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1. Introduction

The category of finite branched coverings of a given complejeptive manifold
M is equivalent to the category of finite extensioigC(M) of the rational function
field C(M) of M. Hence the study of finite branched coveringsiéf is mahbut
a geometric study of extensions of algebraic function fieldsNamba [8], we con-
structed and studied the moduli space of equivalence dasfsénite branched cover-
ings of the complex projective lin®! = P1(C). If we want to compactify the moduli
space, we are obliged to consider degenerations of branmheatings.

In this paper, we study degenerating families of finite bheac coverings ofP*
and P" = P"(C)(m > 2) the m -dimensional complex projective space. In order to
observe the degeneration, it is useful to introduce a mcwinich topologically repre-
sents a finite branched covering of the complex projectime.lin §3, we call such a
picture a Klein picture, since we can find such pictures inifkK[&]. In §5 (resp.§7),
we assert that the topological type of the central fiber of gederating family of fi-
nite branched coverings @' (resp.P” (m > 2)) is completely determined by that
of the central branch divisor and the permutation monodrarinyhe general fiber. In
86, we prove (Theorem 8) that the topological structure of gederating family of
finite branched coverings d#' can be determined by the permutation monodromy of
the general fiber and the braid nomodromy of the family. Sosmilts of this paper
were anounced in Namba [10].

2. Terminology

For a given connected complex manifod , a finite brancheceidog of M is
by definition a finite proper holomorphic mapping

fiX—M

of an irreducible normal complex spaceé oniad. A ramificatiorinpof f is
a point of X such thatf is not biholomorphic around the pointeTimage by f
of a ramification point is called a branched point 6f . The sktalb ramification
points (resp. branch points) is denoted Ry (reBp. ). This sypersurface of
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X (resp.M ). The mapping
f:X—fXYBf)— M- By

is a finite unbranched covering. Its mapping degree is ddnoyedeg(f ) and is called
the degree off . For a hypersurfade Mf , a finite branched amyefi is said to
branch at most aB B, is contained iB . Finite branched cogsifi: X — M
and f': X’ — M are said to be isomorphic if there is a biholomorphic mapping
¥: X — X' such thatf =f’-4. In this case, we denot¢ ~ f’. Finite branched
coveringsf :X — M and f': X’ — M’ are said to be equivalent (resp. topo-
logically equivalent) if there are biholomorphic mappin@ssp. orientation preserving
hemeomorphisms): X — X’ ando: M — M’ such thaty - f = f’ - 4. In this
case, we denotg ~ f’ (resp. f ~ f’ (top.)).

Theorem 1 (Grauert-Remmert [4]). Let B be a hypersurface of a connected
complex manifoldM andf’: X’ — M — B be a finite unbranched covering.
Then there exists a unigu@p to isomorphisnjsfinite covering f: X — M which
branches at most aB and is an extension fof

A topological version of Theorem 1 is given in Fox [3]. Theorel asserts that
the correspondencg «— f’ gives a categorical equivalence between finite un-
branched coverings aff — B and finite coverings o branching at most&t . Thus
we can apply terminology of finite unbranched coveringsibf- B to finite coverings
of M branching at most aB ; for example, covering transforomesj Galois coverings,
abelian coverings, cyclic coverings, etc.

Corollary 1. There is a one-to-one correspondence between the set ofall i
morphism classes of finite coverings Mf branching at mosB atnd the set of all
conjugacy classes of subgroups of finite index of the fundtahgroup 71(M — B, qo)
of M — B.

3. Monodromy representations and Klein pictures

Let f: X — M be a finite branched covering of a connected complex manifold
M of degreed branching at most at a hypersurféce Mof . Take aereferpoint
go of M — B and put f (o) = {p1. ..., pa}. The homotopy classy| of a loop ~ in
M — B starting fromgo gives the homotopy class of the pull-back ovér ~obtarting
from every pointp;, § =1..., d). Hence its end poinp;. is determined. Thus we
obtain a mapping

(I)f: 7T1(M—B, qo) — Sda
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which maps 4] to the permutationj — j’, whereS, is thed -th symmetric group. We
define the product of pathes and 3 as a3, where the end point ofv is the initial
point of 3. We also define the product of permutations as in the follgnemample:

123\/123y (/123
<231) <213)"<132)‘

The mapping®, is then a homomorphism and is called the (petimajamon-
odromy representation of the coveringg . Note that the represion class$, | of
®, does not depend on the choice of the arrangement of the ppints.., p,, nor
the choice of the reference poigy. That is, if one changes the arrangement of the
points p1, ..., pa or one chooses another reference point, tikden is changed to
A~'® /A for a fixed permutationd . Note also that the image df is a ttivesi
subgroup ofS,; , forx — f~1(B) is connected. The image is called the monodromy
group of the coveringf . Monodromy groups of finite branchedecimgs correspond
to Galois groups of algebraic equations. By the theorem cfu@it-Remmert and its
corollary, we easily have the following 2 theorems:

Theorem 2. (1) Finite branched coverings ang’ of M are isomorphic if
and only if By = By and [® /] =[P /]. ([P/] is the representation class @) .
(2) Finite branched coveringy oM and’ of M’ are equivalent(resp. topolog-
ically equivaleny if and only if there is a biholomorphic mappin@esp. orientation
preserving homeomorphigny: M — M’ such thate(Bs) = By and [y - ¢.] =
[®/].

Theorem 3. For a given homomorphisn®: mi(M — B, go) — S; whose im-
age is transitive, there exists a uniq@ep to isomorphisnjscovering f: X — M of
degreed branching at most &  such thét = .

However it is a difficult problem in general to construct cong f: X — M in
the theorem from a give® concretely (analytically or algétally). The problem for
the caseM P! the complex projective line an@ 0, 1, oo} is studied in number
theorey (see Schneps [11]).

