Nakagawa, M.
Osaka J. Math.
40 (2003), 429-448

THE SPACE OF LOOPS ON THE EXCEPTIONAL LIE GROUP Eg
Masaki NAKAGAWA
(Received November 15, 2001)

1. Introduction

Let G be a compact 1-connected simple Lie group &d the spadeopt
on G. As is well knownQ2G is a homotopy commutative H-space andntisgral ho-
mology H.(2G) has no torsion and no odd dimensional part ([2]). Theeefdr(Q2G)
becomes a commutative Hopf algebra over the inte@ersn [3] R. Bott introduced
a “generating variety” and determined the Hopf algebracttine of H.(Q2G) explic-
ity for G = SU(n), Spin(z) andG». In [11] T. Watanabe determinefi,.(Q2Fs) in a
similar way. On the other hand A. Kono and K. Kozima deterrdié,(Q2Sp(n)) by
different method using the Bott periodicity ([6]).

In this paper we carry out the Bott's program fér Eg, wWhere Eg is the
compact 1-connected exceptional Lie group of rank 6 andruéte the Hopf algebra
structure of H.(Q2Eg) explicitly.

Let ¢» be the coproduct ofH,(Q2G) induced by the diagonal ma@G —
QG x QG. To avoid the cumbersome notation, following [11] we inwod a map
U1 H.(QG) — H.(QG) ® H.(QG) satisfying

W(o) — (0 ®1+1®0) =(0) +TP(o) for o€ H.(QG)
where T :H.(QG) ® H.(QG) — H.(QG) @ H.(QG) is defined by

TQoc for o #T,
T(U®T):{ 0 for O’iT.

Note thate)(s) = O if and only if o € PH,(QG), where PH,(QG) denotes the
primitive module of the Hopf algebrél,(QG).
Then our main results are stated as follows:

Theorem 1.1. The Hopf algebra structure off,(Q2Eg) is given as follows
(i) As an algebra

H.(QEg) = Z[o1, 02, 03, 04, 05, 07, 05, 0111 /(01% — 202, 0102 — 303)

wheredegg;) = 2.
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(i) With suitably chosen generators, i = 1, 2, 3, 4, 5, 7, 8, 11the coproduct is
given by

o)=Y oi®o; for k=1 2 3 4 (o=1),
i+j=k
U(os) =74 ® 01 + 203 @ 0,
7];(0'7):(—7'6+0'10'5)®0'1+0'5®0'2+T4®0'3,
U(08) = (—0304+ 0205) @ 01 + (76 — 0204 + 0105) @ 0
+ (0174 + 0104+ 05) ® 03+ 214 @ T4 — 04 ® 04,
U(011) = (—27476 + 0aTe + 2017405 — 0307 — 010405 — 052) @ 01
+ (—20376 + 47405 — 0207 — 0405) @ 02
+ (—0276 — Ta04 + 40305 — 0107) ® 03
—0304Q T4+ 02050 74— 07 04— Te® 0174+ 476 ® 05

+ 76 ® 0104 — 0204 @ 05+ 0105 ® 0174 — 0105 Q@ 0104 — 20105 Q@ 05

2

WheI'ET4 = 02" — 0103, Tg = 0'23 — 40’32.

(iii) PH,(QEs) = (01, G4, 05, 57, 08, 011)
as a free modulewhere

5’4 = T4 — 20’4,

5’5 =01T4 — 50’5,

07 = 40176 — Too05 + To7,

0g = 027 — 40305 + 20'42 + 4dog,

511 = 6017476 — 440576 + 110105° + 110407 + 11011

The paper is organized as follows: k2 we prepare various results which are
needed in later sections. 138 we carry out the Bott's program foEg and deter-
mine the primitive elements off*(Q2Es). In §4 we determine the algebra structure of
H.(Q2Eg) depending on the results of mgd  homology for all primes .He last
section, §5 we determine the Hopf algebra structure f(2Es) explicitly using the
“generating variety”. Throughout this paper(xi, ..., x,) denotes the -th elementary
symmetric function in the variablesg, ..., x,.

