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THE 2-DIMENSIONAL CALABI FLOW

SHU-CHENG CHANG

Abstract. In this paper, based on a Harnack-type estimate and a local Sobolev
constant bounded for the Calabi flow on closed surfaces, we extend author’s pre-
vious results and show the long-time existence and convergence of solutions of
2-dimensional Calabi flow on closed surfaces. Then we establish the uniformiza-
tion theorem for closed surfaces.

§1. Introduction

Let (Σ, g0) be a closed Riemann surface with a given conformal class

[g0]. In author’s previous paper [Ch2], we consider the so-called Calabi flow

on (Σ, [g0]):

(1.1)
∂gij

∂t
= (∆R)gij , gij ∈ [g0].

If g = e2λg0, for a smooth function

λ : Σ × [0, ∞) −→ R,

then the equations (1.1) reduce to the following initial value problem of

fourth order parabolic equation on (Σ, [g0])

(1.2)





∂λ

∂t
=

1

2
4R

λ(p, 0) = λ0(p)

g = e2λg0∫

Σ
e2λ0dµ0 =

∫

Σ
dµ0,
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where ∆ = ∆g, ∆0 = ∆g0
, R is the scalar curvature with respect to the

metric g, R0 is the scalar curvature with respect to the metric g0, dµ0 is

the volume element of g0 and dµ is the volume element of g.

For the background metric g0 with constant Gaussian curvature, P. T.

Chruściel proved that the following result ([Chru]).

Proposition 1.1. Let (Σ, g0) be a Riemann surface with constant

Gaussian curvature. For any given smooth initial value λ0, there exists

a smooth solution λ(t) of (1.2) on Σ × [0, ∞). Furthermore, the metric

converges to a constant curvature metric.

Remark 1.1. Since there always exists a constant Gaussian curvature
metric, due to the uniformization theorem in a Riemann surface, Chruściel’s
proof appears to be satisfactory for most purposes. However motivated by
many reasons such as the study of higher-dimensional Calabi flow, it is
desirable to remove this assumption. We refer to the author’s review paper
[Ch4] for more details. Moreover, X. X. Chen ([Chen]) has provided a new
proof of Chruściel’s result from such a motivation (from a viewpoint which is
quite different from ours). But he still needed to assume the uniformization
theorem.

Later, we proved the long-time existence and asymptotic convergence

of solutions of (1.2) on Σ × [0, ∞) for (Σ, g0) with h = genus(Σ) ≥ 2.

Namely, we obtained the next result.

Proposition 1.2. ([Ch2]) Let (Σ, g0) be a closed surface of genus h ≥
2 with any arbitrary background metric g0. For any given smooth ini-

tial value λ0, there exists a smooth solution λ(t) of (1.2) on Σ × [0, ∞).
Furthermore, there exists a subsequence of solution, say λ(tj), such that

g = e2λ(tj )g0 converges to the constant negative curvature metric g∞ as

tj → ∞.

In this paper, we will extend Proposition 1.2 to more general cases.

Our main results are the following two theorems.

Theorem 1.3. Let (Σ, g0) be a closed Riemann surface of genus h =
1. For any given smooth initial value λ0, there exists a smooth solution λ(t)
of (1.2) on Σ× [0, ∞). Furthermore, there exists a subsequence of solution

λ(tj) such that g = e2λ(tj )g0 converges to a zero scalar curvature g∞ as

tj → ∞.
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For a closed Riemann surface of genus h = 0, there exists a metric g1

with R1 > 0. Moreover, from [KW, Lemma 6.1], it follows that there is a

metric g0 which is conformal equivalent to g1 (i.e. g0 is pointwise conformal

to ϕ∗g1 for some diffeomorphism ϕ) with R0 ≥ 0, R0 6= 0 and R0 = 0 in a

ball B(p0, ρ0). Now we consider the Calabi flow on such a surface (Σ, [g0]).

Theorem 1.4. Let (Σ, g0) be a closed Riemann surface of genus h = 0
with R0 ≥ 0, R0 6= 0 and R0 = 0 in a ball B(p0, ρ0). For any given smooth

initial value λ0, there exists a smooth solution λ(t) of (1.2) on Σ× [0, ∞).
Furthermore, there exists a subsequence of solutions which converges to a

positive constant scalar curvature metric as tj → ∞.

