
Andreatta, M.
Osaka J. Math.
38 (2001), 151–166

ACTIONS OF LINEAR ALGEBRAIC GROUPS
ON PROJECTIVE MANIFOLDS

AND MINIMAL MODEL PROGRAM

MARCO ANDREATTA

(Received April 16, 1999)

0. Introduction.

Let G be a connected linear algebraic complex group which acts regularly and
non trivially on a smooth connected projective complex variety X of dimensionn.

In this paper we consider the following question: how does the G-action influence
or even determine the structure ofX?

As it is stand this is a too general question, thus we will soonadd some suitable
assumptions; however even in this generality we notice thatX is not minimal in the
sense of Minimal Model Program (MMP). In particularX admits an extremal ray and
an associated extremal (or Fano-Mori) contraction,' : X �! Z, which turns out to
be G-equivariant. It is thus natural to use the tools developed by the MMP, and the
good properties of the map', to get a classification of such varietiesX. This idea
was first developed in an important paper by Mukai and Umemura (see [20]), where
they studied smooth projective 3-folds on whichG = SL(2) acts with a dense orbit.
(A complete classification of such quasi-homogeneous 3-folds is contained in a paper
of Nakano (see [22]); we refer the reader also to a more recentwork by S. Kebekus
where the case of singular 3-folds is considered (see [13])).

Note that if X is actually homogeneous with respect toG-action, thenX is a
Fano manifold andX can be classified in terms of Dynkin diagrams. Fano manifolds
are basic blocks of the MMP and moreover in this case there is a beautiful interplay
between the representation theory ofG and the projective or differential geometry ofX.

We want to propose a way to attack the general problem; however, to our knowl-
edge, this way works effectively only in the case whenG is a simple group, i.e. the
simply connected Lie group associated to a simple Lie algebra. In this case one can
in fact perform many computations which seems hard or meaningless otherwise (for
instance find the minimal non trivial irreducible representation).

Thus we will also assume thatG is a (simply connected) simple Lie group and
we will define rG to be the minimum of the dimension of the homogeneous variety
of the groupG. That is, rG is the minimum codimension of the maximal parabolic
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subgroup ofG (i.e. parabolic subgroup corresponding to one node of the Dynkin di-
agram). It is easy to calculaterG if G is simple and this is done in Section 1 (for
instancerSL(m) = m� 1).

Then we first prove that ifrG > n then there is no such anX, that is, the only
possible regular action is the trivial one, while ifrG = n thenX is homogeneous. For
instance ifn = 3 this says in particular that the only classical group acting non trivially
on a smooth 3-fold areSL(2), SL(3), SL(4), Sp(4)' Spin(5), SO(4) and in the last
3 casesX is homogeneous; this special case was first proved in a paper of T. Nakano
(see [21]) which influenced the setup of this paper.

Then we classify allX in the caserG = n�1 (see Theorem 4.1) via the MMP. The
special case in whichG = SL(n) was obtained first by T. Mabuchi but in a complete
different way. Namely he started with the classification ofn-codimensional closed sub-
groups ofSL(n), which follows from Dynkin’s work, and consequently he discussed
the possible completions of their quotient.

Finally we begin to consider the caserG = n � 2; this is much more difficult
and it seems reasonable to make an additional general assumption. Namely to assume
that X has an open dense orbit; such anX is called a quasi-homogeneous manifold.
As remarked above the case withn = 3 andG = SL(2) was studied in [20] and [22]
while the case withn = 4 andG = SL(3) was recently settled by Nakano [23] with the
method of computing the closed subgroups of codimension 4 inSL(3). In the present
paper, as a test for the MMP, we try to recover this classification; it turns out that
the program works easily until the last step, namely the caseof Fano manifolds with
Picard number one. This requires further investigations; however we believe that once
this case is solved, also for the other classical groups and in all dimensions, it will be
possible to find a complete classification also forrG = n� 2.

At the beginning I was very much inspired by the papers of Mukai-Umemura,
Mabuchi and Nakano which are quoted in the references; after writing a first draft of
the paper I came across a beautiful paper of D.N. Ahiezer ([1]) which contains tech-
nical tools which simplify many of my original arguments in Section 2.

This note was initiated during my visit at the University of Utah in the fall of
1997. J. Kolĺar suggested me to investigate in this direction and provided some very
useful hints; I like to thank him for all this. I also thank E. Ballico, P. Moeseneder
and J. A. Wísniewski for helpful discussions on this topic.

1. Definitions and preliminaries.

In this paperX will always denote a smooth connected projective variety ofdi-
mensionn. We use the standard notation from algebraic geometry; moreprecisely for
the Minimal Model Program our notation is compatible with thatof [12] while for the
Group Action and Representation Theory it is compatible with that of [9].
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DEFINITION 1.1. A smooth projective varietyX will be said minimal (in the sense
of the MMP) if KX is nef.

