
PLANAR COVERINGS OF CLOSED
RIEMANN SURFACES

JIRO TAMURA

To Professor KIYOSHI NOSHIRO on the occasion of his 60th birthday-

Several years ago, K. Oikawa, my colleague, investigated the properties of

Schottky coverings of closed Riemann surfaces, leaving an interesting problem

as open [3] :

Does exist a Schottky covering between the basic surface and a given

planar covering?

A principal aim of this paper is to give an affirmative answer to the above

problem.

In spite of the purely topological character of the problem, we must use

some analytic means, namely the properties of Fuchsian group as a group of

cover transformations of the universal covering of the closed surface. These

are discussed in §3. On the other hand, in §2 will be treated a combinatorial

topological problem. Results in both paragraphs will be used in § 4 to prove

the main theorem 2.

The author must pay his regard to Oikawa, the proposer of the problem,

and express his warmest thanks for his friends in Universidad Central de

Venezuela.

§ 1. Introduction

Let W be a closed Riemann surface of genus g> 1 and F be the fundamental

group of W.

We shall consider a covering W of W> which is normal in the sense of

Ahlfors-Sario [1], namely, unverzweigt and unbegrenzt fortsetzbar in WeyΓs sense

[4], and possessing a normal subgroup G c F a s its fundamental group. In this

way, a normal subgroup G of F and a normal covering W of W correspond

one-to-one we shall represent the relation as follows:
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If another covering Wι of W is at the same time a covering of W, W\ is

called stronger than W, and is denoted by

Wι>ίv.

This relation is equivalent to

The strongest covering is the universal covering, which may be considered as

the upper half plane:

U={z = x + iy y>0}.

We shall use the letters to represent the projections as follows:

w-p(z) is the projection from U onto Wl

tΰ^piz) is that from U onto W\

w = π(ΐΰ) is that from W onto W.

The totality of cover transformations of U w.r.t. W forms a Fuchsian group

0, isomorphic to F. We shall denote by Γ the normal subgroup of Φ corresponding

to GczF Γ is the group of cover transformations of U w.r.t. W~W(.G).

When W is a domain in the complex plane, TF is called a planar covering;

in this case, let us call the corresponding groups G and Γ also "planar".

Let A be a subset of F or Φ. We shall denote the smallest normal subgroup

containing A by the symbol IA1.

A base of F

{al9 bLf . . . , ag, bg)

is canonical when they have oiily one relation

atbia^bΓ1' agbgάiλbγ = 1 (1 is the identity).

Following Ahlfors-Sario, the Schottky covering of W is defined as a covering

W = W{G), where

for some canonical base of F; in this case, we shall call G and Γ also of Schottky.

A Schottky covering is planar [1], [3]. Moreover, Oikawa proved the

following exactly [3] *
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THEOREM. A Schottky covering has no planar coverings which are strictly

weaker than itself.

We shall prove that every planar covering is a covering of some Schottky

covering.

Then we shall be able to characterize a Schottky covering as a minimal

normal planar covering, free from bases.

§ 2. A theorem on Schottky Covering

Let

C i , C2, . . . , Cfi

be a sequence of Jordan curves on the closed surface W such that:

(A) As elements of the fundamental group.F,

Cj$lco= 1, cu . . . , a-J (/= 1, 2, . . . , h)

(B) As point sets in W,

CiΓϊCj = φ if i*j.

We shall prove the following:

LEMMA 1. If a set of Jordan curves {a) satisfies the conditions (A), (B), then

ίcu . . . , c/J

is contained in some Schottky group.

Proof The curve d may be a non-dividing cycle or a dividing cycle then,

cutting along d we obtain a bordered surface W1 in the former case, or two

bordered surfaces W2 and Wz in the latter case.

The curve c2 is contained in one of W1, W2

y W3

f say W cutting along

c2 we obtain a surface Wtl or two surfaces W12 and WtS.

Continuing this process successively, we obtain at last a finite number of

bordered surfaces

Wl9 W?, . . . , Ws.

Every curve a is divided into two "banks" c\ and c". When r j and c"

belong to a same surface Wn, we rewrite

c'i = ei, c" ~ejι\
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when c'i and c" belong to different surfaces Wm and Wn respectively, we rewrite

Now suppose Wι contains the borders

βι, eϊι, . . . , ePi βpι dlt . . . , dqy

in which the indices and the directions are suitably changed. Then we can

get a canonical polygon Pi of W\ whose boundary is of the form Π~|:

aP, = aifaaΓ1 bϊι *arbrarλbrl

X hidifc1' hqdQhql.