| would like to thank Professors Takashi Watanabe and Akiend for much
helpful advice and encouragement.
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2. Preliminaries

Let T be a maximal torus ofs and {a;}1<;<s the root system given in [4],
where the corresponding fundamental weights are given lasvi

1
w1 :§(4(Jz1 + 3ap + Saz + 64 + das + 2046),
wy = a1+ 200 + 203 + 3oy + 205 + e,

1
w3 :§(50z1 + 6ap + 1003 + 12004 + 8ars + 4046),
2.1
( ) wa = 2a1 + 3an + 4oz + 6y + dos + 20,

1
Ws :§(4(Jz1 + 6ap + 8az + 12004 + 1005 + 5&6),

1
We :§(20z1 + 3ap + daz + 604 + Sas + 4046)-

As usual we regard roots and weights as elementsH&(T) — H2?(BT). Then
{w; }1<i<e forms a basis ofH%(BT) and H*(BT) = Z[wy, wy, ..., we]. Let R; de-
note the reflection to the hyperplare = 0, then the Weyl group ofs, W(Eg), is
a finite group generated b, (& i < 6) and the action o{w; }1<i<s IS given as
follows:

(2.2) Ri(w;) =w; — Z 2 |aj)ll)', Rj(w;)) =w; for j #i.

(o | o))
Following [10], we introduce the elements

s = We,

ts = Re(t6) = ws — we,

t4 = Rs(t5) = wa — ws,

13 = Ra(ta) = w2 + w3 — wy,
t2 = R3(t3) = wy + wo — w3,

11 = Ri(r2) = —w1 + wo,

1
ci = O’,'(l‘l, cee 1‘6), 1= =c1 = wo.

3
Then we have the following isomorphism:
H*(BT) =Z[t1,t2, ..., ts, t]/(c1 — 3t).

From (2.2) the action oW Kg) on these elememts is given by Table 1, where
blanks indicate the trivial action.
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Table 1.

Rq R> Rs3 R4 Rs Rg
40 1 t—1— 13
tr h t—1 —13 13
13 t—1—nth tr ta
s 13 ts
fs s te
I Is
t —ttiati5tig

Next as in [10] we put
xi=2t;,—t (1<i<6)
From Table 1 we see easily that
S={xi+x; (1<i<j<86), t—x;,—t—x (L<i<6)} C H¥BT;Q)

is invariant under the action o Eg). (In fact S is an orbit of Z; under the action
of W(Ee)) Thus we haveW Eg)-invariant forms

I, =Y " y" e H*(BT; Q)"
yes

As in [10] I, is computed by the formula:

n—2 [n/2]
1 n n i
. n == iSn—i t _2n—l n+2_1n n—'zj
(2.3) I, 2;(1_)”, (6 ) +2(=1)" > (2j>s, 2)t

j=0

wheres, =x} +-.-+x{ ands, is written as a polynomial ig; '8l &(x1, ..., xe),
by use of the Newton formula:

n—1
(2.4) sn =Y (—1) " Ys,id; + (=1)""*nd, (d, =0 for n > 6).
i=1

Moreover sincexr; =2—tfor1<i <6
6 6 6 6
Yodi=[la+x) =[[a-r+20)=) (1 -0°"2¢
n=0 i=1 i=1 i=0

and we have

s =5 (0 e
i=0
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Table 2.

R, R3 R4 Rs Rs
€1 | —€2 €
€2 —€1 €1 €3
€3 €2 €4
€4 €3 €5
€5 €4
fo

By using (2.3), (2.4), (2.5), can be written as a polynomiat iand ¢; 's (for details
see [10],85).
Then the next lemma is proved in [10], Lemma 5.2:

Lemma 2.1. The rational invariant subalgebra of the Weyl grolif(Eg) is given
as follows

H*(BT; Q)" = Q[ 1y, Is, Is, Is I3 I13.

Let C1 be the centralizer of a one dimensional torus determined;by 0 (@ # 1).
Then as is well known

C1=T' Spin(10) T'nN Spin(10)x Z/4Z
and the Weyl group ofZ;, W(C,), is generated by; i(#1).

