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THE CAUCHY PROBLEM OF LINEAR PARABOLIC
EQUATIONS WITH DISCONTINUOUS AND
UNBOUNDED COEFFICIENTS

YOSHIAKI IKEDA

§1. Introduction.
In this article we shall prove the uniqueness and existense of a weak
solution for the Cauchy problem of linear parabolic equations with discon-

tinuous and unbounded coeflicients

(1.1 Lu=u, — {.él(aij(x, Ditg)z, + Jébj(x, By, + c(x, tu}

1=

3

(fj(x’ t))a:j + g(x’ t)-

1

i

J

In the case where the coeflicients are bounded for large [z|, Aronson

[1] proved the uniqueness and existence using the weighted energy type esti-

mates for weak solutions. Bodanko [2] also discussed the questions of a
regular solution for the Cauchy problem of linear parabolic equations

(1.2) Lu = .éla.&.'j(x, By, + ﬁ}lbj(x. g, + clx, Hu — u,
1, ]= =
= fla,1)

with unbounded coefficients under some assumption.
In §2 we shall state some notations and definitions. §3 is devoted to

derive the energy estimates for weak solutions of the equation (1.1) and we

prove main theorems in §4.

§2. Some notations and definitions.

Let = (%, ---,2, be a point in the n-dimensional Euclidean space
E™ and ¢ a point on the real line. Let 7T be a fixed positive number and
set @=E"x(0,T]. For some fixed positive number R, we put Q,=>1,X(0,7],
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where Yz, = {#€E"| |#| < R,}. Now let o be a domain in E". The space
L0, T; L?(»)] is the set of real functions w(zx, ¢) with the following properties;
(i) w is defined and measurable in @ = 0% (0,T],
(ii) w(x,?)eL?(0) for almost all (0, 7],
(iii) [l rw(t) € L7(0, T)).

The space LY0,T; L?(w)] is denoted by L*%a&) for simplicity. For
we L?% @) with 1 < p,q< o we define the norm by

lwllpaz = { §.(§ 1017 dw)"az ).

In the case either p or ¢ is infinte, |lwll,,,. is defined in a similar fashion
using L~-norms rather than integrals.
We shall consider the following Cauchy problem:

n

Lu = Z(fj)zj-*"g for (xs t)EQ’

2.1) a
u(2,0) = uy(x) for zeE”",

where the coefficients a;;, b; and ¢ are measurable, real valued functions in
Q, and f; and g are given functions in Q. We assume the following con-
ditions:

ConpITION A.
(A.1) For all éeE™ and for almost all (x,¢) there exist positive con-
stants ¥ and K; such that
1+ 2?8 = 2 ay(w, 0)§:6; = Kl + | o3| £]*
where 2 is any fixed number with 0 < 21<1,

(A.2) The restriction of every coefficient b; to @, belongs to some
space L?%(Q,), where p; and ¢; satisfy

7 1 1
(%) 2<g;p;=c and -+ < =,
P ij d; 2

and there exists a non-negative constant K, such that

L
2

[b(x, 8)] < K1+ [2]?) for (z,t)e@Q —Q,.

(A.3) The restriction of ¢ to @, belongs to L”%Q,), where p and ¢
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satisfy

1

(%) 1<p,g<o and -2 4 p <1,

2p

and c(z, ) < K; (1 + |2|?* in (2,¢)€Q — Q, for a non-negative constant K.
A function #(x) defined and measurable in o is said to belong to H“?(w)
if u possesses a distribution derivative (u,, « « +,%,,) and ||ul| zr@w)+ 114l 2y <00,

n
where [Ju,|iZ» = 2 llug 2.
1=

The space H}?(w) is the completion of the Cj(w) functions in this norm.
The space H'?(E™) is the completion of the C3(E™) functions in the norm

el Leem + ezl L.

DeriNITION 2.1. A function # = u(x,¢) is said to be a weak solution of
the problem (2.1) in @ for the initial data u,=L{,c(E™ if # belongs to

L[0,T; L¥0)IN LY0,T; H"%*w)] for any o compact in E", that is, if
ue L7[0,T; L (E™)IN LY0,T; Hii(E™)]

and if « satisfies

(2.2) SSQ{— UPe + 23U Py, — 2 bty ¢ — cup + 23 f19, — 99} dadt
=0

for any ¢=C}(Q) and further if

(2.3) limSEnu(x,t)gli(x)dx = SEnuo(x)gﬁ(x)dx for all ¢=CHE™.

-0

At the end of this section we state a lemma which is often used in the
following sections.

Lemma 2.1, (dronson [11). If weL[0,T; L¥(E™)INLY0,T; Hy*(E™)], then
we L (Q) for all values of p’ and q' whose Hilder conjugates » and q satisfy

n 1
ro4 L <
o + a =1,

where if n = 2, then the strict inequality holds. Moreover

lwll3pr20n0 = KT {llw0ll} mq + llwsll.5.0}s
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where |w,|*= Zwi, 0=1— % — —%— , and K is a positive constant which depends
=1

only on n for n==2 and only on p for n = 2.