For simplicity we shall write the above product as follows:

FIG. 1

We can change freely the order of the terms fef*1, ge"1g~ι, hdh~ι

y which

correspond to the borders of Wι, using the elementary deformations. Also can

we take the same point of W\ as the final point of gi and ft for each i namely

gifϊ1 is a cycle on Wι.
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Now put

r + i ^ g i f ϊ l ( 1 = 1, . . . , p ) 9

then

Hence the boundary of Pi can be written as follows:

and it is evident

[>i, . . . , ePt d\y . . . , dqlaZdi, . . . , ar+p, du - - . , rfj.

In the same way, every Wn can be represented by the canonical polygon

Pn whose boundary is similar as 3Pi.

Now we suppose

Let us denote

' Π

and suppose that dΐι is the last border d\ without loss of generality. Identifying

dι on dPi and d't on 9P2, we obtain a new polygon P1 + P2, whose boundary is

of the form

x

Πhdh

We shall transform β, ,̂ A, and d by hi1 and write

In the similar way, let us transform a\ b\ h'y d1 by h't. Then we obtain the
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following form (with suitable change of notations):

in which the common border dx is not contained. However, as easily seen,

can be generated by a and d contained in 9(Pi-f-P2). Hence

Continuing this process successively, we can get at last a polygon

whose boundary is of the form

Hence, P is nothing but a canonical polygon of W itself. Moreover we can

verify inductively

ίcu. . . , c A ] c [ α β c a P ] ,

the right side of which is a Schottky covering group. q.e.d.

Let us note tiiac the condition (A) is not used in the above proof. However,

under this coi ^'tinn we can see that every bordered surface Wn (pasted along e%)

has a positive genus gn \ In fact, if the boundary dPn contains no terms of

the form aba"1b~ι

i then we can obtain a relation between {c, }, which contradicts

(A).

Since each of {e} and {d} does not exceed gι + -f gN = g, we conclude

h<L2g.

Consequently, there is no infinite sequence {cn} of Jordan curves satisfying

(A) and (B).

Hence, when the infinite sequence {cn} satisfies (B) only, we can select a

suitable finite subsequence {<&}?=i which satisfies (A), (B) and

Wi, . . . , dhl = ίicnΏ.

Then we have the following:

THEOREM 1. Let icn) be a sequence of Jordan curves in the closed surface W

such that
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Then there exists a Schottky group containing L{cn)Ί.

§ 3. Fuchsian groups of closed Riemann surfaces

Let U be the upper half plane

{z = x+'iy y>0)

and ® be the group of all linear transformations which leave U invariant.

We shall introduce in U the Poincare metric

which defines a non-Euclidean geometry in U we use the words of elementary

geometry in the sense of non-Euclid: for example, a "straight line" / is a

inner arc of a circle orthogonal to BU. Let us denote a "directed segment"

from z\ to zi by s(zίt z2)7 and the "distanse" between z\ and z2 by p(zu z2).

® is the group of "motions" of plane ί/, leaving the distance p invariant.

DEFINITION 1. Let ψ be an arbitrary transformation of ©. We shall define

the norm ||^|| of ψ as follows:

We can prove easily some properties of "norm" as follows:

PROPOSITION 1.

for all ψ, ( j e S , namely the norm ||^il is invariant by the inner transformation.

Proof. hψa'^W = inf p(z, σψp'Hz)) = inf p(σ~Hz), ψσ"ι(z)) = ϊnί p(z, φ{z)) = | |^| | .

PROPOSITION 2. (i) If φ<=® is elliptic or parabolic, \\<f\\ = 0. (ii) If φ<^<& is

hyperbolic,

where K is the multiplier of ψl).

*> See, for example, Ford [2].
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Proof (i) If ψ is elliptic, one of the fix points a is in U. Hence

MI = pU, φ(ά)) = 0.

If φ is parabolic we can consider without loss of generality, the only fix point

of ψ is oo (Prop. 1). Then

φ(z) =z + c (CG R).