Remark 2.2. The homogeneous spaég/C; is the irreducible Hermitian sym-
metric space and denoted /71 & . Cartan’s notation.

We put
1 .
(2.6) o=t —1t1 =w1, € =1li+1— El‘o 1<i<h)

Then we have

H*(BT;(@) = (@[[0, €1, €2, ..., 65]

and the action oW () is given by Table 2.
From Table 2 we have

Lemma 2.3. The rational invariant subalgebra of the Weyl groliy(C;) is given
as follows

H*(BT; Q)Y =Qlto, p1, p2. e, pa pd
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where

5

_ 2 2 _
pi =oi(ef, ..., €5), e—He,-.
i=1

We shall find the relations betwegn 's add 's. Put

b,‘ = O’,'(€]_, ey 65)
so that
. 5 5 5
Y Vp=[la-H=Ta+ep][a-«)
i>0 j=1 j=1 j=1
= Zbk Z(—l)/b/ = Z (—1) biby.
k>0 >0 k>0
Therefore
(2.7) pi =Y (1" b
ke+1=2i

On the other hand since &_1+(1/2)p for2<i <6

6

6 6
S e =]J@+n)=@+a) [J@+5)

n=0 i=1 =2
5 1 5 1 5-—i
:(1"'11)11(1"'510"'6;):(1"'11);(1"'510) b

and we have

n . n—i n—1 . n—i—1
5— 1 5—i 1
(28) = (n _i) (Ez()) b+ :(n > _1> (5;0> t1b;.
i=0 i=0

Since I, € H*(BT;Q)"¥ c H*(BT;Q)"“Y = Qlt, p1, p2 ¢, p3 pd, I, can be
written as a polynomial iy, p1, p2, e, p3, pa. Direct computation using (2.3), (2.4),
(2.5), (2.7) and (2.8) then yields the following results:

Lemma 2.4. In H*(BT; Q)" = Q[to, p1, p2 e, p3 p4 we have

1 3
12:24-3(51714'51‘5),
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1 1 1 3
- _ o7 . q. P N y >, .3 25
Is 2'.3 5{6‘ 4( D2 4p1> fo 32p1t0 256t0}’

11 1,5 5 3 15
=223 Zps3— — + =3 Zeto+— (—po+Sp? ) 2+ ——pit?
6=2"-3 {4”3 24P1P2 T ZpP1 T gelo T 3o \ TPt b1 ) o T gaPif

33

+

2048’0}’

11 1 13 1, 7
_ol2. 3.5l 2, _ 2 a, !
3 5{ a7~ 78"~ 167Pe agof P Toggft Tgenn

7 7 11 5\, 7 7 ERANY
80( 3pa+ g pip2 16”1>’° 350 * 512(5‘172 4”1>
7o 1419
2048070 ~327684°

1 1 1 1 5 3
Io=211.33. 7 _Zep, — Zep + = — —p2+ —pPp,— —pf
9 3 5eP2 — gePL T 1\ Pa— 15P2 ¥ 5,P1P2 — g P1 ) o
TP S N UG L e I B R
166171 0" 76 p3 12171172 16171 0 1286 0

1 21 3 85
11 2\ .5 74
512( P2 - 4”1> ‘0 ~ 200670 * 65536’0}
1 1 1 1 41
—ol5 g4 ) T 2, 3 L
12 3 5{180”3 24P2P4 ~ ggal2 ~ 5apPPep3T 864”1”“
, 65 101 ,, 13 5 251 , 19
T8 T 17280‘”“”2 2160°17° 7 691207172 307201

L1 1 1 L1, 1 7
12\ 33T yemp2— 1661]1 T16\ 9¢ ~ 1gP2P3T 3glpa

L, T, 73+195t2+77 1 12\ 3
144PP2 T75P1P3 T 9aP1P2 T 15aaP1 | o T g5 | T3Pz T 4P ) fo