We construct branched coverings of the complex projeciive IP* topologically
for any given® , by drawing a picture which we call a Klein pietu the idea of

which comes from Klein [5]. LetB ¢, ..., ¢.} be a set ofr distinct points df*.
Let f: X — P! be a covering of degre¢ branching at mostBat . We draw a simple
loop in P! passing through all pointg; j = 1.., n, oriented in this order which

bounds a domain (the inside area) clockwisely (see Fig. B.r¥gard the inside area
of the loop as a continent and the outside area as an oceanssiima that the refer-
ence pointgp is contained in the continent. We then pull them back overdiweering
f- Then we get a checked patterndf continents dnd ocear$ on callVsuch a
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Fig. 2.

pattern the Klein picture of the covering . The Klein pictuspresents the branched
covering f topologically. Starting from a homomorphisin w1 {(P* — B, q0) — Su
such that Imd is transitive, we construct the branched cogefi in Theorem 2 topo-
logically by drawing its Klein picture as follows: Put

AJ‘ :q>(’yj)€Sd, j:]., Lo, n,
where~; are lassos surrounding the points  as in Fig. 2. Note that

mP' =B, q0) = (1. s W | =1),
A,---A1=1€ S,

Thus the representatiol  is determined by the permutatigndDecompose eachl ;
into mutually prime cyclic permutationd; ~ whose length afe ut by Riemann-
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Hurwitz formula)

g=5 [ Sles -1 -2]+1

We prepare an oriented compact surface  of gepius . We then ttiewlein pic-
ture, that is, a checked pattern #f continents dnd oceans omichvis compatible
with &. Here, the compatibility means that, for the pomj pf(g;) which cor-
responds toA; ¢; continents and oceans are arranged altgriaael counterclock-
wisely aroundp;, .

ExampLE 1. Putn =3,d =3 and
A1=0(11) =(12), A2=P(72) =(13), Az=D(y3)=(123)

The genus ofX is 0. The Klein picture in this case is as in Fign3yhich the points
j denote the points inf ~(¢;) and the circled numbe®) denotes the -th continent.
Observe that the points 1, 2 and 3 are seaside cities (v&rtafeevery continents ar-
ranged colckwisely in this order, while for example the awents @), @ and @ are
arranged counterclockwisely in this order around the cjtywBich meansA; = (1 2 3).
(Conversely, we can read the monodromy from the Klein pé&juPut

fi X —P(z, w)— 2z,

where X is the Riemann surface of the algebraic function w =z (émgiby the equa-
tion w3 — 3w —z=0. Theng1 = -2, ¢2=2, gz =occ and ®; =P .

ExampLE 2. Putn =3,d =3 and
Aj=®(y;)=(123) j=123

The genus ofX is 1. The Klein picture in this case is as in FigP4t
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Fig. 4.

fi X —P (z, w)— z,

where X is the Riemann surface of the algebraic function w =z (vg¢rgby the equa-
tion w3 —z3+1=0. Thenf is a cyclic covering such that, d=

ExampLe 3. Putn =4,d =3 and

Ay
A3

D(11)=(132) Ax=%(y2)=(132)
O(y3)=(123) As=P(ya)=(123)

The genus ofX is 2. The Klein picture in this case is as in FigP&t
fi X —P (z, w)— z,

where X is the Riemann surface of the algebraic function w =z (v¢rgby the equa-
tion w® — z%(z — 1)’(z — 2) = 0. Thenf is a cyclic covering such that = 0, g» = 1,
g3=2,g4=00 and ®; =P .

4. Families of finite branched coverings

Let T be a connected complex manifold. A family of connectedhplex mani-
folds with the parameter spad is by definition a smooth hokpimc mapping

T M —T

of a connected complex manifolf  onto a connected complexifoldn? such that
every fiber is connected. Here the smoothness means thaa¢bbidn matrixdr is of
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Fig. 5.

maximal rank at every point o8 . Every fibed, £ (r) of + € M is a connected
complex manifold. We denote

M ={M}icr.

Let M ={M,},cr be a family of connected complex manifolds. A family of finite
branched coverings a#f £M,},cr is by definition a finite branched covering

fiX—M

such that
(i) M, ¢ By for everyt €T,
(i) there is a hypersurfac& df such that

fi=f X =Y (M) — M,

is a finite branched covering d¥f, for everye T — V.
(iii) For any ¢+ andt in T — V, f, and f,» are topologically equivalent.

We denotef ={f;}. In particular if 7: M — T is a holomorphicP”-bundle,
then we callf :X — M a family of finite branched coverings @".

Remark. X and X, ¢ € T — V) have only normal singularity, whil&, ¢ (€ V),
the degenerated coverings, may not be normal. In this sensedefinition of degen-

erations is different from the usual one.

We are interested irX, for € V, that is, degenerated coverings. In the subse-
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guent sections, we restrict our consideration to degeingré&milies of finite branched
coverings ofP" and a disc inC.

Exavpie 4. PutY ={((ao: a1 : a2 : az), (xo : x1)) € P3 x P! | aoxf +a1xfxo +
agxlxg + agxg’ =0}, g:((@:a1:a2:a3), (xo:x1)) €Y — (ap:a1:az:az) € 3,
where (g : a1 : a» : a3) and (o : x1) are homogeneous coordinate systemsP®f
andP?, respectively. TherY is non-singular agd is a branched auyef degree 3
whose branch locus is the discriminant locus

B ={(ao:a1:az:a3) € P3 | afa% — 4aoag + 18agaiaa3 — 4afa3 — 27a§a§ =0}.
Let P** be the dual projective space Bf and put

M={((to:t1:t2:13), (a0 : a1: az: az)) € P* x P?| toap + tra1 + traz + tzaz = 0},
7w ((to: 11 t2:13), (a0 :a1:as:as)) € M — (fo:t:to: t3) € P,

7T/:(l‘o:t1:l‘2:l‘3), (aoial:agiag))eM|—>(a0:a1:a2:a3)€IP’3,

where ¢ : 71 : t» : t3) is a homogeneous coordinate systemPdf. Then 7 is
a P2-bundle onP*. Let X be the normalization of the fiber produst xps ¥ of
M —P3andg Y — P3. Let

fiX—M

be the composition of the normalization

X — MxpY
and the projection

M xps Y — M.
Then f ={f,},cps- is a family of branched coverings &?. (f,: X, — 7 1(¢) is the
restriction to the planer—1(¢) in P° of g.)

