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0. Introduction.

Derinimion 0.1. Let X be a normal Gorenstein projective variety of dimension 3
over C which has only terminal singularities.
(1) If —Kyx is ample, we callx a Fano 3-fold.
(2) If —Kyx is nef and big, we calX a weak Fano 3-fold.

Derinimion 0.2. Let X be a normal Gorenstein projective variety of dimension 3
with only terminal singularities. Let4, 0) be a germ of the 1-parameter unit disk. Let
f:X — (A4,0) be a small deformation ok over\( 0). We céla smoothing ofX
when the fiberX; = §~1(s) is smooth for each € (4, 0)\ {0}.

We treat the following problem in this paper:

Problem. Let X be a weak Fano 3-fold with only terminal singularities.
When doesX have a smoothing ?

For the case of Fano 3-fold X has a smoothing by the result of Namikawa and
Mukai ([12], [9]). Moreover by the method of Namikawa, we can show the following
theorem:

Theorem 0.3 (Namikawa, Takagi) (cf. [12], [25]). Let X be a weak Fan&-fold
with only terminal singularities. Assume that there exists a birational projective mor-
phismz : X — X from X to a Fano3-fold with only canonical singularitieg? such
that dim(r—1(x)) < 1 for any x € X. ThenX has a smoothing.

In this paper, we will show the following theorem:
Main Theorem. Let X be a weak Fan@&-fold with only terminal singularities.

(1) The Kuranishi spaceDef(X) of X is smooth.
(2) There existsf : X — (A4, 0) a small deformation ofX ove(A, 0) such that the
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fiber X, = f~1(s) has only ordinary double points for anyc (4, 0)\ {0}.
(3) If X is Q-factorial, thenX has a smoothing.

We remark that if the condition of (3)@-factorial” is dropped, then there is an
example thatX remains singular under any small deformation (see Example 3.7).
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Notation. C : the complex number field.

~ : linear equivalence.

Ky : canonical divisor ofX .

Let G be a group acting on a s6t . We set

S¢:={scS|gs=sforanygc G}

In this paper, A, 0) means a germ of a 1-parameter unit disk.

Let X be a compact complex space or a good representative for a gerng, :and
X — (A,0) a 1-parameter small deformation &f . We denote the fipeh(s) for
s € (4,0) by X;.

(Eng: the category of sets.

Let k be a field. We setArt,): the category of Artin locak -algebras with residue
field k.

Let V be aZ-module. The symbolV: meansV ®y C.

1. Proof of (1) of Main theorem.

We use the following theorem of Takagi:

Theorem 1.1(cf. [25]). Let X be a weak Fan@&-fold with only terminal singu-
larities, then there exists a divisdD € |—2Ky| such thatD is smooth(In this paper,
we call suchD a smooth member [of 2Kx|.)

Lemma 1.2. Let X be a weak Fan®-fold with only terminal singularities,D
a smooth member of — 2Kx|, B — A a surjection in(Artc), Xp an infinitesimal
deformation ofX overB , and, := Xp Xspecp )SPECA ) SetDy € | — 2Ky, / speca )
such thatD4[x = D. Then there exist®p € | — 2Ky, /specg | SUCh thatDg|x, = Dj.
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Proof. Since by the Kawamata-Viehweg vanishing theorem we REVE, —4Kx)
=0 for all i > 0, we can show above lemma as in [16, page 63, proof of (iii)]. [J

Proof of (1) of Main theorem. Sef,, €[]/(t"™Y), o, @ A1 — Au, S, =
Spec@, ). LetD be a smooth member pf 2Kx|, and X,+1 an infinitesimal de-
formation of X over S,+1, and X, = X,+1 Xs,,, Sp. By Lemma 1.2, there exists
D,.1 € | — 2KX1,+1/51,+1| such thatDn+1|X = D. SetD, = Dn+l|X,,a T+l « Ype1 =
SpecQy,., © Ox,.,(Kx,../s,.1)) — Xn+1 @ double cover ramified alon@,.;, andr, :