Theorem 1.2 (Mori-Kawamata-Shokurov). Let X be a smooth variety which is
not minimal. Then there exists a map' : X �! Z into a normal projective varietyZ with connected fibers such that�KX is '-ample and' contracts the set of curves
numerically equivalent to a(rational) curve in a non trivial fiber.

DEFINITION 1.3. The map' : X �! Z given in the above theorem is called an
extremal contraction or a Fano-Mori contraction.

Lemma 1.4. Let X be a smooth projective manifold on which a connected linear
algebraic complex groupG acts regularly and non trivially. ThenX is uniruled and in
particular it is not minimal.

Proof. On the generic point the action is not trivial, hence it is contained in an
orbit which is unirational sinceG is rational. Thus the generic point is contained in a
rational curve ofX. ThereforeX is uniruled and not minimal (for this last statement
see for instance [14], chapter IV, more precisely 1.3 and 1.9).

Lemma 1.5. Let X andG be as in the previousLemma 1.4. Then there exists a
Fano-Mori contraction' : X �! Z which isG-equivariant andG acts regularly onZ.

Proof. The existence of' follows from the Lemma 1.4 and the above Mori-
Kawamata-Shokurov Theorem 1.2. The equivariance of' follows from the following
two facts: on one end two curves which are carried one to another by the action ofG
are numerically equivalent, on the other end' contracts all and only the set of curves
in a ray, i.e. a set of curves all numerically equivalent to a (rational) curve in a non
trivial fiber. Therefore take two points in a fiber and a curve passing through these
two points; this curve will be carried into another curve by the action ofG which is
numerically equivalent to the first one and therefore it is contained in a fiber.

Let L be an ample line bundle onZ. Then some positive power��Ln can beG-
linearized, that is, the action ofG on X extends to an action on the total space of��Ln which is linear on fibers. SinceZ = Proj(�1m=0H 0(X;��Lmn)), G acts regularly
on Z through its actions on theLmn’s.

DEFINITION 1.6. If the action ofG is transitive onX then X is called ahomo-
geneous manifold. If X has a dense open orbit then it is called aquasi-homogeneous
manifold.
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REMARK 1.7. If X is homogeneous thenTX is generated by global sections and�KX is ample (see for instance [14], (v.1.4)); in particularX is a rational Fano man-
ifold. If X is quasi-homogeneous then�KX is effective; this follows easily takingn
elements of the Lie algebra Lie(G) such that their associated vector fields are linearly
independent at a generic point ofX. The wedge product of these vector fields gives a
non trivial holomorphic section of�KX.

DEFINITION 1.8. Let us fix a simple (or even semisimple), simply connected and
connected Lie groupG and consider the set of all homogeneous manifolds (of dimen-
sion > 0) with respect to this group. They are in a direct correspondence with the
parabolic subgroups ofG (the isotropy subgroup in one point) which are in turn in
direct correspondence with the subsets of the nodes of the Dynkin diagram associated
to the groupG. We definer = rG to be the minimal of the dimensions of the man-
ifolds in this set, or equivalently, theminimal codimension of parabolic subgroups ofG. A homogeneous variety which attains this minimum will be called a minimal ho-
mogeneous varietyfor the action ofG. The minimal codimension will be attained at
a maximal parabolic subgroup, i.e. one corresponding to a single node of the Dynkin
diagram.

Example 1.0.1. It is easy to check that ifG = SL(m) or Sp(2s) = Sp(m) ands � 3 then rG = m � 1. If G = SL(m) the parabolic subgroupP is the one corre-
sponding to the first (or the last) node of the Dynkin diagramAm; if G = Sp(2s) thenP is the one corresponding to the first node of the Dynkin diagram Cs . In both casesG=P = Pm�1 whereG acts through a linear action onCm, the standard irreducible rep-
resentation or its dual in theSL(m) case (these are called the standard homogeneous
actions).

Also if G = Sp(4) thenrG = 3 but in this case we have two different para-
bolic groups of codimension 3 which are the subgroupP1 corresponding to the first
node andP2 corresponding to the second one in the Dynkin diagram; in this case
Sp(4)=P1 = Q3 and Sp(4)=P2 = P3.

Note that Spin(5)' Sp(4) and Spin(6)' SL(4); thus when we consider the groupG = Spin(m) we will always assume thatm � 7.
If G = Spin(m) andm � 7 then rG = m � 2. If m 6= 8 the parabolic subgroupP

is the one corresponding to the first node of the Dynkin diagrams B(m�1=2) or D(m=2),
depending on the cases wherem is odd or even andG=P ' Q(m�2) � P(m�1). IfG = Spin(8) in principle we will have two minimal homogeneous varieties (spinor va-
rieties) of dimension 6 (corresponding to each of the two last nodes) but they are both
isomorphic toQ6.

