ON THE BALAYAGE FOR LOGARITHMIC POTENTIALS
NOBUYUKI NINOMIYA

To Professor Kivosur NosHIro on the occasion of his 60th birthday

In this paper, we shall consider the logarithmic potential
U*(P) = [log s di(Q)
PQ ’

where x is a positive measure in the plane, P and @ are any points and PQ

denotes the distance from P to Q. In general, consider the potential
K(P, u) = [K(P, @ du(Q)

of a positive measure u taken with respect to a kernel K(P, @) which is a
continuous function in P and @ arid may be + « for P=Q. A kernel K(P, Q)
is said to satisfy the balayage principle if, given any compact set F and any
positive measure u with compact support, there exists a positive measure u’'
supported by F such that K(P, u') = K(P, u) on F with a possible exception
of a set of K-capacity zero and K(P, #')<K(P, 1) everywhere. A kernel
K(P, Q) is said to satisfy the equilibrium principle if, given any compact set
F, there exists a positive measure A supported by F such that K(P, 2) =V (a
constant) on F with a possible exception of a set of K-capacity zero and
K(p, 2) <V everywhere. The logarithmic kernel

K(P, Q) = 1og-P1Q—

satisfies the equilibrium principle in the plane, but it does not satisfy the balayage
principle in the above form. As is well-known, given any compact set F and
any point M of the complement CF of F, there exist a positive measure ¢'
supported by F with total mass 1 and a non-negative constant 7 such that '

(1) UY(P)=log _MI’P‘ +r on F with a possible exception of a set of logarithmic

capacity zero, and
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(2) UY(P)<log ﬁlp + 71 everywhere.

Here, the constant r does not always reduce to zero. The balayage for logarithmic
potentials has been studied in detail in the book of C. dé la Vallée Poussin
([2]). In the present paper, we shall study it in a more general case. Namely
we shall try to balayage any positive measure onto any closed set.

We shall deal with the positive measures whose logarithmic potentials are
never -- o, ‘The total mass of such a positive measure is naturally finite.
The logarithmic potential of such a positive measure is superharmonic in the
plane and is harmonic outside the support of the measure. Let us recall the

definition of the logarithmic capacity C(F) of a compact set F. Putting
V=infsup U*(P) and W= inf [U*du
v P ®

for any positive measure u supported by F with total mass 1, we have always
V= W. The logarithmic capacity is given by C(F)=e¢ " =e™" if V= W< + «
and by C(F) =0 if V=W= + .

We have the following theorem.

THEOREM 1. Given any closed set F containing a compact set of positive
logarithmic capacity and any positive measure u with total mass 1, there exist a
positive measure p' supported by F with total mass 1 and a non-negative constant
Tu Such that
(1) U¥(P) =U"(P)+71. on F with a possible exception of a set of logarithmic
capacity zero, and
(2) U¥(P).SU™(P) + 1u everywhere.

We shall call ' a balayaged measure of n onto F. We can construct a balayaged
measure such that the reciprocal relation always holds:

3) S(U W) dy = S(U Y~ 1) du for any positive measure p with total mass 1
and any positive measure v of finite logarithmic energy with total mass 1, where
o' and V' are their balayaged measures and 7. and 7, are their associated constants.

Under thzs additional condition, a balayaged measure s unique.

Proof. We are going to prove the theorem by dividing the proof into
several steps. ‘
[I] The case where F is compact and the support of u is a compact set which
has no intersection with F. -
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Let us consider the Gauss variation
G(») = Sflog L (@ duP) - ZSU“(P) du(P)
PQ

for any positive measure » supported by F. Put

G* =inf G(»)

for the positive measures » supported by F with total mass 1. There exists a

-

sequence of positive measures v, supported in with total mass 1 such that
G(vs) ¥ G*. We may suppose that {v,} i= a vz ‘uely convergent sequence by
selecting a partial sequence in advance if neceswary. The limiting measure u'
is a positive measure supported by F with total mass 1. As U*(P) is a finite

and continuous function on F, we have

G*sG<lim (. .0 - G"

n-+x

So, we have G*=G{(z'). As is well-know:: .L1], §37), in putting

r=| W - vMau,
we have
(1) U(P)ZU“(P)+7 on F with a possible exception of a set of logarithmic
capacity zero, and
(2) U¥(P)SU"(P)+7r on the support of 2.