L1l 5 65, 253 , 57
128\ 2P " Taals * P1P3 ~ 5gghire* 5egpi ) i
7o, 77 (11 127 19 1
~ 307270t 10240(?‘173 " 367727 16 1) = To0ed s

L (85 57\ ., 209 o, 12977 o,
131072\ 3 P27 7 P1) 0T 5oa0ged ot 210430440

Let b; denote the ideal inH*(BT; Q)" (V) generated byl; 's forj < i, j € 2,
5, 6, 8, 9, 12. By Lemma 2.4 we have immediately the followihgré we putw =
(1/6)p2 + (9/16)):
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Lemma 2.5. In H*(BT; Q)" = Q[t, p1, p2 e, p3 p4 we have

pL= — i—it& mod bs,

_3 75

¢ = Slow — 32t0 mod be,
21 195
p3= ?;gw - 5;3 mod bg,
63 1413

= _ 32224, 4,798 .

Da 3w s fow 256 t5  mod bg

Using Lemmas 2.4, 2.5 we obtain
Lemma 2.6. In H*(BT; Q)" =QJto, p1, p2, e, p3 p4 we have

Io =213 7018 — 3row?) mod b,
L= 2% 3% 5(=33% + 9fw — 613w? — w?) mod bg.

Therefore by the classical results of A. Borel [1] we obtdie following rational
cohomology ring ofEIII :

H*(EIII;Q) > H*(BT; Q)" /b5
=Qlto, p1, p2. e, p3 pd/(I2, Is, Ie, 18, 19 11)
=~ Qto, w]/(tg — 3tow?, wi+ 15t61 2_ 9tgw).

Furthermore the integral cohomology ring &f711 is determined10], Corol-
lary C:

Theorem 2.7. The integral cohomology ring aE771 is given as follaws
H*(EII) = Z[to, w] /(15 — 3tow?, w+ 155w? — Adw)
wherery, w are as above.

Corollary 2.8. An additive basis oHH*(EI1I) as a free module for degre€ 22
is given byTable 3

3. The primitive elements of H*(2Eg)

In this section we determine the primitive elementsHf(2Es) which are needed
for determination of the Hopf algebra structure Bf(Q2Es).
As is well known, over the rational&s looks like the product of odd dimensional
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Table 3.
deg|0 2 4 6 8 10 12 14 16 18 20 22
1 10 3 68 1§ & & il i

w  fhw tgw tg’w tgw tg’w tgw tgw

w? t0w2 t02w2 tg’wz

spheres:
53 x 8% x §M x §1° x §T7 x 523,
Hence the rational cohomology ring 6fEg is given by
H*(QEs; Q) = Qluy, us, us, uz, ug ugf

where deg; ) = 2 . Furthermore we can choose the generatorss ifstegral classes
such that they are not divisible and primitive #*(2Es). Thus

PH*(QEs) = (u1, us, us, uz, ug u 1y

as a free module.

Now we briefly review the results of R. Bott (for details seg)[3d.et G be a
compact connected semisimple Lie group with trivial cerdeid QG the space of
loops onG . Suppose that a homomorphismS*:— G is given. LetT be a maxi-
mal torus of G containing the image of ar@  the centralizer ef ithage ofs in
G. Define the map

g:G/Cy — QoG

by gs(g)(t) = xs@)x~1s(t)~t for ¢ = xC; € G/Cs, t € S* where QoG denotes the
identity component of2G .

Let G be the universal covering group & amd the covering dimensitote
that QoG = QG. Let §: S — G be a lift of s andC; the centralizer of the image
of § in G. Note thatG/C, = G/C;. Define the map

fi: G/C; — QG

by fi(g)(t) =xs@)x* for ¢ =xCs € G/Cs.
Accoding to Bott, ifs is the “generating circle” the image d¢fet homomorphism

generatesH, (Q20G) as an algebra. (In this cage  is called the “generating mag” a
G/C, the “generating variety”) Dual statement is as follows:

8 1 H(Q0G) — H*(G/Cy)
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is a split monomorphism when restricted ®H*(20G). Moreover sinceQoG =
QG,G/Cs = G/C; we can compare the images @f and f;*. Then the following
holds ([3], Propositon 7.1):

fv*|PH*(Q(~}) =d- g.:|PH*(QOG)'

Bott also gave the method of computing the imagef6fby means of the Borel
description of the rational cohomology ring &/C; (see [3], Theorem 4). We carry
out his program in the case @&Gs.