§3. Energy Estimates.
Let 2 be any bounded domain in E™ such that Qc>;, and set
Q.= 2x(0,T]. In @, we consider the equation

(3.1) Lu = 3f)., + 0.

where f;€L*%Q, and geL”%Q,) for any p and ¢ satisfying COR

LemMa 3.1, Let usL™[0,T; LA(2INLH0,T; H"¥ Q)] be a weak solution of
(3.1) with the initial data wu,, that is, let u satisfy

8.2 ([ 1= upet+ Dagu.p., — b p—cup + 3 fi9,, - 09} dudt

=0

Jor any ¢=Ci(Q,) and (2.3), and let &= {(x) be a non-negative smooth function
such that tucs L0, T; Hy* (2)).  Then for any positive number p,, there exist positive
constants & and p such that

(3.3) [[Gest a1y} 0 gy + G~ @121 0|13 5 0

<z ( SQ oo+ 12102 g 4 (€ o+ =IDA

1-2

X (L4 1zl * wllfe + G o121 )12, o

+§e-#o(1+|z|2)1g” 2p 24 Q’)

TR 1

2+1" g1’

where Q) = 2x(0,T") with T' < —’21 The constants T', & depend only on k, K,

Kz: Kav 2’ Fos ”bj”pj,qj.Qa and “c“p,q.Qo; and © deﬁends on and T,°
Proof. Let h(z,t)= —a(t) 1+ |2[?), where a(t)eCz’,7’ + ) for any
7/ and a sufficiently small number ¢ with 0<¢' << +¢=<T. Then we
obtain for any c€[’,z’ + o]
(3.4) —1—8 Lot urds),o. + S S e {Sa,u,u, — Shuu
: 2 Ja = ) e ilha M, il

+ (—he = ot + Dfju, — gu dwdt + 2| | geru(Sagug.,

T
/!
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+ 2a;u,8h,) + Lt uif(E,, + Ehy)} dadt
= —é— Sgé’zemuﬁdx[m,

(See §2 in [1]).

Now we shall estimate each term of (3.4) by using Hélder’s inequality
and Young’s inequality together with Lemma 2.1,

First we see from Condition (A.1) that

(3.5) Sggze%zaﬁuziu,jdxdt >k SS ee(1 4 |w |2, |2 dudt,
(3.6) ZSS Zaﬁuxtué’é‘x/ez”“ dedt < —]%— SS?e“(l + Jx |3 u,|2dxedt

+ 20 EL (e e+ o1 eduat,

and

6.7 2| Degteruu,p, dvar= L ([ eer + 1ol w1 2dnat

4 _E)n;ﬁ SS f2e2n(1 + ]x]2)l-iu2|h$}.2dxdt.

Next we have

S:, Sg Zbié’zez"uxjudxdt = S

(. Subigetiu, | ul dear

T

1
[ gena ot 1o wlSlu, ldods
EBI+B27 Say.

By the inequalities of Holder and Young it is clear that

Bi=-Eollgehu,l3s + 2 103 lpue 166" lEprsar

where p and g satisfy (*+). Thus by Lemma 2.1, we see

Bi= o ligetullly. + 2 MESge uli + l(Ee w1,

where we assumed 33 [|6]l,., < M.
Using Young’s inequality again we see
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B, g—lk—sg get(1 4 | w2 u,l? dadt + 51%” SS s (1 + |2 |®utdxdt.
Thus we obtain
(3.8) ESS btreu, udvdt < % SS gren(1 4+ |2 ]21 u, |2 dudt
+ 2 MES (L€ wllf~ + 1" w)]1 .0}
+ K [( g + 2 [z udadt.
Similarly we have
(3.9) [ ccrerrurdwat < MEo lige ulltn + (e u) 1.0}
+ K || ger1 + [ urdaat,

where we assumed |l¢||,., < M.
It is easily seen that

(3.10) 2{| 2 Agenit,, + th. Jududt <
258 fill3o + Eae™ullhr + G bl
@) ({2 feeru, deat < Lo jgetun, + 2SI e,
and

(3.12) SS etrgudadt < ||Ee"gll o _2q Ze™ ullzpr, o7

p+1" g+1
M 0 3 3
= lite"gl® , oq T Kd'{llle"ull} + (Ce"u) 5., ).
2M T qfl 2 "
Finally we note that
(3.13) (e u )3, = 2l u i, + 4lluet |3, + 4lieuh,l|l3.,.