Let us show that the latter inequality holds everywhere. In fact, the function
fP)=U"(P) - U"P) -7

is subharmonic in each component of the complement CF' of the support F'

of 4/, and we have

lim U¥(P) < 5{{3 U¥(Q)
at each boundary point M of F’, P being points of CF' and @ being points of
F'. This is owing te the fact that the logarithmic kernel satisfies the maximum
principle: the inequality U*{P)<K (a constant) on the support of a positive
measure A induces the same inequality everywhere. U*(P) being finite and

continuous in a neighbourhood of F’, we have

lim f(P) <lim £(Q) <0
PN Y-M
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at each boundary point M of F'. Furthermore, let us notice that y=90. It is

because we have
rzf(w - vmar= [Uaw - [rauzo

for the equilibrium measure A with total mass 1 on F'. So, .we have

lim f(P)= ~-r=<0

Poe

which is due to Sd,u' = Sd/x. Therefore, we have f(P)=<0 in each comiponent of
CF'. Hence, we have

(1) U¥(P)=U"(P)+r on F with a possible exception of a set of logarithmic
capacity zero, and

(2) U¥(P)sU"(P)+r everywhere.

It is sufficient to put r.=7. Let us remark that this balayaged measure p' is
of finite logarithmic energy.

[1I1 The case where F is compact and u(F) =0.

o is supported by the complement CF of F. Let D, be a large disk con-
taining F, and {D,} and {D-,} be two sequences of bounded open sets such
that

DQDD—lDD—23 ) DD_”D oo ._)F
and
Dy DicD;,C~+-CD,C - -+ -the whole plane.
Let u#» be the restricted measure of u to

En=Dn“.Dn—1 (n= :tl, :1:2, :h3,.-.).

The support of u, is a compact set which has no intersection with F. Let a,
be the total mass of u, and u» be a balayaged measure, with total mass a., of
un onto F. We have with a non-negative constant 7,,

(1) v b2 (P)=U “a(P) + rp, on F with a possible exception of a set of logarithmic
capacity zero, and

(2) U*s(P)SU*(P) +1,, everywhere.

As we have u= 2 u, and the measure x4’ = >, u» is a positive measure supported
by F with total mass 1, the series
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is convergent. Denoting by 7. (=0) the sum of that series, we have
(1) U¥(P) = U*P) +r. on F with a possible exception of a set of logarithmic
capacity zero, and
(2) U"(P)SU*(P)+ r. everywhere.
Let us remark that this balayaged measurex ' is the sum of positive measures
of finite logarithmic energy.
[II1] The case where F is compact and u(CF) =0.
The support of x4 is a compact subset of F. Taking a larger number R than

the diameter of F, put

UsP) ={(log 45 — log 5 )du(@).

We have

log ?167 - log%>0 and UkR(P)>0

for any points P and @ of F. Let
Gu={P; Ux\P)>n} and Fp=F— G,

and p1» and usn be the restricted measures of u to F, and G, respectively.

As we have
UR™P)<n and U¥™P)<n

on F,, we have

SUM Ay — IOnge‘(jd#x n)gé n 'ydﬂxn
and

U*n(P) - log %(Sd,uz,.)én on Fh.