We explain this as follows: Let
Cs={(L:u:u?*:ud)cP* |ucP

be the rational normal curve, which is the image curve of tbrmorphic imbedding

®p: Pt — P*

of the unique complete linear systef®| of degree 3 D is a divisor of®* of de-
gree 3).B; is then the dual variety @f;. That is, B, is the set of all planes i
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which contain tangent lines t63. Every divisor in|D]| is the intersection o3 with a
(unique) plane inP3*. In this sense|D| is identified withP® = (P*)*. By the unique-
ness of the complete linear system| of degree 3, every automorphism Bt acts on
|D| = P® (resp. onP3*) as a projective transformation, which maps  BP (reSp.
to C3). Let V be the ruled surface iB** consisting of tangent lines t6s.

For any two points and’ in P¥* — Vv, there is an automorphism of P! such
that o(r) = ¢’. In fact, there are just 3 pointg1, p2 and p3 in Cs (resp.p'l, p’2 and
p'3 in C3) such that the osculating plane g (resp.pé’) to C3 passes througin
(resp.t’) for j =1, 2, 3. Theny € Aut(P) such thatp(p;) = p; (j =1, 2, 3) maps
t to . Thus AutP?) acts onP3 — Vv transitively. (The orbits of the group action of
Aut(P) on P** are P>* — v, V and C3.) The projectionr, with the centerr maps
C3 onto a rational plane cubic curvg, with a node and 3 flexd®1), = (p2) and
m,(p3). The plane projective transformation induced pymapsC, toC,.. The branch
locus B, (resp.B;:) of f; (resp. f/) is the dual curve ofC, (respC,/) which is a ra-
tional plane quartic curve with 3 simple cusps. Hence th@elarojective transforma-
tion induced byy mapsB; toB,. Now, ¢ induces an automorphism of the projective
manifold Y which, by the above discussion, induces an ecemed of f; andf.

A similar discussion shows that f € V — C3 (sayt = (0: 1 :0: 0)), then
B; is the union of a rational plane cubic curve with 1 simple casg a line pass-
ing through a flex of the curve. For any points ardin V — Cs, f; and f,, are

equivalent.
If t € C3 (sayt =(0:0:0:1)), therB, is the union of an irreducible corcl a
a double tangent line to the conic. In this ca%e, is not ircéie.

5. Degenerating families of finite branched coverings oP*
Let
A=A e)={reC||t] <€}
be a disc andA* = A — {0} be the punctured disc. A finite branched covering
fiX — AxP!

is called a degenerating family of finite branched covering®* and is denoted by
f=A{f:}, if the following three conditions are satisfied:

(1) + x P2 ¢ B, for everyt € A.

(2) For everyt € A*, ¢t x P! meets atn points transversally with; n» ( is constant
for r € A*)

(3) For everyr € A*,

fi=f: X =f Y xP) — it xP
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0x P! t x Pt

\

A x PL By
gs(0) 1<q,l(t)
m
By
4(0) qa(t)
— - —
/QS(f)
q2(t)
] 9(0) By \
q1(t)
A
0 t
Fig. 6.

is a covering of P! of degreed = deg( ) branching &, BNt x P =
{q1(t), - .., qu(t)} (see Fig. 6).

The central fiberXy = f~1(0 x P') is a degeneration of a general fib&  for
t # 0. The Klein picture off; degenerates to a pictureXy) which we call the Klein
picture of fo. This representsXp, fo) topologically.

ExampLE 5. Let X, be the Riemann surface of the algebraic function wz ()
given by the equationw® — 3rw — z = 0. Put

.ft:XI_)Plv (Zv U))'_)Z.

Then f ={f,} is a degenerating family of branched coveringsPéf For a fixed non-
zerot , the monodromy representatidn and the Klein pictur¢ afre given as same
as in Example 1. Note thaj;(r) = —2r%2, go(t) = 2¢%/? and g3(t) = co. As t —
0, both branch pointgi(z) and ¢»(t) converge togi1(0) = ¢2(0) = 0, so the pathes
connecting the points 1 and 2 in Fig. 3 converge to the point2, and we get the
Klein picture of f, as in Fig. 7. In factXo : w® —z =0.
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ExavpLe 6. Let X, be the Riemann surface of the algebraic function wz ()
given by the equatiom? — z(z — t)(z — 1) = 0. Put

fii X, — P (2, w) — z.

Then f ={f,} is a degenerating family of branched double covering®fNote
that g1(¢) = 0, g2(t) = ¢, ¢q3(t) = 1 andg4(t) = oco. For a fixed non-zera , the mon-
odromy representatiod®, is given by; &, 4§ =(12) forj =1, 2, 3, 4. The
Klein picture of f; is as in Fig. 8 in which the contine@® is the upper backside of
the torus. Ast — 0, bothg1(t) and g2(¢r) converge tog1(0) =¢2(0) = 0, so the pathes
connecting the points 1 and 2 in Fig. 8 converge to the point2, and we get the
Klein picture of fy as in Fig. 9 in which the continer® is also the upper backside.
In fact, Xo : w? — z%(z — 1) = 0.

ExavpLE 7. Let X, be the Riemann surface of genus 1 of the algebraic iamct
w = w(z) given by the equatiom? — z(z — t)(z — 1)z — 1 —t) = 0. Put

fii X, — P (z, w)— z.
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@ is the upper

backside.

Fig. 10.

Then f ={f,;} is a degenerating family of branched double covering?af Note that

q1(t) =0, ga(t) =1, q3(t) =1, qa(t) =1+t

For fixed r with 0 < |7] < 1, the monodromy representatiob, is a given by
Aj = Oi(y;) = (12) for j =1, 2, 3, 4. The Klein picture of; is as same as that
in Fig. 8 for Example 6. A — 0, ¢2(¢t) and ¢4(z) converge tog:1(0) = 0, ¢3(0) = 1,
respectively, so the pathes connecting the points 1 to 2 amd43in Fig. 8 converge
to 1 =2 and 3 =4, respectively. Hence we get the Klein pictdrggoas in Fig. 10 in
which the continent?) is also the upper backside. In fact

Xo:w?—z%z—1)?=0,
which is not globally irreducible.