If G is an exceptional group we have the following values forrG: rG2 = 5, rF4 =
15, rE6 = 16, rE7 = 27, rE8 = 57. The corresponding minimal homogeneous varieties are
not always easy to describe as above. In particular ifG = G2 we have two of them,
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one being a quadric hypersurface inP6, the other being described for instance at p.
392 of [9]. If G = E6 then the minimal homogeneous manifold is the fourth Severi
variety in the theorem of Zak (see [15] for more details). IfG = F4 then we have
two of them, one being an hyperplane sections of the above Severi variety (see p. 47
of [15]). If G = E7 or E8 the parabolic subgroups correspond to the last node of the
Dynkin diagrams.

DEFINITION 1.9. LetX = G=P be an homogeneous variety whereG is a simply
connected simple group andP is a parabolic subgroup. A vector bundleE �! X =G=P is calledG-homogeneous or simply homogeneous if there exists an action of G
on E such that the following diagram commutes:

G� E
��

// E
��G� (G=P ) // G=P:

REMARK 1.10. It is evident from the definition that the tangent bundle of X is
homogeneous.

One can prove that a vector bundleE on X = G=P is homogeneous if and only
if one of the following conditions holds:
i) ��gE ' E for every g 2 G; �g is the automorphism ofX given by g.
ii) There exists a representation� : P �! GL(r) such thatE ' E� , whereE� is
the vector bundle with fiberCr coming from the principal bundleG �! G=P via �.

REMARK 1.11. LetG be a semisimple complex Lie group acting regularly and
non trivially on X. If � : G̃ �! G is the universal covering map ofG then it is a
finite morphism and hencẽG acts regularly and non trivially onX through� . Hence
we may and shall assume that the acting semisimple group is simply connected with-
out loosing generality.

2. Points which are fixed by the action ofG.

In this section we enlarge slightly our setup: namely we willhave an action of a
connected and reductive linear algebraic groupG on a varietyZ with normal singu-
larities. The following result shows how the existence of a fixed point by the action ofG determines the structure ofZ; the main step, namely that b) implies c), was proved
by Ahiezer (see [1] Theorem 3; see also [10] for the analytic case).

In this paper we need only the equivalence between a) and c); for this we could
also give a direct proof which doesn’t make use of the Ahiezer’s result.
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Proposition 2.1. Suppose that a connected reductive linear algebraic groupG
acts effectively on a complete normal varietyZ. Then the followings are equivalent:
a) There exists a fixed pointz such that its projectivized tangent cone, that is the
variety Pz = Proj(

Lk mkz=mk+1z ), is a G-homogeneous variety.
b) Z has an open orbit� and A := Z n� contains an isolated pointz.
c) Z is a projective quasi-homegeneous cone over a homogeneous variety P with re-
spect toG.

Proof. By the result of Ahiezer we just need to prove that a) implies b).
In the assumption of a), sincez is a fixed point under the action of a reductive

groupG, there exists aG-stable open affine neighborhoodU of z in Z. Let R be the
algebra of regular functions onU . ThenR has a decreasing filtration by the powers
of the ideal of z, and the associated graded ring gr(R) is the homogeneous coordi-
nate ring ofPz. By assumption, gr(R) contains no non-constantG-invariant; becauseG is reductive,R contains no non-constantG-invariant as well. It follows thatz is
the unique closedG-orbit in U (because invariants separate closedG-invariants sub-
sets in an affineG-variety). In particular,z is contained in the closure of a non-trivialG-orbit. The tangent cone of this orbit and of its closure isG invariant. But, since by
assumptionPz is G-homogeneous, this implies that the orbit has dimension equal to
the dimension ofZ.

A first application of the above proposition will give the next result.

Lemma 2.2. Let X be a smooth projective variety andG a simple, simply con-
nected, connected linear group acting non trivially onX; let rG be the integer defined
in 1.8 and n = dimX. If n � rG there are no fixed points onX. If rG = (n � 1),
thenX has no fixed points unlessG = SL(n) or Sp(n = 2s), X = Pn and the action
is the one which extends the standardSL(n) or Sp(n) action on Cn via the inclusion
Cn �! Pn; (z1; : : : ; zn) �! (1; z1; : : : ; zn) (equivalently the action is induced from the

homomorphismg �! �
1 0
0 g

�
from SL(n) or Sp(n) to PGL(n + 1)).

Proof. Note first that the dimensions of the irreducible representations ofG are
strictly bigger thenrG: in fact for every irreducible representationV there is a unique
closed orbit inP(V ) which is the homogeneous variety corresponding to the parabolic
subgroup perpendicular to the weight of the representation. Moreover if the minimal
of such dimension is equal torG + 1, thenG = SL(m) or Sp(m) andV is the standard
representation; in this case the action onP(V ) = Pm�1 is homogeneous.