So, w1n is of finite logarithmic energy and the logarithmic potential of p2n is
bounded on F,. Let a. be the total mass of u:» and ui, be a balayaged
measure, with total mass a», of @, onto F,. We have with a non-negative
constant ru,

(1) U"n(P) = UM P) + 7us On Fy with a possible exception of a set of loga-
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rithmic capacity zero, and
(2) U*n(P)=U™ "(P) + 7., everywhere.
The. measure

b= pant pan
is a positive measure supported by F, with total mass 1 and is of finite logarithmic
energy. We have
(1) U*(P)=U*P)+ 7w, O Fn with a possible exception of a set of logarithmic
capacity zero, and
(2) U*» (P)SU"(P) + ru, everywhere.
Let us prove that U ko (P) — Tun increases with » everywhere. Let P be any
point of CF», e, be a balayaged measure of the Dirac measure ¢ at P onto F,
and 7. be an associated non-negative constant. ¢, and u, being of finite
logarithmic energy, we have

U*(P) = 1y = [U'dpth = 1n
gl ’
= S( U ~ren)dpn = Tun
= s(Uu:‘ - r,m)ds;. = Ten
= j‘( U}L'I“” - Tp(n‘rl))di':t ~ Ten
1
= S(UE” - Ten)d/l"!+1 ~ Tu(n+1)
£ !
= 5‘de#£1+1_‘ Tun+) = U¥n+1(P) — Tun+1y.
The required inequality holds on F, with a possible exception of a set of
logarithmic capacity zero. It holds everywhere on account of the superhar-
monicity of logarithmic potentials. We may suppose that {un} is a vaguely
convergent sequence by selecting its partial sequence in advance if necessary.

The limiting measure g’ is a positive measure supported by F with total mass

1, and we have

U*(P)

IA

‘everywhere, the equality holding with a possible exception of a set of logarithmic
capacity zero. So, the sequence {y..) is convergent. Its limit 7, is a non-

negative constant. The logarithmic capacity of G, = F— F» decreasing to zero,
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we have

(1) U*(P)=U"P)-+r, on F with a possible exception of a set of logarithmic
capacity zero, and

(2) U*(P)SU™P)+r. everywhere.

Let us remark that this balayaged measure (' is the vague limit of a sequence
of positive measures sz, with total mass 1, which are supported by F and of

finite logarithmic energy, and which satisfy

U (P) = 7um t U¥(P) = 74

everywhere with a convergent sequence {ru.} of non-negative numbers and its
limit 7.
[IV] The case where F is compact and x is any positive measure.

Let u; and u» be the restricted measures of 4 to F and to CF respectively,
a; and a, be their total masses respectively and y and p; be balayaged meas-
ures, with total masses a; and a:, of x4 and u, onto F respectively. The measure

! = p{+ 1 is evidently a balayaged measure of x onto F.
[V] The reciprocal relation in case F is compact.

We are going to prove that the reciprocal relation holds for balayaged
measures obtained above. Let x4 be any positive measure with total mass 1
and » be any positive/measure of finite logarithmic energy with total mass 1.
As stated above, there are three cases for a balayaged measure u' of u# onto
F:

(1) It is a positive measure with total mass 1 supported by F and of finite
logarithmic energy,

(2) It is the sum of positive measures u» supported by F and of finite loga-
rithmic energy,

(3) It is the vague limit of a sequence of positive measures u) with total

mass 1 which are supported by F and of finite logarithmic energy and which
satisfy

U‘L’,‘(P) = Tun T UW(P) T
everywhere with a convergent sequence {ru.»} of non-negative numbers and its
limit 7.

Since »' is of finite logarithmic energy, we have
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S(U"' —n)du= SU“dV’ -r= j(U“' —rdy =7 = SU“'du’ - Tw =Ty
On.the other hand, it is easy to prove that
(v —rod = [Uray - - ..
For example, in cases (3) we have

[ = rods = tim {0 = 1)

n+>+x

i

tim [Uduy ~ v = lim (0 = 1) dih =72

n->+o

= lim SU""-dv"- Te— Tw

n->+0o

lim 5( U'L;' - Tun + Tp.n)dll’ _ Te—7v

n->+o

i

S(U"" - Tv-) ' -1, = SUu’dV' T T Ty

It is proved similarly in cases (1) and (2).
[VI] The case where F is a non-compact closed set and # is any positive measure.
Let S, be a closed disk of radius » centered at the origin, u» be a

balayaged measure of 4 onto F, = F+*S, and r..» be the associated non-negative
constant. First, let us prove