ExavmpLE 8. Let X, be the Riemann surface of genus 1 of the algebraic ibmct
w = w(z) given by the equatiom? — z(z — t)(z — 2t) = 0. Put

.ft:Xt—>P17 (Zv U))'—7Z.

As t — 0, the Klein picture off, converges to that ¢§ as in Fig. 11, in which®
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are the upper backside.
Xo has a cusp singularity at the point 1 =2 = 3. In fact

X0:w2—23:0.

Now we assume and put

q1(0) =+ = g, (0) =47,
qi,+1(0) = -+ = Guy+1,(0) = 43,
Qk1+'"+kr71+1(o) = = Grgte ks (O) = 6]9
wherek, >1 (p=1, ..., r), ky+---+k =n andq?, ¢3, ..., ¢° are mutually distinct.
We regard
Bo=B;N(OxPY={q?. 3. .... ¢°}

not as a point set but as a divisor &:
Bo = kig? +kagy + -+ + keg .

We draw a simple loop ifP! passing through all pointg?, ..., ¢° oriented in this
order which bounds a domain clockwisely as in Fig. 1. We da#l Klein picture of
fo for the checked patern ol which is the pull-back of the picture ovef.

Now, we show that topologically, the degenerating cukie= f (0 x P) can be
described by the divisoBy and the monodromyb, =, , wheree A" is a fixed
point.

Let v;(r) (1 < j < n) be the lasso aroung; ¢ () as in Fig. 2 and put

Al = (Dt('yl), ] Al‘l = CDI('Yn)-
Let H, (1 < p <r) be the subgroup of, generated by

Apgtotbp_141s -+ s Agethy 1+,



152 M. NamBA AND M. TAKAI
H, may not be a transitive subgroup 8§ . We denote

AL L, A

Vp
the orbits of H, on {1, 2, ..., d}. v, is the number of orbits. Put
A = A A1 Ag

0 _
A5 = Appriy Akgtbg—1 - Akl

0_
Al = Apgretky Akg el —1 7+ - Abgeet, 141

and
K=(AY, ..., AD)
the subgroup ofS, generated byf, ..., A% Let
Mo oes
be lassos around the points
i s ars

respectively in O< P! as in Fig. 2. Put
0y — 40
(I)O('Vp) - Ap (1 g P S r)‘
Then
. 1 0 0
®o: m(O0xP"—{q1, ..., ¢, }, q0) — Su

is @ homomorphism.

Derinimion 1. For a permutatiod € Sy, if A is written asA =A;---A,, the
product of mutually prime cyclic permutations, then we ¢b# numberw =w 4 ) the
weight of A. w (A) depends also ot . For exampledif =4 ahd = (1 2¥n
w(A)=w((123)4)=2)

Let x(X,) denote the Euler characteristic &f,

Theorem 4. Letr # 0. Then the following(1)—(4) hold:
(1) x(X;)=2-2g =24 —nd+3_; w(A)).
(2) x(Xo) = 2d — {nd — 3",y (k, — D)d} +Y/,_; v,.
(3) x(Xo) = X(X:) = Xoy(ky — D +37 g v, — 31y w(A)).
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(4) x(Xo) = x(Xi).

Proof. (1) The Klein picture of the coveringg X, — P! gives a cellular de-
composition ofX, . The number of vertices E;zlw(Aj), the number of sides i8d
and the number of faces is/2 . Hence

X(X,)=2d —nd +) w(A)).

=1
(2) Let G be the (oriented) graph oi, of the pull-back Iy  of the cycle

q1(t) — q2(t) — -+ — qu(t) — qu(2).

Then G is the graph whose points and lines are vertices and sidspectvely, of
the Klein picture of f; . Every point of; has been numbered as a vertix of the Klein
picture. We put the circled numbe)) on every sides ofj -th continent. Thus we get
a graphé with numbered points and circle numbered lines.

Let G,(1 < p < r) be the (oriented) graph ok, of the pull-back gy  of the
tree

(Ik1+...+kp_1+l(f) — Qk1+---+kp_1+2(f) — (]k1+...+kp_1+k,,(f)~

Then everyG, is a subgraph of5. Let
k1+---+kp,1+1§l' <i+1§k1+---+kp,1+kp.

If the permutaionA; andi;.; are witten as, say,

(Y (),
then there are linegy) and @ in G, which have the starting point (a point of
G,N fYg:)), and so are connected at the point . Moreover there is @@nin
G, such that the lineg) and (¢ have the same end point +1, and so are connected
at the pointi +1. Hence the linegg), ® and (¢ are connected iG,.
Now the Klein picture of fo gives a cellular decomposition ofp which can be
obtained from that ofX, by converging every connected compbréd the graphs

G,(1 < p < r) to a point. Hence the number of vertices‘i‘gzzl v,, the number
of sides isnd — Z;zl(k,, — 1)d and the number of faces isi2 . Hence

(X)) =24 — {nd =Y "k, = D} + " v,

p=1 p=1

(3) This follows from (1) and (2).
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(4) For a graphG , the following inequality holds:
b>a-—c,

wherea is the number of points af 5 is the number of linesGf  and the
number of connected components @f . Here the equality hdlésmd only if every
component is a tree, that is, a graph without cycles.