In view of Proposition 2.2 below, we reduce the proof of our main

Theorems to finding a uniformly lower bound of λ(t) as in Section 2.

Remark 1.2. Recently, we showed the global existence and convergence
of solutions of the Calabi flow on Einstein 4-manifolds which is an extention
of Proposition 1.1 to 4-dimensional manifolds ([Ch3]).

Acknowledgements. The author would like to express his thanks to
Prof. S.-T. Yau for constant encouragement, Prof. B. Chow and the referee
for valuable comments.

§2. A uniformly lower bound

For g = e2λg0, R0 = Rg0
, we have the following formulae for the quan-

tities appearing in (1.2) and related ones:

R = Rg = e−2λ(R0 − 2∆0λ),(2.1)

∆R = e−2λ∆0R, where ∆0 = ∆g0
, ∆ = ∆g,(2.2)

dµ = e2λdµ0, where dµ0 = dµg0
, dµ = dµg,(2.3)

∂

∂t
dµ = 4Rdµ,(2.4)

∫

Σ
dµ =

∫

Σ
e2λdµ0 =

∫

Σ
e2λ0dµ0 =

∫

Σ
dµ0.(2.5)

Remark 2.1. (2.5) implies the volume is fixed by the flow (1.2).

Then we have
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Lemma 2.1. Under the flow (1.2), we have

∫

Σ
R2dµ ≤ C(R0, λ0),

for 0 ≤ T ≤ ∞.

In Chruściel’s proof for Proposition 1.1, the crucial step is the so-called

Bondi mass loss formula, i.e.

d

dt

∫

Σ
e3λdµ0 ≤ 0

if the background metric g0 has constant Gaussian curvature. Then, by us-

ing elliptic estimate and Moser inequality, he got a C 0-estimate. In general,

this method does not work for any arbitrary background metric g0.

Here we generalize Bondi mass loss formula to the case of surfaces

(Σ, g0) with any arbitrary background metric g0. In our situation,

Chruściel’s method can not be applied directly. The main difficulty for

any arbitrary background metric g0, the Bondi mass may not decay. In-

stead we follow the following alternative approach. First we get a kind of

Harnack estimate ([Ch2]) on the Bondi mass
∫
Σ e3λdµ0

d

dt

∫

Σ
e3λdµ0 ≤ C1 + C2

∫

Σ
e−λdµ0(2.6)

− C3

∫
eλ

[
2|

0

∇2e−λ|2 − (∆0e
−λ)2

]
dµ0.

Then, from (2.6), one can show the next theorem.

Proposition 2.2. ([Ch2]) Let (Σ, g0) be a closed Riemann surface with

any arbitrary background metric g0. For any given smooth initial value λ0,

if

(2.7) λ(t) ≥ −H

for the positive constant H which is independent of t, then there exists a

smooth solution λ(t) of (1.2) on Σ × [0, ∞). Furthermore, there exists a

subsequence of solution, say λ(tj), such that g = e2λ(tj )g0 converges to one

of the constant curvature metric g∞ as tj → ∞.
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Remark 2.2. The similar results hold for the 3-dimensional Calabi flow.
We refer to [CW] for details.

Hence, in view of Proposition 2.2, in order to show the main Theorems,

all we need is to find a uniformly lower bound on λ. In the sequel, we will

follow the notion as in [Ch2].

Definition 2.1. We say that λ(t) satisfies the property (∗) if there is
a point x ∈ Σ and positive constants ρ, ε, C such that, for g = e2λg0 the
inequality

(∗)

∫

B(x,ρ)
e−ελ(t)dµ0 ≤ C

holds.

Lemma 2.3. ([Ch2]) For a fixed conformal class (Σ, e2λg0) where vol-

ume and
∫
Σ R2dµ are bounded and such that λ satisfies the property (∗).

Then there are positive constants C0 and δ0 such that

(2.8)

∫

Σ
e−δ0λdµ0 ≤ C

′

0.

As a consequence, there is a constant C0 such that

(2.9) λ ≥ −C0.

In fact, for h ≥ 2, one can show easily that

Lemma 2.4. ([Ch2]) For a fixed conformal class (Σ, e2λg0) where vol-

ume and
∫
Σ R2dµ are bounded and such that genus h ≥ 2. Then λ satisfies

(2.8) and then has a uniformly lower bound.