UM (P) = 1< U* (P) = 1,0 U" (P) — 1a< + + + > U(P)

everywhere. Let P be any point of CF,, i be the circular measure with total
mass 1 on a small circle, outside F,, with the center at P, i, be a balayaged
measure of 1 onto F, and 1. be an associated constant. Since both 2 and ix
are of finite logarithmic energy, we have

U (P) =1un = [(U" = rundd = [(U™ = 1aaddn
= vrans—in = [0 ~ i da =12
= f(U“:""‘ - Tu(n+1))dx;; T

'
= SU)‘"d,u'nH =T~ Tun+1)
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= S( u* + Tan) A1 — Tan = Tum+v
= S(U”LH - 'fv-(m-l))dl = U”':'”(P) ~ Tum+1).

The required inequality holds on F, with a possible exception of a set of
logarithmic capacity zero. It holds everywhere on account of the superhar-
monicity of logarithmic potentials. By the integration with respect to the
circular measure 2 with total mass 1 on a large circle of radius R and with

center at the origin, we have
log;}; -7 :Slog.l_ -7 +
’ R un = R w(n+l).

So, the sequence {r..} decreases to a non-negative number §, with 1/7 and
lim U*» (P)> — = exists everywhere. Next, we choose a vaguely convergent
subsequence of {un}. It will be denoted again by {u:}. As {U #a (P) = Tun)

a sequence of superharmonic functions monotone increasing with » and the
lifniting function is not identically equal to + o0, it converges to a superharmonic
function. Consequently -lim U*n(P) is superharmonic. Take an increasing
sequence {Rr} of numbers such that each closed disk Sk of radius R. centered

at the origin has no positive mass for u' on its boundary. We have
lim { log pes dun( @) = | log 25 du'(Q)
ns+ov 8 PQ Sk PQ

in the plane with a possible exception of a set of logarithmic capacity zero
for each 2. Let M be a point inside S; at which the limit exists for all 4.

Since

lim U*n (M)

n-»+

exists,

limS log Qd.u,.(Q)

n->+o

exists for each 2. This increases to a non-positive finite value as 2—- + o,
We shall denote it by a. Take any compact set K which contains a point M.
We have

chklog ?la—du#(Q) - Scs“log —JT/}?Q— dun(Q) l _S |log PQ | duh(Q)
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for any point P of K if KCSe. If Rk is large, |log MQ/PQ| is arbitrarily

small for all @ in.CSk. Hence, given ¢>0, there are n, and %, such that
]j Iog du,.(Q) a‘ <e¢ for k=k, and n=n,.

As we have

lim j log %dﬂm@ = qulog?lgd,u’(Q)

n-»+ v ¢

in the plane with a possible exception of a set of logarithmic capacity zero,
we have

| 1im (0P = | log prdi(@ =) =| lim

lim lim CSklOg—f%Q—duZ(Q) - “% <e

if k is sufficiently large, where ¢>0 is given. This shows that U“(P)=

jlo_g 1/PQ du/(Q) exists and equals lim U*+(P) —a on K and hence in the

whole plane with a possible exception of a set of logarithmic capacity zero.

Since lim U“L(P) is superharmonic in the plane, the equality holds without

exception. We recall that U (P) = 7unZ<U*(P) in the plane with the equality

holding on F possibly except for a set of logarithmic capacity zero. Now we

have

(1) U¥(P) —r.=U"(P) on F with a possible exception of a set of logarithmic

capacity zero, where 7, =0, — =0, and

(2) U¥(P) —r.sU*(P) everywhere.

We remark that the total mass of »' is one. To prove it we use the fact that
a= lim lim SC log = MQ dun(Q)

k->+2 n>+x
is a finite value. Since MQ=R:/2 on CS; if % is large,
a= lim lim log (2/Re) un(CSk).

k->+® ns>+x

This shows that inri nljrr:o #n(CSr) =0, whence the total mass of u' is one.
[VII] The reciprocal relation in case F is a non-compact closed set and the
uniqueness of balayaged measures.