We apply this to every graply,. Then

a, = w(Ak1+»»»+kp,1+l) toeot w(Ak1+---+kp,1+kp),
by, =(k, — 1)d,

C = Cp ="y

Note that

r n

Zap = Zw(Aj).

p=1 j=1

Hence by (3)

X(Xo)—x(X,):pr+Zcp—ZaPIZ(bP+cp—ap)20. Ol
p=1 p=1 p=1

p=1

Theorem 5. (1) fofl(qg) consists ofv, points, which can be identified with

AL, LA

(2) Every AY(1 < p < r) induces a permutatiom);: A7 — 2A7. X, has local
w(Agj) irreducible components at the point correspondin

(3) There is a natural one-to-one correspondence between thef ggobal irreducible
components ofXo and the set of orbits ok = (A, ..., A?) on {1, ..., d}. @,
regarded as the representation to permutations on an orbiKoon {1, ..., d}, gives
the monodromy representation of the branched covering

forn: Xy — Ox P,

where n: )f{) — X{) is the normalization of the global irreducible componeﬁ(‘@ of
Xo corresponding to the orbit ok

Proof. (1) follows from the proof (2) of Theorem 4. For a suéialy small |z|,

(Ik1+---+kp_1+l(f), s Qk1+---+kp_1+kp(f)

are in a small neighborhood qu). Hence the Iasso/g is homotopic to the product

Viy+e -k, _1+k, (1) - "Yk1+...+kp_1+l(f)-



DEGENERATING FAMILIES OF FINITE BRANCHED COVERINGS 155
Let
itN=0xP!— M=AxP!

be the inclusion mapping. Then the fiber produetx,, X can be identified withXo.
Now, (2) and (3) of Theorem 5 follow from the following lemm&ahose proof is
straightforward and is omitted. [l

Lemma 1. Let M and N be connected complex manifolds &andv — M be
a holomorphic mapping. Lef: X — M be a finite unbranched covering @  of
degreed and®,; be its monodromy representation. f&t N x, X — N be the
projection of the fiber produclv x,, X onto N . Then the followings hald
(1) There is a one-to-one correspondence between the set otsodsi ®, -
h«(m1(N, po)) on {1, ..., d} and the set of connected componentsVok s X.
(2) For a connected componedt of xy X, f/: Y — N is a finite unbranched
covering of N whose monodromy representation is equafbto- . regarded as the
representation to permutations on the orbit ®f - 4. (m1(N, po)) on {1, ..., d} cor-
responding toY .

Theorem 6. The following four conditions are mutually equivalent
(1) Xo is homeomorphic taX, for # 0.
(2) x(Xo) = x(X;) for  #0.
3) er:l(kp —1d = le‘:l w(A;) — erzl Vp-
@) S a(ke — Dd =5 w(A)) — Xy w(AD).

Proof. If Xo is homeomorphic toX, , then(Xo) = x(X,). If x(Xo) = x(X,),
then every connected component of the graphg1 < p < r) is a tree as is shown
in the proof of Theorem 4. When converges to 0, every condectenponent of the
graphsG, (1 < p < r) converges to a point. This means thg is homeomorphic to
X;. Next, note that

Ag = Agl' A9

PYp?

where A9, is the permutation on the orbl” induced byAS. Hence

w(Ag) = w(Agl) +. +w(A°

pvptt
pl = Yp*

Here the equality holds if and only if ever)ygj is a cyclic permutation. Hence,
by (2) of Theorem 5, the equality holds if and only Xy is locally irreducible at ev-



156 M. NamBA AND M. TAKAI

ery pointhf (1< j <v,). Now, by (4) of Theorem 4, the following inequality holds:

r

> ke —1d =D w(A) = v, =Y w(A) = > w(Ad).
p=1 j=1 p=1 j=1

p=1

r k r
D k= 1)d =) w(Ay) =D w(A)),

p=1 j=1 p=1

then

D k= 1d =) w(A) =D v,
p=1 J=1 =1
Hence x(Xo) = x(X;) by Theorem 4.

Conversely, ify(Xo) = x(X;), then X, is homeomorphic taX, . In particulaig
is locally irreducible at every poirl” (1< j <w,, 1< p <r). Thus

n r

D = 1d =) w(A) =D v, => wA) =Y w(A). O
j=1 p=1

p=1 j= = j=1 p=1

Remark. If one of the conditions of Theorem 6 is satisfied, th&g is non-
singular. In fact, if one of the conditions of Theorem 6 isidfad, then every con-
nected component of every gragh, (1 < p < r) is a tree.Xg is obtained fromX,
converging every tree to a point. Hendg is still a manifold. (The total spac& is
also non-singular.)

This can be also shown in the following way: The arithmetiouge is constant.
In particular, the arithmetic genus ofg is equal to the geometric genus &f r % 0).

If Xo is singular, then the geometric genus Xi§ is less than the arithmetic genus, a
contradiction to the assumption(Xo) = x(X,). On the other hand, if(Xo) > x(X,),
then the graphG  contains a cycle. As— 0, such a cycld” converges to a popt
while, for a connected open neighborhodd Iof U,— I', which has two connected
components, moves homeomorphically. Hed&gis locally a cone with the vertep
Thus X, can not be a manifold, s&g is singular.

6. Topological equivalence of families

In this section we show that the topologial structure of tlegeherating family
f = {f,} of finite branched coverings df! is not determined by®, alone, but de-
pends also on the braid monodrorig). Here

S:uvr—t=tge, (0<u<2m)
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1 i—1 i i+1 j+2 n

L / L
g ® ee o
o L / L

Fig. 12.

°

® e o

is the loop around = 0.t € A* is a fixed point.) In this section we assume for
simplicity thatg; ¢ ) # co for everyr € A and 1< j <n. Then

{qa(t0e™). . ... qu(toe™)Yo<u<zn

gives an (Artin) braid ofz strings, which is called the braidmodromy of the curve
By around: = 0 and is denoted W(5). The braid® = §(5) can not be arbitrary. It
is given by a complex analytic curvB; . So such a braid we cabmplex analytic
braid. We fix a reference poing € A* and put

gj=qj(to)) for 1< j<n.

Then the Artin braid group B, naturally acts on the fundamentgbup
T (P — {q1, ..., qn}. qo) as follows:

oi(i) = 47 ey
oi(Vi+1) = Yis
oi(v;) = (U #i, i+1),
wherev; (j =1, ..., n) are the lassos as in Fig. 2 aed ({ =1, ..., n — 1) are the

generators ofB, defined as in Fig. 12.
A theorem of Zariski-van Kampen (see e.g. Dimca [2]) asserts

Theorem 7 (Zariski-van Kampen).

m1(A x Pt — By, qo)
= e M1 =L 0(0)y =, (U< j < n)),

where~; are lassos as irFig. 2 for f,: X,, — PL.