Y, = SpecQy, © Ox,(Kx,/s,)) — X, a double cover ramified alongp, . We remark
thatY =Yy is a Calabi-Yau 3-fold with only terminal singularities. L6t 7Z727Z. We
have the following commutative diagram:
)G T;}(an)G

1
EXI}DY,,H (Qj);n+l/5n+1’ OY”*l EXtOYn (9;1/511 ’ OY/;)G

Bn+ll lﬁn

EX%XM(Q%QH/SM’ Ox”*l) Lo, EX%X" Q%(ﬂ/s,,v OXu)-
Haw
We remark thats,+; and 5, are defined because,..; andr, are finite morphisms. (cf.
[10, Proposition 4.1]). By [10, Proof of Theorem 1, page 43L}(«,) is surjective.
Thus T}(a,,)¢ is a surjection becaus& s finitg, is a surjection by Lemma 1.2
and we have thaf'i(a,) is also surjective. ByT-lifting criterion (cf. [4], [5]), we
proved (1) of Main theorem. U

2. Proof of (2) of Main theorem.

We use the result of Namikawa and Steenbrink on deformations of Calabi-Yau 3-
folds to prove (2) of Main theorem. Léf be a Calabi-Yau 3-fold with only terminal
singularities,{¢1, g2, ..., ¢, } = Sing(r' ), v : Y — Y be a good resolution of , and
E; =v~Yg;). (“good” means the restriction of : v~1(V) — V is an isomorphism and
its exceptional divisorE; is simple normal crossings for each )

Proposition 2.1 (cf. [15]). If (Y, ¢;) is not the ordinary double point, then the
homomorphism; : HE (Y, Q%) — H*(Y, Q%) is not injective.

Proof of (2) of Main theorem. By Theorem 1.1, there exists a smooth member
D of | — 2Kx|. We remark thatD N Sing(X) = 0. Let {p1, p2, ..., pn} = SingX),
andr : Y = SpecQOx @ Ox(Kx)) — X be a double cover ramified alon . Then
Y is a Calabi-Yau 3-fold with only terminal singularities. L& 7%/27Z = {idx, o},
7~ Yp:) = {qi1, g2} Then we have that Sing( ) %¢;; | i = 1,2...,n,j = 1,2}
becauseD is smooth. L&f; be a sufficiently small open neighborhoag; oV;; , =
Yi; \{g;j}, U =X\SingX), andV =Y\ Sing(t'). Letw : Y — Y be aG -equivariant
good resolution ofY , andZ;; = (¢;;). Let w € H%wy) be a nowhere vanishing
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section. We remark that(w) = —w. We consider the following commutative diagram:

’
[e3 L

[HYV, QY s [, HE (7, Q200 — s [H2(7, Q2))0Y

T?T T@i.j’r[j

e

HY(V,0y)° —— @ ;H'(V;,0y,)°

where FI=1 = {x € F | o(x) = —x} for a C-vector spaceF with & -action.

By Proposition 2.1,; is not injective if (X, p;) ~ (Y, ¢;;) is not the ordinary
double point. So there exists an elemefte [HY(V, ®y)]I"Y such thata/(n);; # 0
for any i, j where X, p; )~ (Y,q;;) is not the ordinary double point. Let <
HYV,®y)¢ such thatr(n) = 7. Let 8 : [HY(V,0y)]¢ = Exty, (@}, Oy)¢ —
Exty, (%, Ox) = HY(U, ©y) be the homomorphism defined in the proof of (1) of
Main theorem. By (1) of Main theorem, there exists a small deformatioX of  over
(4,0)f : X — (A4, 0) which is a realization of3(n). Using the method of Namikawa
(cf. [11, Theorem 5], [15, Theorem (2.4)]), we can reach a smooth 3-fold by small
deformations by continuing the process above. ]

DeriniTioN 2.2. Let X be a normal)-Gorenstein projective variety of dimension
3 over C which has only terminal singularities.
(1) The indexi, of a singular point € X is defined by

i, :=min{m € N | mKy is a Cartier divisor neap}.
(2) The sigular index X ) ofX is defined by
i(X) =min{m € N | mKy is a Cartier diviso}.