Uniting zo-yo and ψ(z0) by a Euclidean segment C, we get

Let y*-* + °°, then we obtain \\φ\\- 0.

(ii) Let φ be hyperbolic. In this case two fix points of ψ are on #-axis,

which may be supposed 0 and °° without loss of generality. Hence

where K is the multiplier of ψ (K>0, ϋΓ^l). Putting

z = x + iy = r^f0,

we shall estimate Poincare metric:

ds = ]dz\_ = ter%+rιdP >
jy r sin θ ~"

Suppose C is a segment from 2 to ife,

where the equality holds if and only if dθ = 0, sin ^ = 0 namely, 2: is on the

imaginary axis.

DEFINITION 2. Let ^ e © be hyperbolic. The "straight line" determined by

two fix points of ψ is called the axis of φ.

By the proof of prop. 2, the followings are evident:

PROPOSITION 3. For any hyperbolic transformation ψ e ©,

//* β ί̂/ only if z belongs to the βxis of ψ.
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PROPOSITION 4. Let ψ be a hyperbolic transformation with axis I. Then σψσ"1

is also hyperbolic whose axis is </(/).

Now let us return to the closed Riemann surface W and its universal

covering U.

The group Φ of cover transformations of U w.r.t. FT is a special sort of

Fuchsian groups, which is characterized by the following conditions '-

1°) Φ is free from elliptic transformations;

2°) Φ has a compact fundamental region Δ2).

We shall call Φ the Fuchsian group of Wy for brevity.

PROPOSITION 5. For the Fuchsian group Φ of a given closed surface W, exists

a positive number r such that

P(ZI> z2) <r implies

The proof is simple by the compactness of the fundamental region J.

PROPOSITION 6. Every transformation of Φ is hyperbolic except ψ = 1 (identity),

and the set of norms

is discrete in R.

Proof. For any ψ # 1 of Φ

by Prop. 5. Hence, Φ has no parabolic transformations.

If we take a point z on the axis of ψ,

Then exists a suitable # e Φ such that a{z) = z0 belongs to the fixed fundamental

region Δ. Put

ψo = oψo~\

and zo is a point on the axis of <p$. Let us denote by Φo the collection of all

ψo whose axis pass through A. Then

2> Some authors define the fundamental region as a open one. However we consider
it as a closed region for convenience.
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<\\φ\\ φ&Φ}~ {Ml Ψ^Φ,}.

' On the other hand, for any positive number R, the compact set

{z pU, Δ)<R)

is covered by a finite number of congruent figures <f(J). Hence the number of

real values WψoW^R is finite. q.e.d.

Let lu k be axis of ψu ψi^ Φ respectively; there may be three cases as

follows:

1°) hΠh

2°) hnk
3°) h = k.

The last case occurs if and only if ψx and ψ2 have common fix points. Hence

we can verify easily:

PROPOSITION 7. Let Γ be a subgroup of Φ. The totality of <p<= Γ, possessing

a given fixed axis I, forms a free cyclic group generated by a suitable y o e Γ .

§ 4. Planar coverings of closed Riemann surfaces

Let us use the same notations as in former paragraphs, and suppose W is

a normal planar covering of a closed surface W. Uis also a universal covering

of W and the group Γ of cover transformations of U w.r.t W is a normal

subgroup of Φ Γ is isomorphic to the fundamental group G of W.

Let C be any curve (closed or not) in U, whose terminal points are z0, zu

Consider the projection of C on W and W

on W;

ontfΛ

Evidently, c is closed if and only if

c is closed if and only if

Now let us put n = 1 ̂ Tand take a transformation n which has the minimum

norm in Γ ~ [ r o ] . If ί>o, n l ^ Γ , we shall take γ2 which has the minimum

norm in Γ-Cro, n l
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Continuing such processes, we obtain a finite or infinite sequence of trans-

formations

7 Ί » Ϊ 2 , * , ϊ n , . . . .

Let us denote the totality of indices of γn by N= {l, 2, . . . , n, . . . >. Using

Prop. 6 it is easily seen that rn has the following properties:

(I) Cr« ; » e t f ) = r.

(II) lίφeΓ, \\ψ\\<\\rn\\. then

We shall take a point z on the axis ln of m, and set

Let us remark that every cn is invariant not only as a homotopy class of

F but also as a point set in W> when the inicial point 2S/ Λ is changed the

same is true for cn>

We shall prove first

(IID cn is a Jordan curve in PF.