The monodromy representatich;  ¢f X: — A x P! is equal to®,, = Dy .
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By Theorem 7,®,, satisfies
@4, - 0(0) = Dy

DerniTioN 2. f ={f;} and f' = {f,/,} are said to be topologically equivalent if
there are orientation preserving homeomorphisms> and n which make the follow-
ing diagram commutative:

fl lf’

AxPl —2 , A" x P!

| |

A _n A

Using fundamental results in the theory of fiber bundles @t==nrod [12]), we
get the following theorem, which can be regarded as a brahcbeering version of a
theorem in Matsumoto-Montesinos [6]:

Theorem 8. There exists a one to one correspondence betwgepological
equivalence class off = {f;}, where f, (n # 0) has the degreed and:
branched pointsqs, ..., ¢,} and {([®], ) | [®] is the representation class of
®: m(P*—{q1, ..., @}, @) — S4 such thatim & is transitive, andd € B, is a
complex analytic braid such thab - 6 = ®}/B,. Here 0 € B, acts on([®], 0) as
follows

o([®], 0) = ([® -0 1], cbo7L).

Proof. For two families
(1) F{fi} X —AxPL f={f}: X — A xP
with the assumption
(A x{oc})NB; =0, (A" x{cc})N By =0,
we may assume that there ajg¢< C and qé € C such that
(Ax{q})NBr=0, (A x{go})N By =0.

(For example, takgo and ¢, such that|qo| and |¢,| are sufficiently large.)
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Take reference pointg € A* andz, € A'*. Put

(tO X (C) N Bf = {611 = (11(1‘0), s qn = QIz(tO)},
(tO X (C) N Bf’ = {ql = ql(tO)v cees 4y = qn(tO)}‘

There is an orientation preserving homeomorphism
) E11gxC=C—1,xC=C
such that

€a)=q; (=01 ....n)

We identify ¢; with g; (j =0, 1 ..., n) through¢.
Now A* x C — By is a topological fiber bundle with the base spaté and the
standard fibelC — {n points} (see Dimca [2] and Matsuno [7]). Put

G={a:C— C | « is an orientation preserving homoemorphism such that
a(qo) = qo. a({qr, - -, qn}) ={q1, ---, @} }-

G is then a topological group with compact-open topology. Get be its connected
component of the identity. Put

m(G) = G/G..

Thenmo(G) can be naturally identified with the Artin braid grou,  of risgs (see
Birman [1, p. 165]).
Now assume that the above two families

f={f}: X — AxP}
f={f}:x — A xp!

are topologically equivalent. We may assume that

(o) = 1o,
0 tgxC=C — 15 x C=C,
o(g0) = go-

Let

X m(Sh) — mo(G)
(resp.x : m(SY) — 7o(G))
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be the characteristic homomorphism of the bundle

A" xC— By — A"
(resp.A* xC—B; — A™*)

(see Steenrod [12, p. 96]). Lét(resp.d’) be the loop around =0 as before.
Two bundles

A*xC—B; and A xC- By

over the base spac&* (which is homeomorphic to (0 1) S%) and A" are weakly
equivalent in the sence of Steenrod [12, p. 99]. Hence byn&ide[12, p. 100], the
characteristicy(5) and x'(§') of these bundles satisfy either

X =x©) or x@®)=x)"?

in mo(G). The equality here is up to conjugacy ip(G). But the last equality does
not occur by Steenrod [12, p. 100], fgris orientation preserving. Hence

©) X(®)=x'(d) (up to conjugacy)

But 7mo(G) can be identified withB, as noted above, Under the identioaty(d)
(resp.x (6")) is equal tod(5) (resp.d'(¢')), the braid monodromy. Hence by (3), there
is o € B, such that

(4) 0'(6") = 00(5)o 1.
Now the restriction
go:tox(C:(C—>t(;xC:(C

of ¢ is an orientation preserving homeomorphism. By the assompmif topological
equivalence,

®) [, 1= ,].

‘o

Consider an isotopy, (0 <t < 1) on C such thatypy = the identity andp; = .
This gives a braidb. We may write

Then by (5)

®) (@7, -0 =[®,].
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Now the braides in (4) ando in (6) are the same. In fact, the braid in the
relation

0'(6) = o0(5)o ™t
is nothing but
0=<p:to><(C—>t(,)><C

if we regarde'(é/) andd(9) as elements ofro(G) (see Steenrod [12, p. 97—p. 98, p. 9—
p. 12]). On the other handy in (6) is also

o—:ga:toxC—wéx(C.
Hence the braidr in (4) ando in (6) are the same. Thus theredse B, such that
(@], 6°0))= (s -0, o0(S)o ).

Conversely, for two families in (1), we identify; with ¢g; (j = 0, 1 ..., n)
through¢ in (2) and suppose that there dse B, such that

(@71, 0/ = (-0, 00(E)o?).
Sinced'(§') = 00(8)o 1, the above discussion shows that two bundles
A*XC—Bf and A/*X(C—Bf/

over A* and A"* respectively are weakly equivalent. That is, there arentaiion pre-
serving homeomorphismp andn such that (i) the following diagram commutes:

A*X(C—Bf L) A/*X(C—Bf/

l |

A* _n . A*

(i) n(t0) =15 and
(i) p=0:tgxC=C — 1y xC=C.