(3) If —Kx is ample, we callx aQ-Fano 3-fold.
(4) If —Kx is nef and big, we calX a weaR-Fano 3-fold.

We considered deformations @f-Fano 3-folds in [7]. The method of (2) of Main
theorem is also useful for weaR-Fano 3-folds of singular index 2.

DerinimioN 2.3, Let (X, p) be a germ of a 3-dimensional terminal singularity and
G=2/2%.
(1) We call X, p) a quotient singularity of type (2)(1, 1 1) if (X, p) is isomorphic
to the singularity of the following type: Lek;, x,, x3, be coordinates of the germ
(C8,0). We define aG -action onCg,0) by x; — —x1, xp — —x2, X3 — —xa.
(X, p) ~ (C3/G,0).
(2) We call X, p) a quotient of the ordinary double point X,(p ) is isomorphic to
the singularity of the following type: Leki, x, x3, x4 be coordinates of the germ
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(C* 0). We define aG -action onC{, 0) by x1 — —x1, Xo — —x2, X3 — X3, X4 —
—xa. (X, p) = {x2+x3+x5+x3=0]|(C* 0)}/G.

Theorem 2.4. Let X be a weakQ-Fano 3-fold with only terminal singularities
of singular indexi(X) = 2, and assume that there exists a smooth membér@K x|.
Then there exists a small deformation ¥f  oyer,0) f : X — (A, 0) such that the
fiber X; = f~1(s) has only quotient singularities of typ@/2)(1, 1, 1) ordinary double
points or quotients of ordinary double points for any (A, 0) \ {0}.

To prove this theorem, we use an analogous proposition of Proposition 2.1. Let
X be a weakQ-Fano 3-fold with only terminal singularities of singular indexXX ( ) =
2, and assume that there exists a smooth member-oRKx|. Let D be a smooth
member of| —2Kx|. Let 7 : Y = SpecOx ®Ox(Kx)) — X be a double cover ramified
along D . ThenY is a Calabi-Yau 3-fold with only terminal singularities. lpet X
be a singularity of index, =2, and~(p) = ¢. We remark thatr|y,) : (¥,q) —
(X, p) is a canonical cover ofX,p ). Le& Z/2Z. v : Y — Y be aG -equivariant
good resolution ofY , andE ¥ (g). We know the following proposition which is
analogous to Proposition 2.1 and is a result of Namikawa.

Proposition 2.5 (cf. [13]). If (X, p) is a singular point of index, = 2, and if
(Y. q) is not the ordinary double point, then the homomorphisnt! : H2(¥, Q2)~1

— H2(Y, @2)l=1 is not injective.

This proposition leads us to Theorem 2.4 by the same method of the proof of (2)
of Main theorem.

3. Proof of (3) of Main theorem.

We first prove the following theorem to prove (3) of Main theorem.

Theorem 3.1. Let X be a weak Fan@&-fold with only terminal singularities. As-
sume thatX isQ-factorial, then there exists a divisa§ € | — Kx| such thatS is
smooth.

To prove Theorem 3.1, we use some known results as follows.

DeriniTion 3.2, Let X be a weak Fano 3-fold with only terminal singularities.
Fano index ofX is defined by

F(X) =max{r € N | there exists a Cartier divisaf  such thatKx ~rH}.
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Theorem 3.3 (Reid, Shin) (cf. [20], [24]). Let X be a Fano3-fold with only
canonical singularities. Then we have,
(1) dimBs| — Kx| <1,
(2) if F(X) > 1thenBs|— Kx|=10,
(3) if dimBs| — Kx| = 1 then a general member ¢of— Kx| is smooth at base points
of | - Kx|, and
(4) if dimBs|—Kx| =0thenBs|—Kx|={p} one point, a general member pf K|
has the ordinary double point g¢ , anga € Sing(X ).

Theorem 3.4 (Mella) (cf. [6, Theorem (2.4)]). In the case of(4) of theorem
(3.3), if p € Sing(X) is a terminal singularity, thenX =~ X,¢ C P(1,1 1 1 2 3)
Moreover for any Zariski open séf  containing U, is ri@tfactorial.