Assume thatrG � n and thatx 2 X is a fixed point; thenG acts on the tangent
spaceT = TX;x and by the above observation this has to be the trivial representation.
Let mx be the maximal ideal ofO = Ox , the local ring of germs of regular functions
near x; then G acts trivially onm=m2 = T � and onmk=m(k+1) = Sk(m=m2). Using
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inductively the exact sequences

0�! mk=m(k+1) �! O=m(k+1) �! O=mk �! 0

and the fact thatG is a reductive group we have thatG acts onO=mk trivially for allk > 0. ThusG acts trivially on the completionÔ, hence trivially onO. This implies
thatG acts trivially onX itself.

After noticing thatG acts trivially on T , one can conclude alternatively via the
Luna’s étale slice theorem as in the next Lemma 2.3.

Assume now thatr = n � 1 and let x 2 X be a fixed point. IfG = Spin(m)
(m � 7) or an exceptional group then the above proof applies; i.e.the action ofG on
the tangent space atx must be trivial. In the other cases we can apply the Proposition
2.1 (or the Proposition 2.2) since the action ofG on Px := Proj[gr(OX;x)] = P(n�1) is
transitive. ThusX is isomorphic to the cone overx; sincex is a smooth pointX = Pn.

Lemma 2.3. Let G = SL(n � 1) acting with a dense open orbit on a n-foldX.
Then there are no fixed points.

Proof. If n = 3 this is the Lemma 1.2.2 in [20]. Therefore we assume thatn � 4
and that, by contradiction,x is a fixed point. Then we have an induced linear action ofG on TX;x , i.e. ann-dimensional representation ofG. These are of three types, namely
if A 2 SL(n� 1)

A �! (A;1); or (tA�1;1); or I ;

in particular there are non-dimensional orbits onTX;x in any of these there cases.
On the other hand we can apply the Luna’sétale slice theorem (see [16]); this

says that there exists aG-stable affine subvarietyV containing x and an étale G-
equivariant morphismV �! TX;x . This is a contradiction since, by assumption,X
has an-dimensional orbit.

Actually the following more general result holds; it was proved for n = 3 in [22],
here we adapt this proof (or the one of 1.2.2 in [20]) to the general case.

Lemma 2.4. Let G be any reductive group acting with a dense open orbit on a
projective varietyZ and assume thatx is a fixed point. Thenmx=m2x does not have
nonzero invariants.

Proof. Assume by contradiction that there exists a non-zeroinvariants f 2mx=m2x . Let U = Spec(A) be a G-invariant affine neighborhood ofx. Let f̄ be a
lifting of f , i.e. f̄ 2 0(U;OU ) is such that� (f̄ ) = f where � : 0(U;OU ) �!
Ox �! Ox=mx . Let V be a finite dimensionalG-invariant vector subspace ofA con-
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taining f ; this exists by Borel [7] (it can be defined as the vector subspace ofA gen-
erated byfg Æ f̄ jg 2 Gg which is of finite dimension). Sincēf (x) = 0 we have that� (V ) � mx=m2x . The image� (V ) contains a non zeroG-invariant henceV contains aG-invariant. SinceV and mx=m2x are finite dimensional, andG is linearly reductive,
the image� (V ) is a direct summand ofV ; henceV , in particularA, contains a non
zero G-invariant F . SinceG has an open orbit the invariantF should be constant.
Since its value onx is zero, it is constantly zero which is a contradiction.

3. A starting point.

Our main goal will be a classification of smooth connected projective varieties
with a non trivial action of a simple groupG which has the numberrG ”big enough”
with respect to the dimension ofX. The following easy result seems to be a good
starting point.

Proposition 3.1. Let G be a connected simple Lie group acting on a connected
projective varietyX of dimensionn. If the action is not trivial, thenn � rG; if more-
over rG = n, thenX is homogeneous. In particular ifG = SL(m) or Sp(m) acts on
a connected projective varietiesX of dimensionn < m � 1 then this action is trivial;
if n = m � 1 thenX = P(m�1) and the action is the standard one apart for the caseG = Sp(4) where we have bothP3 and Q3 as homogeneous variety of dimension3.
If G = Spin(m) with m � 7 acts on a connected projective varietiesX of dimensionn < m � 2 then this action is trivial; if n = m � 2 thenX = Q(m�2) and the action is
the standard one.

Proof. If X contains a non-trivial closedG-orbit, thenn � rG with equality if
and only if X is homogeneous. Thus we may assume that all closed orbits inX are
fixed points; moreover there is at least one fixed point (see for instance [7], 1.8), call
it x 2 X. If X is a smooth variety, then by the first part of the Lemma 2.2G acts
trivially on X. In general ifX is singular, replacingX by its normalization, we may
assume thatX is normal and we can prove thatG acts trivially onX by induction
on n as it follows. If n = 1 the only simple group acting non trivially on a projective
curve is SL(2) acting transitively on projective line. Ifn > 1, let x 2 X be a fixed
point and letU be an open affineG-stable neighborhood ofx in X. By the induction
hypothesis,G acts trivially on the complementX0 of U ; becauseU is affine, each
irreducible component ofX0 has codimension one inX. By normality of X, we can
choosex 0 2 X0 which is a smooth point ofX and ofX0. ThenG acts trivially on the
tangent spaceTX0;x 0 , a subspace of codimension one inTX;x 0 . BecauseG is simple, it
acts trivially onTX;x 0 ; by the same argument used in the proof of 2.2, it acts trivially
on X.
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Remark 3.1.1. The special casen = 3 of the proposition gives the main theorem
of [21].