Remark 2.3. In the case where h = 1 and h = 0, first we will show
that λ satisfies (∗) and then we can show (2.9) using the Lemma 2.3.

For h = 1, we have the next lemma,

Lemma 2.5. For a fixed conformal class (Σ, e2λg0) where volume and∫
Σ R2dµ are bounded and such that genus h = 1. Then λ satisfies (∗).
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Proof. Given x ∈ Σ, define the mass of x by

m(x) = mass of x = lim
ρ→0

lim sup
t→T

∫

B(x,ρ)
e2λdµ0

and put

E(x) = lim
ρ→0

lim sup
t→T

∫

B(x,ρ)
R2dµ.

Remark 2.4. A point x ∈ Σ will have large mass m(x) if eλ concen-
trates at x. On the other hand, if m(x) is small enough, eλ will be bounded
in a small neighborhood of x.

Following [G, Proposition 2.1] or [Chen], for g ∈ [g0] we put g = e2λg0.
If

∫
dµ ≤ V and

∫
Σ R2dµ ≤ β2, for some positive constants V , β, then for

a given x ∈ Σ, either one of the following holds:

m(x) = 0

or

m(x) ≥
4π

E(x)
≥

4π

β2
.

Hence one has either ([CW])

(i)

(2.10) max
Σ

λ ≤ C
(∫

dµ,

∫
R2dµ

)
,

or that

(ii) there is a nonempty finite set S = {x1, . . . , xk} and a subsequence
{tj} such that, given a compact set K ⊂⊂ Σ̃ = Σ − S,

(2.11) max
K

λ ≤ C
(
K,

∫
dµ,

∫
R2dµ

)
.

Moreover, w = limtj→T λ is defined on Σ̃ and the inequality

(2.12) w ≤ C
(∫

dµ,

∫
R2dµ

)

holds.
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Now with respect to g0, from [C] and [Ch1, Lemma 3.2], we have the
local Sobolev constant A0 = A0(n), i.e., for ϕ = eλ/2f , ϕ ∈ C∞

0 (Bρ),
ρ < i0/2,

(2.13)
(∫

Bρ

|ϕ|2ldµ0

)1/l
≤ A0

[ ∫

Bρ

|
0
∇ϕ|2dµ0

]
,

where i0 is the injectivity radius with respect to g0 and

l =

{
n/(n − 2), n > 2,

< ∞, n = 2.

Next we are able to estimate the local Sobolev constant with respect
to g in the fixed conformal class. For simplicity, we study only the case
where l = 2. Now for Bρ ⊂ K where maxK λ ≤ C

(
K,

∫
dµ,

∫
R2dµ

)
and

ϕ = eλ/2f , ϕ ∈ C∞

0 (Bρ), ρ < i0/2, from (2.13) we have

(∫

Bρ

|f |4dµ
)1/2

=
(∫

Bρ

|ϕ|4e−2λdµ
)1/2

(2.14)

=
(∫

Bρ

|ϕ|4dµ0

)1/2

≤ A0

(∫

Bρ

|
0
∇ϕ|2dµ0

)

≤ C

∫

Bρ

f2|
0
∇λ|2eλdµ0 + C

∫

Bρ

|
0
∇f |2eλdµ0

≤ C7

∫

Bρ

f2|
0
∇λ|2eλdµ0 + C4

∫

Bρ

|
0
∇f |2dµ0.

Now in order to have the local Sobolev constant bound as in (2.18) and

(2.19), we need to get a suitable estimate as in (2.17) for
∫
Bρ

f2|
0
∇λ|2eλdµ0

in (2.14).

In fact since 2∆0λ = R0 − e2λR and Bρ ⊂ K, we have

∫

Bρ

(∆0λ)2dµ0 ≤ C + C

∫

Bρ

R2dµ ≤ C5.

Then

λ − λ ∈ W 2,2(Bρ/2) ⊂ W 1,p(Bρ/2),
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for any p < ∞ and λ =
∫
Bρ

λdµ0/
∫
Bρ

dµ0. Therefore we get

(2.15)

∫

Bρ/2

|
0
∇λ|pdµ0 ≤ C6(p), for any p < ∞.

