1. Introduction

Let 7: X — A be a semistable family of projective algebraic varietiegrothe
unit disk. In other wordsy is flat and projective oveA , smooth over* = A — {0},
and the central fibet =~(0) is a divisor with normal crossings without multiple
components. We writé(, :#"(¢) for t € A* and X* := X — Y. There is the Wang
exact sequence

1.1) coo— HY(X*, Q) — H(X,, Q) & HY(X,,Q) — HT(X*,Q) — -+~
and the localization exact sequence
(12) - — H{(X,Q — H!(X,Q) — H!(X",Q) — H{™(X,Q) — -,

Here N denotes the log monodromy aroufnd = A —{0}. Combining those sequences
and the natural isomorphistiH? X(Q) ~ H4(Y, Q), we obtain a sequence
(1.3)

© = HIA(X,, Q) = HY(X, Q) — HU(Y,Q) — HU(X,,Q) ™ H!(X,,Q) — --- .

This is called theClemens-Schmid sequende theorem of Clemens and Schmid says
that the sequence (1.3) is exact (§B]). In particular, the first piece

(1.4) HY(Y,Q) — H(X,, Q) = H'(X,, Q)

is called thelocal invariant cycle theorenf[3, (5.12)]).

In [2, (12.3.1)], S. Usui et al. proposed a problem whether @iemens-Schmid
sequence (1.3) or (1.4) is exact when we remove the assumittéd = is proper. In
this paper, we give a necessary and sufficient condition Hat the sequence (1.4) is
exact whenr is a semistable family of open curves. In particular, we des the
Clemens-Schmid sequences of non-proper families are raut éx general.

The author would like to express his sincere gratitude tofd3smr Sampei Usui
for stimulating discussions.
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2. A Criterion and an example

In this section, we assume thatis a family of curves. LetD be a divisor on
X which is smooth and projective ove&x , and such that Y + is a nborassing
divisor. We write D, =D N X, for r € A* and D* =D N X*.

We discuss when the following sequence

(2.1) HYY - DNY) -5 HYX, - D) X% HY(X, — D,)

is exact, whereNy denotes the log monodromy ad*(X, — D,). (We omit to write the
coefficientQ.) The sequence (2.1) fits into the commutative diagram

HYDNY) —=—  HYD) HO(D,)

| [ I
HYY -DNY) —— HYX, - D,) —*— HYX, - D))

2 w | T

0o —— HY(Y) —  HZXx,) Y  HYX)

I I I

0 0 0

in which each vertical sequence is exact. The bottom seguenexact by the local
invariant cycle theorem ([3, (5.12)]). Therefore, the mays injective.
The following lemma is the key of our criterion.

Lemma 2.1. The image ofN coincides with the image /g§.

Proof. ImageV C ImageN, is trivial. We show the converse. The cohomology
groups H(X;, Q) and H'(X, — D,, Q) carry the limit mixed Hodge structures due to
Steenbrink and Zucker ([3], [4]). The weight filtratid#i, on H(X,, Q) is the weight
monodromy filtration, which is explicitly given as follows:

WoHY(X,) = HY(X,), WiHYX,)=kerN,
WoH(X,) = ImageN, W_1HX,)=0.

We put the weight filtration on#(D,) by GrY HY(D,) = H°(D,). Then the weight
filtration W, on H(X, — D,) (called the relative monodromy filtration) is explicitly
given by

WoHY (X, — D) = HY(X, — D,), WiHYX, — D,) = WiHY(X,),
WoHY(X, — D;) = WoH (X,), W_1H*(X, — D,)=0.
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The map Np is a morphism of the mixed Hodge structure of typel(—1) ([4,
(3.13).iii)]). Therefore Imag#/y is contained iNnWoH(X, — D;, Q(0)) = WoH(X,).
However, this is the image oV . Thus we have Image_ Imagen . O

Since the map s injective, the sequence (2.1) is exact if ang if
(2.3) (Y — DNY)=dmHYY — DNY)=dimkerNo.
By Lemma 2.1, we have
dimkerNy = hX(X, — D,) — dim ImageN
=YX, — D,) — h*(X,) + h}(Y)
= dimImage, +#(Y).
On the other hand,
(Y — DNY) = dimlmageyo + h'(Y).
Therefore, (2.3) holds if and only if
(2.4) dim Imagey = dim Imager,.

Let n be the number of the irreducible componentsYof , and thabeu of the
componentsY; off such thdd NY; #0. Then we have

dimImage, = dimkefH°(D,) — H?(X,))
=degD, — 1,

and
dim Imagero = dimker( H/(D NY) — HA(Y))
=D NY)—h2(Y)+h*(Y — DNY)
=degD, —n+(n—e)
=degD, —e.

Thus we have the following criterion:

Theorem 2.2. The Clemens-Schmid sequer{el) is exact if and only ife = 1,
that is the support ofDNY is contained in one irreducible component of

ExampLE 2.3. We denote byx( y,z ) homogeneous coordinates of the pregecti
planeP2. Let X be a complex submanifold &*(C) x A defined by a equation
2 _

y? = zx? +1(x2 = 29,
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and7: X — A the projection. The morphismr is smooth and proper ovex*, and
the central fibery =r—%(0) is a reduced divisor with normal crossing. L&t Y» and
Y3 be the irreducible components &f  given by

Y1:2z=0, t =0
Yo:y+x =0 ¢t=0
Yg:y—x:O, t=0

respectively. LetD =D; + D, + D3 be flat sections ofr given by

D1 = {(0, 1, 0)} x A,
D2 = {(1, —1, w)} X A,
D3 = {(1, L)} x A,

wherew andw’ are 3rd roots of unity. The divisob ¥ is normal crossing.

The divisor Dy (resp. D2, D3) meets only withY; (resp. Y, Y3). Thus, the
Clemens-Schmid sequence (2.1) is not exact by Theorem 2.2.

A family 7: X x X’ — A with X’ — A a constant family of a projective nonsin-
gular variety gives a non-exact Clemens-Schmid sequendg dr all ¢ > 1.
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