As is well known Eg has non-trivial center and it is of order 3. Hence the gener-
ating circle is defined in the adjoint groupd E¢ = Eg/center. SinceAd Eg is simply
laced, all minimal circles are generating circles ([3], @atB). So we take

s = the dual ofa;.

Then the centralizer of the one dimensional torussIm Cis= 7! - Spin(10) and the
generating variety corresponding {0 is

Eg/C1= Eg/T* - Spin(10) =EII1.

In view of (2.1), (2.6) the derivation correspondingsto is

(3.1) g, =20

s = §8_[0 Q[t()’ 615"'565] —>Q[t0’ 61""’65]'

We have to compute the image of the composition
3.2) H*(BT; Q)9 — H*(BT, Q)" 2 g*(BT; Q)" - H*(EIII;Q)

where. is natural surjection.

Becaused, is a derivation andH*(BT; Q)" /b3 — H*(EIII;Q) we have
only to compute the image of, n =2, 5, 6, 8, 9, 12. The computafioceeds as
follows:

1. First we apply (3.1) to Lemma 2.4 and obta&i(l,) forn =2, 5, 6, 8, 9, 12.
2. Next using Lemma 2.5, 2.6 we rewrit€d(1,)) in terms ofzg, w.
Then we obtain the results given by Table 4.

Therefore by a characterization of primitive elements give [11], Proposition 5

(i) we obtain

Proposition 3.1. There exist unique primitive elemenas (resp. b4, cs, dv, es,
f11) of H*(Q2Ee) such thatgi(a1) = a (resp.gf(ba) = b, gi(cs) = ¢, gi(d7) = d,
g5 (es) = e, g7 (f11) = f) and

PH*(Q2Eg) = (a1, ba, cs,d7, e f1)
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Table 4.
1(6,(1,)) deg
24.3q 2 a=t

—27.3.5b 8 b=t3—2w

29.32% 10 ¢ = 3(;’ — Srow
—212.3.5d 14 d =4 - Tw
211.33.7¢ 16 e =38 — dfw — 2uw?
12| 21%.3*.5f 22 f =1¥w - 195w?

© 00 O U1 NS

Table 5.
deglO 2 4 6 8 10 12 14 16 18 20 22
1 a 2 8 b ¢ i d e
b tw d ¢ w tw f

e// 2 t02w2 f/

fow

as a free module.

4. The algebra strucutre of H.(Q2Eg)

The purpose of this section is to determine the algebratsteiof H.(Q2Es).
First note that the rational homology rind.(2Es; Q) is of the form

(4.1) H.(QEs; Q) = Q[x2, X8, X10, X 14 X 16 X 2}

where degt; )= ([9]).

By Corollary 2.8 we can choose an additive basisFOf(EI11) for degree< 22
as in Table 5, where b ¢ d ¢ and are as in Proposition 3.1#nd’, d’, ¢,
f' and¢” are determined by the following equations:

w (0= () e (o) = () 2 () = (0)

I

e 7
taw
E- tgw e ,F-(é)Z):(f/)
2 e fow f

w

where B, C, D, F (respE ) are R 2 (resp. 3x 3) matrices ovelZ whose determinant
is 1; for example

4.2) B = (i _12>

with k, [ € Z such that 2 + =1.
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We take the corresponding dual basis Bf(E1I11) and denote the dual of €
H* by x, € H,. Furthermore we define the elementsf(Q2Es) by

o1 = g.?*(a*)’ 04 = gv*(b*)’ 05 = gs*(c*)’ o7 = gv*(d*)’

08 =gy, (ex), 011= g5, (fs),
0; = g ((tg),) for i=2 3

Then in view of Proposition 3.1 we obtain

Lemma 4.1. () o;,i=1, 4,5, 7, 8, 1llare indecomposable and not divisible.
(i) The coproduct ob,, o3 is given by

(02) = 01 ® o1,

1];(0'3) =02 X o01.
(i) The following relations hold
0'12:20'2, 0'10'2:30'3.