Now the fiber bundle structures a* xC—B; and A"* xC— B/ can be naturally
extended to those on* x C and A™* x C respectively (see Lemma 2 in Matsuno [7]).
Hencep can be extended to an orientation preserving homeomorphism

1 A* x PL — A" x P!
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such that the following diagram commutes:
A* x Pt —2 A x Pl
A* 1, A
We show thaty andn can be extended so that the following diagram commutes:

AxPl —2 . A xP!

l l

A T A

’

We assume and put as §%

q1(0) =+ - = ¢, (0) = g7,
(resp. ¢1(0) =---=¢,,(0) = Q10)v
C]k1+1(o) == qk1+k2(o) = qg’
(resp. g,41(0) =+ = g4,44,(0) = a2).
qk1+"'+kr71+1(0) S/ SRRy ST (0) = qu’
(resp. ‘1121+~.+k,._1+1(0) == ‘1121+...+k,._1+k, 0) = CIr,O ):
wherek, >1 (=1, ...,r), ka+---+k =n andq?, ..., ¢° (resp.q,’, ..., ¢,° ) are

mutually distinct.

We may assume that there is a continuous funcfi@in) of |¢| such that
@) p(t)) >0 for |¢] >0,
(i) p(0) =0,
(iiiy A(¢%, p(l7])) (resp.A ¢.°, p(2]))) (#=1, ..., r) are mutually disjoint,
(iv) each A ¢2, p(|7])) (resp.A ¢.°, p(2]))) (# =1, ..., r) contains

qk1+~'+k,,,1+1(t)7 s Gy, 1tk (t)
(resp.  Gupreoy 1415 =0 s Qigetkey, g, (1))-

Now Lemma 2 in Matsuno [7] implies that the bundle structures” x C — By
coincides with that of the product bundle* x C outside

r=|J Uaw@ o).
o<|t|<ev=1

Similar assertion holds for the bundle structure srf x C — B;,. Hence we may as-
sume thatp does not depend on outside . Thpsan be extended to an orientation
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preserving homeomorphism
©: AxC—{q2 ..., q% — A xC—{qio, ce q;o}.
Moreover if we define
P =a W=1 ...71),
then ¢ is extended to an orientation preserving homeomorphism
p: AxP'— A" xPL
Put alson(0) = 0. Thenn is extended to an orientation preserving homeomorphism
nA— A
and the following diagram commutes:

AxPl —2 , A" x P!

l l

A _n . A

Next, note that

©(By) = By,
p=0:tgx C— 1ty x C.

Note also that
o fiX — A x P!

is unbranched om\” x P! — By/. By Theorem 1, - f can be extended to a branched
covering

ox" — A" xPL

¢-f and £ coincides onA" x C— B, and both are Fox completions of the same
unbranched coverings af’ xC—By/. Hence by the uniqueness of the Fox completion
(see Fox [3]), there is a homeomorphism

w/:X_>XN
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such that the following diagram commutes:

’

P

x 45 X

ol

A xPl 4, A xp!

Note thatg// is orientation preserving. Now, the representaion clasth@fmonodromy
of f” is equal to that ofp- f, which is clealy equal tod ;- 1]. By the assumption

[©-p 1=[Ds-0 = [Ds],
we have
[®,0]=[D].
Hence there is a biholomorphic mapping
X — X
which makes the following diagram commutative:

"
’ P ’

X' 2 X
| Is
A x Pl 4 A pt
Now puty =" -+". Then
VX — X

is an orientation preserving homeomorphism which makeddtewing diagram com-
mutative:

1| s

AxPl —2 , A" xp?
Hencef ={f;} and f' = {f,} are topologically equivalent. U

Considering a trivial family, we get the following corollarwhich can be also de-
rived directly from Theorem 2.
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Corollary 2 (cf. Wajnryb [13]). There exists a one to one correspondence
between {topological equivalence class of: X — P! of degreed withn
branched pointsqi, ..., g,} and {[®] | [®] is the representation class of
®: (P~ {q1, ..., qu}, 90) — S4 such thatim & is transitive} /B, .

Remark. As one can see in the proof of Theorem 8, we do not need to amenti

the points{qi, ..., g.} in the statement of Theorem 8 and its corollary, if we replace
T (P — {q1, ..., qn}. qo0) by the abstract group
<le’ cees Tn |"Y/1""'Yl:l>-

7. Degenerating families of finite branched coverings oP™
Let A =A(0, €¢) be a disc and
fiX— AxP"

be a finite branched covering. As in the casePdf f is called a degenerating fam-
ily of finite branched covering oP™ and is denoted byf £} if the following 4
conditions are satisfied

(1) t xIP" ¢ By for everyr € A.

(2) For everytr € A*, t xP" meets transversally witlB, and putting{P")N By =

t X By, B, is a hypersurface oP” of degreen . is constant fare A*.)

(3) For everyr € A*,

fi=fiX =t x Py — t x P"
is a covering ofP™ of degreed =deg( ) branching &,

(4) For any pointy and’ in A*, f, and f, are topologically equivalent.

The central fiberXo = f~1(0 x P™) is a degeneration of a general fib&y for
t Z0.

We show that, topologically, the central fib&p can be described by the central
branch divisorBy, where 0x By = (0 x P") N By and by the monodromy>, =, |,
wherer € A* is a fixed point. We explain this as follows:

Let L be a general line if®". We may assume that meets transversally with
every B, fort € A. Consider the restriction

frixt=fYAxL)— AXL
of fto Xt = f~Y(A x L). Then

Lemma 2. (1) Every point of(X — f~1(B;)) N X% is a non-singular point of
XE.
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(2) For ¢+ # 0, every point of f~}(Reg(B, )N (+ x L)) is non-singular point ofX’ .
(Reg(B; )is the set of non-singular points of the branch lodis)
(3) For ¢ #0, the restriction
floxb=f e xL)y—txL

of fL is a branched covering of degrek= deg(f )

Proof. (1) Letp € (X—f X(By))NnXLt. Then there are local coordinate systems

(t, x1, ..., xp) and ¢, y1, ..., yu) @aroundp inX andg =f g ) inA x P" such that
(i) ¢ is a local coordinate system in  angh( ..., y,) is that inP™, (i) L is locally
given by the equationy, = --- =y, =0 and (iii) f is locally given by

f (tv xla ey xln) [— (ta }’l, LRI ] }’m) = (tv -xla LRI ] xln)'

Then £~ is locally given by
fre@, x1) — (1, y1) = (¢, x).