4. Minimal Model Program on manifolds with a G-action.

In this section we use the notation and the approach of the previous one, passing
to the next step; namely we assume thatrG = n � 1. We will prove the following
theorem, the first part of which was proved in [19] with different methods.

Theorem 4.1. Let X be a smooth projective manifold of dimensionn and G a
simple, simply connected and connected Lie group acting nontrivially on X.

If G = SL(n) then X is isomorphic to one of the following varieties; the action
of G is unique for each case and it is described in the course of theproof (see also
[19]):
1) the complex projective spacePn,
2) P(n�1)� R, whereR is a smooth projective curve,
3) The projective bundlesP(OP(n�1)(m)�OP(n�1)) with m > 0,
4) if n = 2 we have an extra action onP1� P1 and onP2,
5) if n = 3 we have moreover the projective bundleP(TP2),
6) if n = 4 we have moreover the smooth4-dimensional quadric which is isomorphic
to Gr(2;4), the Grassmannian of2-planes inC4.

If G = Sp(n) thenX is isomorphic to one of the following varieties and the action
of G is unique for each case.
1) the complex projective spacePn,
2) P(n�1)� R, whereR is a smooth projective curve,
3) The projective bundleP(OP(n�1)(m)�OP(n�1)) with m > 0,
4) if n = 4 we have moreoverQ4, the homogeneous variety which is the quotient
of Sp(4) by the Borel subgroup(which has two structure of aP1-bundle overP3 and
over Q3), Q3 � R, whereR is a smooth projective curve and the projective bundles
P(OQ3(m)�OQ3) with m > 0.

If G = Spin(n + 1) with n � 6 thenX is isomorphic to one of the following vari-
eties and the action ofG is unique for each case.
1) the complex projective spacePn,
2) the complex projective quadricQn � P(n+1),
3) Q(n�1)� R, whereR is a smooth projective curve,
4) The projective bundleP(OQ(n�1)(m)�OQ(n�1)) with m > 0.

Proof. The proof of the theorem will be reached in a number of steps which are
similar for all the three groups.

Lemma 4.2. Let X and Y two manifolds on which a simple groupG acts in the
hypothesis of the theorem(i.e. = rG + 1 = dimX = dimY ). Assume thatX and Y have
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each a dense open orbit which areG isomorphic, thenX ' Y unlessG = SL(n) or
Sp(n) and Y = Pn, X = P(O(1)�O).

Proof (See also the last part of the proof of 2.2). Since bothX and Y are com-
pletion of the same open dense orbit there is a birational mapf : Y � �� > X in-
duced by identifying the orbit. IfY = Pn let us consider the blow-up of the fixed point� : Y 0 �! Y and take instead off the compositiong = f Æ � . This map is defined in
codimension 1, since bothX and Y has minimal closed orbits of codimension 1 and
no fixed point (see 2.2), thus it is an isomorphism.

Let us now run the Minimal Model Program to classifyX; in the following �(X)
will denote the Picard number ofX.

1-st Step. Assume that�(X) � 2 and let' : X �! Z be the contraction of an
extremal ray (which exists by Lemma 1.5).
a) If ' is birational then, by theG-equivariant property of' and our assumption
on r, it must be divisorial and the divisor has to be contracted toa point. Moreover
the exceptional divisorE is isomorphic toP(n�1), respectively toQ(n�1); here the two
cases depends on whetherG = SL(n), Sp(n = 2s) or if G = Spin(n + 1), n � 6, unlessG = Sp(4)' Spin(5) in which both are possible. Since it is an extremal contraction
the conormal bundle of the exceptional locus isN� = O(k) with 1 � k � n � 1, re-
spectively 1� k � n� 2.

We can thus apply the cone’s Proposition 2.1 (toz 2 Z); this gives thatX is a
completion of the open varietyV (E;N�) = Spec(

LhO(hk)). Note that the open orbit
is isomorphic toG=K whereK is the kernel of the character map� : P �! C� as-
sociated to the homogeneous line bundleO(k), P is the parabolic subgroup associated
to Pn�1, resp.Qn�1.