Proof of Theorem 1.1 (i). In view of (4.1) and Lemma 4.1, in erdo deter-
mine the algebra structure di.(Q2Es) we have to consider the “divisibility” among
oi's. Fortunately the mod» homology ringH.(Q2Es; Z/ pZ) for each primep are
studied by several authors and the algebra structure igndeed for all cases ([8],
[7], [B]). We exhibit their results:

4.3) H,.(QEg; Z/ZZ) = Z/ZZ[Xz, X4, X8 X10 X 14 X 16 X 2}/()(%),

(4.4) H.(QEs; Z/3Z) = Z./3Z[x2, X6, X8, X10 X 14 X 16X 2b/(x3),

(4.5) H., (QE6; Z/pZ) = Z/pZ[xZ, X8, X10 X 14 X 16 X 21 for p>5

where degf; ) =i and moreover we can take as the modp reduction of; for

each case. Therefore if “divisibility” occurs in degrée> 8 there exists an integral
classo, degg) =k and an intregen > 2 such that

(4.6) n-o=f(og,...,011)

where f is a homogeneous polynomial of degkee oin..., 011 with integer coeff-
ficients. Letp be a prime number which divides and apply the magduction on
both sides of (4.6). Then a relation of degree 8 arises in modp homology and it
contradicts the previous results. Hence we obtain the reduiesult. U
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Table 6.
deg| 0 2 6 8 10 12 14 16 18 20 22
1 g1 03 T4 g17T4 T6 0176 0276 0376 T4T6 01T4AT6
04 0104 0204 0304 T404 017404 0476 010476
05 0105 0205 0305 T405 017405 0576
g7 0107 0207 o307 T407
0'42 0'10'42 0'20'42 0'30'42
osg 0108 0208 0308
0405 010405 020405
o5’ 0105
0407
011
Table 7.
deg 2 4 6 8 10 12 14 16 18 20 22
ai a2 43 d4 a5 de d7 dg d4Adg 4ai1o0 a 11
b4 b5 be b? bg b9 blO bll
C5 C6 c7 (&} C9 €10 C11
d7 dg do dio dn
dg do did dit
€8 €9 €10 €11
e’ e e
elON ell//
ellm
JSu

5. The Hopf algebra structure of H..(Q2Esg)

In this section we determine the Hopf algebra structureHQ{Q2Fs) using the
“generating variety"EI11 .

At first by Theorem 1.1 (i) we can choose an additive basidpfQEg) for de-
gree< 22 as in Table 6, where, = 02° — 0103, 76 = 02° — 4032

We take the corresponding dual basis f(Q2Es) as in Table 7.

In view of Lemma 4.1 we obtain the results given by Table 8.

Next consider the case of degree 8: Singe= 0,° — 0103, the coproduct ofr is
given by

(5.1) 1];(7'4):20'3@0'14'20'2@0'2.
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Table 8.
deg | basis g,*-image relation

2 ai a=1Il
4 ar tg af =ay
6 as tg axay = af =a3

We shall determine the coproduct ef: We may put
P(oa) =moz @ op+---
for somem € Z. On the other hand sinc&®(QEs) = (aa, bs), We can put
(5.2) asai = pas + vby
for somepy, v € Z. Then

w = {asa1, Ta) = (a3 ® ax, Y(1a)) = 2,

v = (azai, 04) = (a3 ® ay, Y(0a)) = m.
Therefore applying on both sides of (5.2)

2g; (as) = g, (azaz) — mgg (ba)
=t 10—m-b
=15 — m(tg — 2w)
= (1— m)id + 2muw.