In particular, p is a non-singular point of -
(2) Letzop # 0 andp € f~1(RegB;)N (o x L)). Then there are local coordinate

systems «, x1, ..., x,,) and ¢, y1, ..., yn) @aroundp inX andg =f g ) inA x P"
such that (i)r is a local coordinate systemAn  aroumé@nd (1, ..., y,) is that in
P, (i) L is locally given by the equationy, = --- = y,, = 0 and (iii) f is locally
given by

f (ta xla -x25 LRI ] xln) — (ta }’l, y25 LR ] }’m) = (ta xia -x25 LR ] xln)'

Then f~ is locally given by

fho(e x) — (@t y2) = (¢, x9).

In particular, p is a non-singular point of% . Moreover is a rfigaition point of
fE with the ramification index .
(8) Fort #0, the branched covering

fii Xo —P"

gives a linear system o, . By Bertini's theorerk. is non-siagand globally
irreducible. Hence, by the proof of (2),

fExE—txL
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is a branched covering of degrde =dgg( ) O

This lemma shows that the singular locus Skig( ) »f is coethinn
£710 x (Bo N L)), which is a finite setX’ is globally irreducible. Let

,u:)N(L—>XL

be the normalization o’ . Since Singt ) is a finite setjs a bijective holomor-
phic mapping. In fact, suppose that there are distinct pojnt and p, in X% such
that

p = u(p1) = u(p2) € 0 x (BoN L)).

Then there are disjoint connected open neighborhodgsand W, of p; and p, re-
spectively such that

(W) = p(Wa) = W

and W is connected open neighborhoodpof XA . Sificé(0x (BoNL)) is a finite
set, we may assume that

fFHOX (BonL)NW={p}.

We may assume that? N W is connected for non-zero  witf| sufficiently small.
HenceW — { p} is a connected 2-dimensional complex manifold. Sipce the nor-
malization of X~ ,

Wi—{p1}=Wa—{p2}
and
pWi—A{pi}=Woa—{p2} —W-—{p}
is biholomorphic, a contradiction. Thys is bijective. The composition
flop X — AxL
is a degenerating family of finite branched coveringsLof P'=which we denote
fron={f")
by abuse of notation.

Lemma 3. (1) Let Xp= Xo1U---UXq, be the global irreducible decomposition
of Xo. Then

X5 =XoNXHu-- U (X, N XE)
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is the global irreducible decomposition off.

(2) Let Sing" *(Xo) be the union of global irreducible componentsSifig(Xo) which
are hypersurfaces oio. Then (i) Sing" *(Xo) C f, *(Bo) and (i) (Sing™ *(Xo)) N
Xk = Sing(x§).

(3) For a point p € Sing(X4), let

(X())I,:ZJ_U--'UZU

be the local irreducible decompoition d&fy at p. Then the local irreducible decompo-
sition of X} at p is given by

(X§), = (Z1N X§)U---U(Z, N XE).

Proof. (1) Let
njt Xoj — Xo;
(1 < j < u) be the normalization of;. By the proof of (1) of Lemma 2,
foj -1yt Xoj — OxP" (fo; = fo| Xoy)

is a finite branched covering. By Bertini’s theorenfo(-11;)~1(0x L) is a non-singular
connected curve oKo;. Hencefojl(o x L) is a global irreducible component off
and

Xé = fo—l(o X L) = U f071(0 > L) = U(Xoj N Xé)
j=1 j=1

is the irreducible decomposition off.

(2) By (2) of Lemma 2, every component of Sfhgt(Xo) is a global irreducible com-
ponentRy of fo‘l(B()l), where By is a global irreducible component dfy. Let p be

a point of X5 N Ro. Then p is clearly a singular point ok}. Conversely, ifp is

a singular point ofX}, then fo(p) = ¢ is on L N By, for an irreducible component
Bo1 of Bp. Since L is a general line, every point on a global irreducidmdenponent

Ro with p € Ry of fo‘l(Bm) is a singular point ofX,. Hence Ry is a component of
Sing"(Xo). This shows (i) and (ii) of (2).

(3) We use the same notation as in the proof of (1). Ex&gry ispan et of some
Xo;. Hence

ikt Zi =y NZ) — Zie (i =y | Ze)

is the normalization ofZ; . fo,x-;x) ~1(0x L) is a non-singular connected curve of,
where fojx = foj | Zk. Hencefojkl(o x L) = Z;y N X§ is a local irreducible component
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of X5 at p and
(X§)p =(ZiNX§)U---U(Z,N XE)
is the local irreducible decomposition aff. at p. U

Now we refer a theorem of Zariski-van Kampen. L@t be a hypéase of de-
green inP™. Take a general poingo in P — B and let

7 P — {go} — Pt
be the projection with the centeg. Put
f#=mw|B:B—P" 1

be the restriction. LetD be the branch locusmof A theorem of Zariski-van Kampen
in this case can be described as follows (cf. Matsuno [7]).

Theorem 9 (Zariski-van Kampen).

Trl(]P)m_Bv QO)
=V e M =L 00)y =y AL j<n, 1<k <ys)),

wherev; are lassos as irFig. 2 on 7—(qo), the line deleted the poinfqo}, & are
the generators ofry(P" 1 — D, ro) for a reference pointy € P"~1— D, and 6(5;) are
the braid monodromy along;.

This theorem shows in particular that the monodrofhy fof isaéqa the
monodromy(bjél of f£ for a general ling.  passing through Hence, we conclude
by Theorems 4, 5, 6 and Lemma 3 that topologically, the ckfitrar Xo can be de-
termined by the central branched divisBs and by the monodromyp, £, , where
t € A* is a fixed point.

Remark. If degBp =degB, ¢ #0), then there is a surjective homomorphism
m1(P" — Bo, go) — m(P" — B, go) — 0
(see Zariski [14]). In this caseXy is irreducible and
dim SingXo) < m — 2.
Hence degenerations such that

dim SingXo) =m — 1
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happen only if dedy < degB; ¢ # 0), that is, only if By has a multiple component
as a divisor.
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