Theorem 3.5 (Reid, Ambro) (cf. [20], [1]). Let X be a weak Fan@-fold with
only canonical singularities, then a general member|of Kx| has only canonical
singularities.

Proof of Theorem 3.1. Let : X — X be a multi-anti-canonical morphism, then
X is a Fano 3-fold with only canonical singularities, amds crepant Kx =r*(Ky)).

In the case ofBs| — Kx| = 0 or dimBs| — Kx| = 1, then a general member of
| — Kx| is smooth at its base point by Theorem 3.3, and there exists a difiser
| — Kx| such thatS is smooth by Theorem 3.5.

In the case of dinBs| — Kx| = O (in this caseBs| — Kx| = {p} by Theorem
(3.3.4)), there exists a divisa§ € | — Kx| which has the ordinary double point at
such thatS :7r*(§) has only canonical singularities. If we can not take a smdbth
thenrw|s : S — S is an isomorphism neap becaupe is the ordinary double point.
Then there exists a Zariski open gét  containifgt(p) such thatr|y : U — X is
an open immersion. Sp € X is terminal. By Theorem 3.47(U) is not Q-factorial.
Thus U is notQ-factorial andX is notQ-factorial which is a contradiction. ]

By (2) of Main theorem, the following theorem is enough to prove (3) of Main
theorem.

Theorem 3.6. Let X be a weak Fan@-fold with only ordinary double points.
Assume thaty i€)-factorial. ThenX has a smoothing.

Proof. Letv: X — X be a small resolution ok {p1, p2, ..., p,} = Sing(X),
U =X —Sing(X), X; a sufficiently small open neighborhood pf U, X7\ {p:}.
and C; =v~Y(p;). Since H(X, Q%) ~ HY(X,v.Q}) (cf. [10, Lemma 2.2]), We have
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the following commutative diagram of exact sequences:

a1 a2

0 —— HYX,Q}) HY(X, Q) —2— HX, R'w.Q)

[ & [
0 —— HYX,03)c —2— HYX,05)c —— HO(X, R1.0%)c
)2 is surjective becaus@?(X, Ox) = 0, and g; is also surjective becaus® is
Q-factorial andv is small. Thus we have that, is the zero map, and its dual
1L HE (X, Q%) — H?(X,Q%) is also the zero map. By Theorem 3.1, there exists
D € | — Kx| a smooth member of — Kx|. Then D N Sing(X') =¢. We consider the
following commutative diagram defined by D:

L HE (X, Q%) 2% or HE (X, 05)

l Jo

HY(X, Q%) —— HAX,03).

0; is an isomorphism for any , and we have thatis the zero map for any . We
consider the following exact commutative diagram:

Diti
_—

H\U,©y) —— @, HZ(X, OF) H3(X, 03)

| I

Hl(Ua ®U) - 69;l:OIil(l]ia ®U,')'
Y

Then there exists an element € H(U, ®,) such thaty/(n); # 0 for anyi =
1,2 ...,n. Thus~(n); # 0 for anyi =1 2...,n. By (1) of Main theorem, there
exists a small deformation of overts( Q)X — (A4, 0) which is a realization of.
Thenf{ is a smoothing ofX . ]

ExampLE 3.7. Let X be the projective cone over the smooth del Pezzo surface
S of degree 8. ThenX is a Gorenstein Fano 3-fold with = 1 which has only one
Gorenstein rational singularity at its vertex. Letf Z — X be the blowing-up ap,
then f is a crepant resolution of and Z ~ Proj(©s @ws_l). Let E be an exceptional
divisor of f which is isomorphic td;, andC be the {1)-curve onE . ThenZ is a
weak Fano 3-fold with £1, —1)-curve C . Letv : Z — X be a birational contraction
which contractsC . ThelX is a weak Fano 3-fold which has only one ordinary double
point v(C) = p. Let F = v(E), then F ~ P? passing througlp . SX is nd-
factorial. We have thaX is not smoothable, in fact there exists a sufficiently small
open neighborhood/ of K C U) which is not smoothable by [14, Proposition
1.3].
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