On the other hand sinc&®(EI1T) = (b, b’), we can put
g; (as) = pb +vb'
for somey, v € Z. Then
1= (g5 (aa), by) = (aa, g.(b+)) = (aa, 04) = 0.
Hence
g (as) = vb' = v(kty +Iw)
with 2k +1 = 1. Combining these gives

(1 — m)tg + 2mw = 2wkty + 2viw.



THE SPACE OF Looprs 443

Table 9.
deg | basis g,*-image relation
8 as b =w azay1 = 2a4 + by
8 ba b= l‘g — 2w

Since H8(EI1I1) = (13, w) we have

(5.3) { 1-—m = 2vk,

m =uvl.

Hencerv =1 and we may také =0, =1. Them =1 abtl=w.
Similarly we may put

1/](0—4): Ny D Ot
for somen € Z. On the other hand we can put
a% = pas + vby
for somey, v € Z. Then

1= (a5, 7a) = (a2 ® az, Y(1a)) = 2,

v = (a5, 04) = (a2 ® az, Y(o4)) = n.
But sinceai = ap, aiaz = as
a2 = azay = 2as+ by,

Thusn =v = 1.
Hence we obtain the results given by Table 9 and

U(74) = 203 ® 01 + 202 @ 02,

U(o4) = 03® 01+ 02 @ 0.
Note that for the elements™= 74 — 204,
(54) = 0.

We have to continue this argument up to degre@2. But as well as the case of
F4 ([11]), the remainder is no more than a tedious computatim.we only exhibit
the data and the results:

(5.4) P(05) = 74 ® 01 + 203 ® 02,
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Table 10.
deg | basis gs*-image relation
10 as ¢ = —Ig + 2tow  asa1= Sas+ 2bs + c5
10 by - = l‘g — 2fw bsaq1= bs
10 Cs c = 3t(;’ — Srow
12 ag —51‘8 + 9t§w asay =ag+bg +cg
12 bg Ig — 21‘511) bsay = bg
12 Ce 31‘8 — 51‘511) Ccsd1 = Cp
14 az 0 agayr = Taz + 2b7+ 3c7 — d7
14 b7 —-d = l‘g — 2tgw bgay = by
14 c7 d = —l‘g + 2tgw cea1=c7+dy
14 | dy d =& —Tw
(5.5) 1];(0'7):(—T6+O'10'5)®O’1+O’5®O’2+T4®O’3.

Note that for the elementss™= o174 — 505, 07 = 40176 — 70205+ 07,

P(5s) = 0,
P(57) = 0.

Since rank'8(ET11) = 3, the computation for degree = 16 is a little complicated
So first we take

3 —4-2
E=| 2 -2-3
-23 1
so that
e 3 -4 -2 18 3¢ — Atfw — 2w?
e =12 -2-3 qw | = | 268 — 2gw — 3w?
e’ -2 3 1 w? —218 + 3tfw + w?

Then we obtain the results given by Table 11 and

(5.:6) U(08) =(0304 + 0205) @ 01 + (76 — 0204 + 0105) ® 02
. + (0174 + 0104+ 05) ® 03+ 214 ® T4 — 04 Q 04.

Note that for the elemenig™ 0,76 — 40305 + 20'42 + 4og,

P(56) = 0.
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Table 11.
deg | basis g,*-image relation
16 as —e' —3¢" aza1 = dag+bg+cg—ds
16 bg e +e’ bray = 2bg+ 2dé —eg
16 cs 2¢ + 8¢ c7a1 = cg+2dg+eg
16 dg —e’' —3¢” d7a1 = dg
16 dé —e' — 2e” a42 = 70ag + 34bg + 28cg + 4dg + 17dé + 2eg
16 es e a4b4 = bg

b42 = 2dé — €8

w(all) :(—27'47'6 + 04T + 2017405 — 0307 — 010405 — 0'52) X o1

(5.7)

+ (—20’37’6 + 47405 — 0207 — 0'40'5) X o2

+ (—0276 — 7404 * o305 — 0107) ® 03

— 0304 QT4+ 0205 QT4 —07 Q04— Te Q0174+ 476 ® 05+ 76 ® 0104

— 0204 ® 05+ 0105 Q 0174 — 0105 ® 0104 — 20105 ® 0s.