One possible completion isXk = P(N��O) which has an open orbit isomorphic toG=K and two closed orbit isomorphic toP(n�1), respectivelyQ(n�1). But, by the above
Lemma 4.2, this is actually the only one except ifk = 1 andG = SL(m) or Sp(m),
whereX1 can be actually blow-down toPn. In this case there are thus two possible
completions (actually�(Pn) = 1 and thereforePn will appear in the proper place in
the second step).
b) Let ' be of fiber type and consider the induced action ofG on Z. By our as-
sumption either this action is trivial orZ = P(n�1) if G = SL(n) or Sp(n = 2s), respec-
tively Q(n�1) if G = Spin(n + 1).

In the first case, since any fiber of' is an orbit, we must have that dimZ = 1
andX = P(n�1) � Z, respectivelyX = Q(n�1) � Z, with theG-action factorizing to the
product of the standard homogeneous one onP(n�1), respectively onQ(n�1), and the
trivial one onZ, except possibly forn = 2. This follows for instance by the more gen-
eral Theorem 1.2.1 in [18]; for the reader’s convenience we outline his proof in this
case. Namely take a pointp0 2 X and letH be the isotropy group ofG at p0. Let
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Z1 = fp 2 X : Gp = H g, whereGp is the isotropy group ofG at p. Then one can de-
fine a regular map� : G=H�Z1 �! X by � (gH; p) = g:p. It is straightforward to see
that this map is well defined, injective andG-equivariant. Moreover, by the Zariski’s
main Theorem, it is an algebraicG-equivariant isomorphism. This gives our claim af-
ter noticing thatG=H ' P(n�1), respectivelyQ(n�1), and thatZ1 = X=G = Z.

If n = 2 andG = SL(2) then we have another case which comes from the diagonal
action ofSL(2) on P1�P1. It is straightforward to prove that there are no other actions
of SL(2) on the smooth two dimensional quadric.

In the second one' is an equivariantP1-bundle overP(n�1), respectivelyQ(n�1):
in fact the action onZ is homogeneous and thus the fibers are all equidimensional
and there are no reducible or double fibers. ThusX = P(E) with E a rank 2 vector
bundle onZ; E is homogeneous since the action is' equivariant. Therefore eitherE = O(s) � O with s � 0, after normalizing if necessary, orn = 3, G = SL(3) andE = TZ, or n = 4, G = Sp(4) andE is the nullcorrelation bundle onP3 or the spinor
bundle onQ3.

If E = O(s)�O we have a decomposition ofX into three orbits. Two isomorphic
to P(n�1), respectivelyQ(n�1) (the section at infinity and the zero section) and an open
dense orbit isomorphic toG=S whereS is the kernel of the character map� : P �!
C� associated to the homogeneous line bundleO(s), P being the parabolic subgroup
associated toPn�1, resp. Qn�1. The fact that this is the unique action onX can be
proved as above with the exceptionn = 2 and s = 0 (note that the section at infinity
can be contracted so we can apply the cone’s proposition).

If n = 3 andE = TZ it is well known thatX = P(TP2) is the homogeneous vari-
ety G=B whereB is a Borel subgroup ofSL(3) which corresponds in taking all the
Dynkin diagramA3 (or equivalently the kernel of the two dimensional representation
of H associated to the tangent bundle); it is the unique closed orbit of the adjoint rep-
resentation ofSL(3).

If n = 4 andE is either the nullcorrelation bundle onP3 or the spinor bundle on
Q3 thenX = P(E) = Sp(4)=B whereB is a Borel subgroup.

2-nd Step. Assume finally that�(X) = 1, i.e., since it has an extremal ray,X is
a Fano manifold.

If X is homogeneous then we can just look at the list of parabolic subgroups of
codimensionn corresponding to one node of the Dynkin diagram.

If G = SL(n) we have only one possibility forn = 4, namelyX = SL(4)=Q whereQ is the parabolic subgroup corresponding to the second node of the Dynkin diagramA4. It is the unique orbit of the irreducible representation ofSL(4) into 32C4 and it is
isomorphic to the Grassmanian of planes inC4, i.e. the smooth 4-dimensional quadric.

If G = Sp(n) or Spin(n + 1) with n � 6 there is no homogeneous manifold of
dimensionn with �(X) = 1.

If X is not homogeneous and has no fixed points then it must have a closed orbitH which will be isomorphic toP(n�1), respectivelyQ(n�1). Let L be a positive gen-
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erator of Pic(X); thenH = mL. SinceH is effectivem > 0; then it is well known
that a smooth projective variety with an ample section isomorphic to P(n�1), respec-
tively Q(n�1), has to be isomorphic toPn (if n = 2 we can have alsoP1�P1, this has
however�(X) = 2 and thus it was considered above), respectively toPn or to Qn.

So if G = SL(n) or Sp(n), the last withn 6= 4, thenX has to bePn and it contains
the closed orbitH ' P(n�1) as a linear subspace except forn = 2 in which case the
orbit can be a conic' P1. If the orbit is linear thenX contains as an open Zariski
subset the total space of the normal bundle. Thus the action on this open subset is
fixed (by the action on the orbit) and as discussed above it is unique (see the Lemma
4.2).