Let Eb =
{
x ∈ Bρ/2 : |

0
∇λ|(x) ≥ b

}
, b � 1. The we get the estimate

∫

Bρ/2

f2|
0
∇λ|2eλdµ0 =

∫

Ec
b

f2|
0
∇λ|2e−λdµ +

∫

Eb

f2|
0
∇λ|2e−λdµ(2.16)

≤ b2
( ∫

Bρ/2

f4dµ
)1/2(∫

Bρ/2

dµ0

)1/2

+
(∫

Bρ/2

f4dµ
)1/2( ∫

Bρ/2

|
0
∇λ|4dµ0

)1/2
.

From (2.15), we get for p > 4, that

C6 ≥

∫

Eb

|
0
∇λ|pdµ0 ≥ bp−4

∫

Eb

|
0
∇λ|4dµ0

and then ∫

Eb

|
0
∇λ|4dµ ≤ C6b

4−p.

From (2.16),
(2.17)∫

Bρ/2

f2|
0
∇λ|2e2λdµ0 ≤

[
b2

(∫

Bρ/2

dµ0

)1/2
+ (C6b

4−p)1/2

]( ∫

Eb

f4dµ
)1/2

.

This and (2.14) imply

(∫

Bρ/2

|f |4dµ
)1/2

≤ C7

[
b2

( ∫

Bρ/2

dµ0

)1/2
+ (C6b

4−p)1/2

](∫

Eb

f4dµ
)1/2

(2.18)

+ C4

∫

Bρ/2

|
0
∇f |2dµ0.

Choose b large enough (depending on p, A0) and
∫
Bρ/2

dµ0 small enough

(depending on b). We can absorb the first term on the right-hand side of
the above inequality into the left-hand side. On the other hand, for n = 2
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and f ∈ C∞

0 (Bρ/2), we have
∫
Bρ/2

|
0
∇f |2dµ0 =

∫
Bρ/2

|∇f |2dµ, and hence we

have

(2.19)
(∫

Bρ/2

|f |4dµ
)1/2

≤ A
′

0

(∫

Bρ/2

|∇f |2dµ
)
,

for Bρ/2 ⊂ K.

In general, for any 1 < l < ∞, ϕ = eλ/lf , ϕ ∈ C∞

0 (Bρ), doing the same
trick as above, one can show that

(2.20)
(∫

Bρ/2

|f |2ldµ
)1/l

≤ A
′

0

( ∫

Bρ/2

|∇f |2dµ
)
,

for Bρ/2 ⊂ K with
∫
Bρ/2

dµ0 small enough.

Next we study the inequality

−∆e−λ = e−λ(∆λ − |∇λ|2) ≤
1

2
e−λ(e−2λR0 − R).

In the case where R0 = 0 on Σ, we have

(2.21) −∆f ≤ bf

for f = e−λ and b = 1
2 |R|.

But

(2.22)

∫
f2dµ ≤ C and

∫
b2dµ ≤ C.

From (2.20), (2.21) and (2.22), we can apply Moser iteration as in [CW,
Section 3]) for n = 2. It follows that, for

∫
Bρ/2

dµ0 small enough,

sup
Bρ/4

e−λ ≤ C8.

Hence λ satisfies (∗).
In the case where R0 6= 0, we may assume R0 is negative on some

Bρ ⊂ K with small enough
∫
Bρ/2

dµ0. Then the differential inequality

(2.21) still holds. Again by the same method as above, we have

sup
Bρ/4

e−λ ≤ C9.

Now we have proved that λ(t) satisfies (∗).
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For a fixed conformal class where volume and
∫
Σ R2dµ are bounded and

such that h = 0, one has

Lemma 2.6. For (S2, g0) where volume and
∫
Σ R2dµ are bounded. If

R0 ≥ 0, R0 6= 0 and R0 = 0 in a ball B(p0, ρ0), then λ(t) does satisfy (∗).

Proof. As before we have

−∆f ≤ bf

on B(p0, ρ0) and f = e−λ, b = 1
2 |R|. Then, based on the same arguments

as in the previous lemma, we have

sup
Bρ

e−λ ≤ C10

for some ball Bρ ⊂ B(p0, ρ0).

It follows that λ(t) satisfies (∗).

Then Theorem 1.3 and Theorem 1.4 follow easily from Lemma 2.3,

Lemma 2.5, Lemma 2.6 and Proposition 2.2.
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