We are going to prove that the reciprocal relation holds for balayaged
measures obtained above. Let u be any positive measure with total mass 1
and v be a positive measure of finite logarithmic energy with total mass 1.

Let {4} and {».} be the sequences of balayaged measures of » and » onto Fj
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respectively and {r.»} and {r.»} be the sequences of their associated non-negative
constants. We have as stated in [V]

foomh —ridv = {0 - 1) da

As we have

U¥n (P) = 7un t Utn (P) = 1
and

U (P) =y * U (P) =1

everywhere, we have
S(U’L’ —1u)dy = S(U\" -1 du.

Finally, let us consider the uniqueness of balayaged measures. Let u' and u"
be balayaged measures of # onto F. Suppose that
(1) U¥(P)=U"(P)+r. and U*(P) = U*(P) + 7/ on F with a possible excep-
tion of a set of logarithmic capacity zero, and
(2) U¥(P)SU*(P)+1h and U (P)SU*(P) + 11! everywhere, 1. and 7} being
non-negative constants.

For the circular measure A with total mass 1 on any closed circle centered

at any point P, we have
fw” —mdu={w* - ar= W - ar
So, we have
fw -vrar=r-vL,
which induces

(@ = vy an=aw =0

for the circular measures i, and 1. with total mass 1 on two concentric circles

centered at P. Hence, we have
j‘Uh“Mdur — SUhﬂzduu’

which induces «'(S) = u"(S) for any disk S. In conclusion, we have u'=p"

and 7. =7..
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DeriniTION. Let F be any closed sét. A point P is called a regular point
of F if the balaiyaged measure ¢ of the Dirac measure ¢ at P onto F coincides
with ¢ and the associated non-negative constant y. reduces to zero.

With this terminology we have the following theorem.

THEOREM 2. Two following expressions are equivalent.

[A] A point P is a regular point of F.

[B] Let u be any positive measure with total mass 1, u' be the balayaged
measure of u onto F and v, be the associated non-negative constant. Then, it holds
that

U¥(P) = U*(P) + 1p.
Proof. First, we prove that [A] implies [B]. Let A, be the circular measure

with total mass 1 on the closed circle of radius 1/# centered at P, i, be the

balayaged measure of i, onto F' and r., be the associated non-negative constant.

’ . € . .
Let us remark that U*» — y\, increases to U’ with » everywhere. It is because
we have

[ —=nnar= W - rdn={vrar -,

for the circular measure 1 with total mass 1 on any closed circle, the balayaged
measure A’ of 2 onto F and the associated non-negative constant r,, and the

quantity increases with » to
fvtar-r= [ - rde= {07 - rar=[v'ar
It follows that

U*(P) =7 = tim [(U¥ = 1) dhn= tim {(U% —pddu=(Utdu= U*(P).

n—>+o n—>+x v

Next, we prove that [B] implies [A]. Let ¢ be the balayaged measure of the
Dirac measure ¢ at P onto F and r. be the associated non-negative constant.
We have

furde= [ - rdde= (V" - 100

~{vrae 1.

for any positive measure # of finite logarithmic energy with total mass 1.



ON THE BALAYAGE FOR LOGARITHMIC POTENTIALS 241

Therefore, we have
jUh'Xz de = yU)rlzdel

for any circular measure 1, and 1. with total mass 1 on two concentric closed
circles, which implies (S) =¢'(S) for any disk S. So, we have e=¢' and 7. =0.

Question. In Theorem 1, the associated non-negative constant 7, in the
balayage of any positive measure u onto any closed set F does not always
reduce to zero. But, if the complement of F is bounded, the constant 7,
reduces to zero. What conditions are necessary and sufficient for a closed set
F in order that the associated non-negative constant 7, in the balayage of any
positive measure u onto F always reduces to zero?
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