If n = 2 we have another non trivial action: namely the induced action on P2 =
P(C3) by the 3-dimensional irreducible representation�3 : SL(2;C) �! GL(3;C). It
is straightforward to prove that there are no other actions of SL(2) on P2.

If G = Sp(4) then we have the above case whenH ' P3 but we can have alsoH ' Q3. ThenX can be eitherP4 or Q4; the action is described in the following if
we think ofG as Spin(5).

If G = Spin(n + 1) then we have an action onX = Qn given by the embedding
Spin(n+1)�! Spin(n+2) and one can prove that this is the only possible action; there
is a closed orbit, isomorphic to the (n � 1)-dimensional quadric and an open orbit. IfX = Pn the action is coming from the canonical action ofG on C(n+1) andX has two
orbits: a closed one, isomorphic to the (n � 1)-dimensional quadric and an open one
isomorphic toX2 = Spin(n + 1)=S(O(1)�O(n)).

5. Fourfolds which are quasi-homogeneous under the action of SL(3).

The next step will be the caserG = n� 2, so for instanceG = SL(n� 1).
If n = 3, G = SL(2) andX quasi-homogeneous this was studied in a series of

papers starting with the one of Mukai-Umemura (see [20] and [22]).
If n = 4 andG = SL(3) Nakano proved the following theorem; his proof started

by computing the closed subgroup of codimension 4 inSL(3).

Theorem 5.1 ([23]). Let X be a smooth4-fold on whichG = SL(3) acts with
an open orbit. ThenX is isomorphic to one of the following:
1) X(p;q) = P(Lp;q � O) where Lp;q is a line bundle onZ = SL(3)=B = P(TP2)
(described in the pointd)).
2) Y(a) = P(TP2(a))�O)
3) X = P(S2TP2)
4) X = P2� P2 and Bl1(P2� P2)
5) X = Q4 � P5.

We will try now to reprove this result by applying the MMP; so from now on we
assume thatX is a smooth 4-fold, quasi-homogeneous with respect to aG = SL(3)-
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action, and we will run the MMP onX.
Let first �(X) � 2 and let' : X �! Z be the contraction of an extremal ray; if' is birational let alsoE be its exceptional locus. As in the previous section, by theG-equivariant property of' and the fact thatrSL(3) = 2, we can, a priori, have only

the following cases.
a) ' is birational, dimE = 3 and '(E) = z is one point; in this caseE is a 3-
dimensional del Pezzo variety with anSL(3)-action induced by the one ofX. In par-
ticular E cannot have fixed point.

First note thatE has to be smooth: in fact its singular locus isSL(3)-invariant
and thus it has to be isomorphic toP2. The normal bundle of thisP2 in X has to be
homogeneous. But this cannot occur because there is a description of the possible non
normal del Pezzo exceptional divisor by Fujita and the normal bundle of the singular
locus (which isP2) in X is not homogeneous (see [8]).

Thus, being smooth,E has to be in the classification of the previous section: that
is E can be eitherP3, either P(OP2(1)� OP2) with conormal bundle� 
 H where �
is the tautological bundle andH is the pull back ofO(1) from P2, or P(TP2) with the
conormal bundleO(1;1), the tensor of the two line bundles obtained by pulling back
O(1) from the two projections intoP2.

The caseE = P3 cannot occur because it has a fixed point. In the second case we
notice that the section at infinity ofP(OP2(1)� OP2) is an orbit' P2 with conormal
bundleN� = O(1)�O(1). Then we canG-equivariantly blow-up this orbit and contract
the exceptional divisor into a compact (non projective) manifold which will then con-
tains a 1-dimensional orbit, namely the image of the exceptional divisor isomorphic to
P1; this is a contradiction sinceSL(3) has no 1-dimensional homogeneous variety (see
also the next point c) concerning small contractions).

The caseE = P(TP2) can actually occur. We apply the cone’s proposition, thusX = P(O(1;1)� O) and ' is the contraction of the zero section to a point. But this
contraction is not elementary and it factors through a smooth blow down with center
P2 (and then through a flop of thisP2 to a point).
b) ' is birational, dimE = 3 and dim('(E)) > 0; thus dim(E) = 1 or 2.

If dim(E) = 1 then, by the usual arguments,f (E) is a curve of fixed points and
all fibersF are isomorphich toP2. Moreove one can prove that the normal bundle ofF is eitherO(�1)� O or O(�2)� O (for more details on contractions of this type
see the section 4 in [5]). In the first case all points inf (E) are smooth points ofZ (f
is a smooth blow-up alongf (E)), and this is a contradiction with 2.3. In the second
case one can see that for everyz 2 f (E) � Z we havemz=m2z = H 0(P2, O(�2)�O)
(see for instance 5.5 in [4]) and this is a contradiction to 2.4.