Note that for the element] = 601747 — 440576 + 110'10’52 + 110407 + 110713,

¥(511) = 0.

Consequently we established Theorem 1.1.
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Table 12.
deg | basis gs*-image relation
18 ag —181‘5’11) + 3]1011)2 aga1 = 3ag+ 2bg+ cg — dy
18 bg 4t(;’w — 7!011)2 bgai1 = bBbg+ 4dé — 2e9 + eé
18 Cg 321‘5’11) — 551‘011)2 cga1 = 2c¢g9+ 3dg+ 3eg + eé
18 dg —71‘5’11) + 12tow2 dgai1 = dg
18 | dj —M3w + Tow?  dijar = dj
18 €9 —4t(;’w + Tiow? ega1 = eg
18 | ¢ —12319%w?
asas = 42ag9+ 60bg+ 25¢9 + 3dg + ngé
+4€9 + 1266
bsas = bBbg+ 4dé — 2e9 + eé
csas = cg+ 3dg+ 2eg
a5b4 = bg
b5b4 = 2dé — €9
Csb4 = eé
20 aio —221‘811) + 38!511)2 aga1 = Bajyg+big+ 3c10— dio
20 b1o 192‘811) — 331‘511)2 boa1 = biot 2d10 —ept eio
20 Cc10 221‘811) — 381‘511)2 coa1 = Bcio+ 2d1o+ 3e1o + 26/10 + 26/1/0
20 dio —7t§w + 121‘511)2 doa1 = dio
20 | dig —4Sw + Ttgw?  djar = dj,
20 e10 —4t§w + 7!511)2 ega1 = ey
20 | ey  —1ubw +19%%w?  ehar = €
20 | ey 155w +26:2w?
agas = 21Quig+ 97b1g+ 246c10+ 6d1g
+13571 4+ 21e1g + 114y + 48ef,
bgas = 5bipt 14dio — Tep+ 66/10
ceas = 5Sc10+ Bd1o+ Se1o + 2¢q4 + 2ef
agbs = bio
b6b4 = 2d10 — €10
C6b4 - eio
as® = 42a10+ 20010+ 50c10 + 2d10
+29d1, + de1o + 24e]y + 10e],
asbs = bip+ 2d10 —eppt eio
ascs = ciot+dioten
bs® = 2d},— e
b56‘5 = eio
cs® = 2efp
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Table 13.
deg | basis g,*-image relation
22 | an 0 aroar = llayg+2b11+c11 —din— 2fnn
22 b11 0 bioar = Tb11+ 4d11 — 2eq1+ 36/11 — eﬂ + f11
22 | cu1 —f' cloa1 = cintdinterntert+ 2+ 2
22 | dn —f' dioar = 2diitel]— fu
22 | dy f digar = diy
22 | en f elpa1 = enn
22 | ey —f elpar = ey tel] — fu
22 | ey I ejrr = ef) — fu
22 | f
22 Sfi1 f

aras = 33y +147b11+ 636011 +d11
+65d1, + 1leqq + 84eq, + 727,

bras = 3511+ 34d11 — 17e11 + 216/11
el —

c7as = 5c11+ 14dq + 10eqq + 76/11 + 1261/1

+ef + fu

dras = dn
arby = bn
b7b4 = 2d11 —e11
C7b4 = eil
dibs = €] — fa

agas = 46211 +217b11+91c11+9d11+ 103111
+15¢11 + 12%11 + 10&1/1 + 561/;{ - fu
bgas = Tbi1+ Gdil —3e11 + 46/11

ceas = c11+3di1t 2e11+ejy T 2ef; Hel + fin
agbs = Tb11+ 4d11 — 2eq1+ 36/11 — eﬂ + f11
b6b5 = 2d11 —e11

cebs = epteii—

ascs = c11+3d11+ 2e11+4f11

becs = ey teli— fu

—_ 12
cecs = 2ei1— 2f11

where f = 13w — 193w?, f' = —4tfw + Ttdw?.
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