Proof. If cn is not of Jordan in ΪV, cn can be divided into two closed curves

c and c1 on W. Hence there exist three points zu zz, z% on the axis ln of γn

in this order, such that

9 zz)) =cy

p(s(z2t z*))=c'.

Namely there exist two transformations ψ and ψ in Γ, such that

and

\\ψ\\<β{zuz2)<p(zίt zz)=\\

According to (II)

φ, 0eCro,. . . , rn-ιl
hence
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γn=:ψ<p(= Cro,. . . , r»-J,

which is a contradiction. q.e.d.

(IV) Every curve c in W whose projection is π(c) = cn, is of Jordan in W.

The proof is immediate from (III) and the normality of the covering W-

(V) Let lm> In be the axis of rm, ϊn respectively , and /= a(lm\ V = r(/ r t), w/z£r£ a,

Proof. I and /' are the axis of γ = oγm<J~ι and r ; = rr^r""1 respectively (Prop.

4), andllrllHIrJI, l!r'l! = l!rnll.
Suppose that / and /; intersect at zQ.

FIG. 3

Let us take (temporarily) arbitrary inicial points Zι e /, z[ e /' and put

= rUi), zj = r'U{). Since

are both Jordan curves on W (IV), c and c' must have another common point

ίvi than WQ = p (ZQ), because of the planar character of W. Then we can select

2i, z[ as inicial points such that

p(zx) =p(zι) = p(zί)

It is clear that z0 does not coincide with these terminal points zu z2i zu zί,

since w0 # wt. Without loss of generality, we can suppose

3> If /=/', m=w by Prop. 7, .
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and

Q, Z2).

Then using the elementary geometry of non-Euclid, we get

ρ{z[, zι)<p(z'u zo)

, Z2) + p(zQ, Zι)

Hence there exists a transformation f e Γ such that

<P(z'i)=Zlt

M\<p(z'uz1)<μ(zlί z2) = ||rii = l!rmli.

By the similar way we get a # e Γ such that

Ψ(z[)=z2> \\φ\\<\\rmi

Using (II), we conclude

φ, Ψ^ίroy. . . ,rm-J,

which implies

rm = σ~1r0 = <r~ι(ψφ~1)(r& Cro,. . . , rm-ιl>

which is a contradiction. q.e.d.

The projection cn of C« on W is not necessarily of Jordan. However, in

the subgroup of Φ consisting of all the transformations with axis /„, there

exists a generator δn (Prop. 7). Let

£<=/„, Dn = s(z, δn(z))> dn=p(Dn)

It is evident that

cn = dnn for suitable kn.

(VI) dn is a Jordan curve in W.

Proof. Suppose that dn is not of Jordan in W9 then by the same discussion

as in the proof of (ΠI), we can find three points zu z2, z* on ln in this order,

such that

ψ(zι) = 22, Φ(z2) = zz, δn = ΦΨ

for suitable ψ, ψ<=Φ. Put
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/=/„, l' = φ(ln),

then /' is the axis of d' = ψδnψ'1 (Prop. 4). If /' = /, namely <ρ (/„)=/„, <ρ has

the common fix points with δn, which means that the axis of φ is ln however,

this is impossible since

Wψ\\<p(zUZ,)<\\δnl

Hence /' intersects / at z2, which contradicts (V). q.e.d.

Thus we obtain the sequence of Jordan curves

each dn of which is the projection of ln as a point set in W, and generates cn

as a homotopy class of F.

Moreover,

dm n dn = φ if m * w,4)

namely, {dn neN} satisfies the condition (B) in §2.

Therefore, by Theorem 1, we get

THEOREM 2. // W is a normal planar covering of a closed Riemann surface

Wy there exists a Schottky covering S such that

W>S>W.

§ 5. Additional remarks

Theorem 2 is applicable not only to the closed Riemann surface, but to

every orientable finite surface, because the latter is always homeomorphic to

some of the formers.

Moreover, we shall remark that the normality of the covering is essencial

we can make an example W such that

(i) W is a regular planar covering in the sense of Ahlfors-Sario;

(ii) there are no Schottky coverings S<W.

However, we shall not treat the problem here.

See the footnote 3),
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