In the other case, by theSL(3)-equivariance of', we have that'(E) = P2 and all
non trivial fibers are one dimensional. We can thus apply a result of T. Ando ([2], see
also [3]) which says that in this hypothesis the extremal contraction' is an equivariant
smooth blow-up of an orbit' P2 in a smooth manifoldZ.
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c) ' is a small contractions, i.e. codim(E) � 2. ThusE has to be of dimension 2 and
isomorphic toP2 and with conormal bundleN� homogeneous. It is immediate then to
check thatN� = O(1)� O(1) (since detN� = 2 andN� has to be ample); this fol-
lows also by a general theorem of Kawamata which describes all small contractions
on a smooth 4-fold (see [11]). We blow-up the orbitP2 and we obtain a smooth vari-
ety with a G-action; but sinceN� is ample we can blow-down the exceptional divisor
in the other direction, i.e. consider the map supported by�Ê � �L whereL is a '-
ample divisor and� is a rational number such that�Ê � �L is nef but not ample
(thus we can flip the contraction). We thus obtain a (smooth) projective variety with aG-action and a orbit of dimension one, the image of the exceptional divisor' P1, a
contradiction.

The above three steps prove the following

Proposition 5.2. Let X be a smooth projective4-fold which has an action ofSL(3) with an open orbit. If' : X �! Z is a birational elementary Fano Mori con-
traction thenZ is smooth and' is the blow-up of an orbit isomorphic toP2 in Z.

REMARK 5.3. The above proposition implies that we can run the MinimalModel
Program within the category of smooth varieties. This is true also for the case of
quasi-homogeneous 3-folds under the action ofSL(2) (see [20]) and we conjecture it
should be true for quasi-homogeneousn-folds under the action ofSL(n� 1).

Therefore we consider now the cases in which' is of fiber type.
d) ' is a conic bundle.

There can be some isolated two dimensional fibers: then they have to be orbits
isomorphic toP2 and with homogeneous normal bundle. By the results in [4] (inpar-
ticular 5.9.6) there is only one possibility for the conormal bundle, namelyN� =TP2(�1). Moreover in this caseZ is smooth thus we use the classification in the pre-
vious section which gives thatZ = P3 (since the images of the isolated exceptional
fibers are fixed points inZ). This will eventually give the caseX = P(TP2(�1)� O),
for instance using the results in [6], which isY(1) in the Theorem 5.1.

With the above exception, we have thus that all fibers of the conic bundle '
are one dimensional; then this implies thatZ is smooth, again by the results in [2],
and we can use the classification in the previous section.Z cannot beP3 since oth-
erwise we will have a one dimensional orbit (the fiber over thefixed point). ThusZ = P(OP2(m) � O) or P(TP2); the first cannot happen since in this case we will not
have a dense orbit while in the second caseX(p;q) = P(Lp;q � O) whereLp;q is the
line bundle which corresponds to the character defined onB, the Borel subgroup of
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SL(3), by 2
4a � �0 e �

0 0 i
3
5 �! apeq ;

this is the case 1) in 5.1.
e) ' is a Fano fibration overP2; thus it is actually an equivariantP2-bundle, i.e.X = P(E) with E an homogeneous bundle of rank 3 onP2. The homogeneous bundles
O(a) � O(b) �O don’t give a quasi-homogeneous variety, i.e. there is no open orbit,
except if a = b = 0 in which case we have the diagonal action onP2 � P2 which has
an open orbit. ThereforeX is one of the manifoldsYa := P(TP2(a))�O) or P(S2TP2).
f) SinceZ cannot be a curve the only remaining case is when dimZ = 0, i.e.X is
a Fano 4-fold with Pic(X) = Z. Note that there are no homogeneous such manifolds.
From the Theorem 5.1 of Nakano it happens thatX = Q4 � P5. We hope to find a
direct proof of this last fact and in general we believe that the following holds.

Conjecture. Let X be a smooth Fano manifold of dimensionn which is quasi-
homogeneous under a regular action of the groupSL(n�1); assume also thatPic(X) =
Z. Thenn = 3 and X is one of the examples found in[20] and [22] or n = 4 and X
is the smooth quadric inP5.

Thus a 4-foldX which is quasi-homogeneous with respect toSL(3)-action has to
be one of the manifolds coming up in d), e), f) or the blow-up ofone of them along a
closed orbit isomorphic toP2 5.2. So we also haveBl1(P2�P2); note that the quadric
in f) has two closed orbits isomorphic toP2 (and an open one); blowing up one of
them we obtain a manifold in the class 2) of 5.1, then blowing up the other we obtain
a manifold in the class 1) of 5.1.

Added in proof. The conjecture stated at the end of section 5 as well as the one
in 5.2.1 have been recently proved. They follow from a more general result obtained
by J. A. Wisniewski and the author in the preprint: ”On quasihomogeneous manifolds-
via Brion-Luna-Vust theorem”.
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