Combining these estimates from (3.5) to (3.13), we have

e

(1+ lx]2>1—;\|u2lzdxdt+Sflsggzezhu2[_ht_[£7ili 1.].13;] -zlh ]2
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20 ) 0 5K4n 2
+ (- wMES + 6MES + I/ NERS (A +E )1+ ol ]]dxdt
= % (Lko- +3) MK |¢e"ull} + % Sgé‘?ez"u?dx[,:,,
+C (] 16170 + 1z l9rududt + S ee" £13. + 1Ee™0P 2y a0 )

p+1" g+l
where we used the fact that 1= + [x]?)!4,

Since h(z,t) = — a(t) (1 + |2[?), we see
— hy(z,t) = a(t) (L + [2[2)* and [h,]? < a2($)423(1 + [z [2)¥ 1,
Noting that 24 —1=C21, that is, (1 + [2]?)¥'=(1+ |z[??, we obtain
—h,— [___10"]?(3 (L + 212 hal® + (2 nMEo' + 6MES' + 1)| k. |*
+ (PB4 g0+ (el ] = W+ w19 (@) - Aax(t) — B,
where

]
A= 4 (LK 2w ME | gpppcy + 1), and B = SEI 4k,

If 220 we put a(t)= ‘/;ﬁ— tan {{AB ¢t + m} for 0=t¢t=<, where

m(>0) is a constant with ‘/_ij_ tan m = ‘%(

0<m<%>. Then

a'(¢) — Aa¥(t) — B= 0.

ko_ (10 11,10
Now we put ¢ so small that -5 ( 5 +3) MKos >0, 5 5 ( 5 + 3).
MEKo >0 and m + /AB ¢ < min (%, T>. Then from (3.14) we have

t/yop
220 4,2 2,20 2
(3.15) T,Sl’;lsar),(_l_agoé' ehutdy + S Sg‘: e u,|*dudt

1-4
=

= %Un gretrutdz e + |6 1+ |2]?) 2
+ Ce fillEe + IE el s 2 ).

p+1’ g+l

where & = h(x,t) = — x/% tan(YAB t +m) (1 + |x]?).
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a-a
Let X(¢) = | f@eeoua,ide  and ] = Ee* A+ (219 7 ullhs
+ D FilL + NG 2y g -

p+1’ g+l

Then from (3.14) we see
Xt GliX)+ ]} for o/ <t<z' +o.

If (j —1)6=<t< jo, it follows by iteration that

(3.16) X(t) = Z1X(0) + ﬁ(gf‘i—l)j for (j—1)o < t < jo.
2

On the other hand,

Jo
(3.17) {7 | eemu,lrdndt = GiX(G - Vo) + J}
(G=1)ad 9
i i—1
=0+ 23 ]
Suppose that (I—1)g<T’'<lg for some integer I, where ;/_A—B—T’+m<—’2"'—.

Then summing (3.16) on j from 1 to [, we have
iEe" ull} o, = S{X(0) + J}.

Similarly from (3.16),
IEe u.ll}.0.00= FUX(0) + J).

Putting ‘/ —% tan (fAB I+ m)= p, and combining these two inequalities

we obtain (3.3).
If 2=0, then we put «(¢)= Bt + #, and we have (3.3) in the same
manner as above.

§4. The Cauchy problem.

In this section we consider the Cauchy problem (2.1). A measurable
function u(z,t) on Q issaid to be in the class &4(Q) if there exist numbers

2=0 and g >0 such that
SS el y2dpdt < oo,
Q

TaEOREM 1. If there are solutions u of the Cauchy problem (2.1) in the class
&1.(Q) for some positive constant g, < pr,, then u is uniquely determined in Q.

Proof. Let us assume that there are two solutions u,, u, of the Problem (2.1) in
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the class &£},(Q). Put u= u,—u,. Then we see that u s in &} (Q) and u s
a weaksolution of the problem

Lu=0 for (x,8)€Q,
u(x,0) =0, for x€E™".

For each R=R,, we define a function &z(x) in such a way that

(1) [E(2)] =1 in (— oo0,00),
.. 1 [2]| =R,
(11) frlz) =
0 [2] =R+ 1,
(iii) |&r(2)] =C in (— o0,0), where C is independent of R.

By Lemma 3.1,

(4.1) Erert* 121Dy ]3

1-2
= |[Epe7 0121 (1 4 |2]?) * ull},e

7

=af S,xlgge%“””'z” (1 + o] utdadt,
where &7 is independent of R, and g, < z, < p.
Since
e mateDiy = 120, T LAE™] for p,> p,
we see
etz D (1 4 || tye 120, T ; LA E™].

Therefore the integral on the right in (4.1) tends to zero as R—c. Hence
max S e =Dy y = 0
o<t<e’ Ja|<o

for an arbitrary p >0. This means that =0 in E"x(0,7'] that is, u,=u,
in E*x(0,77].

Repeating the same argument on E"x(NT’, (N+ 1)7'] inductively, we
conclude that u#;=u, in E"x(0,T].

THEOREM 2. Suppose that e~*ol=1* f,c L2%(Q), e *l=1* g L7.9Q) with p and
q satisfying () and e "=\ y,e LA(E™). Then there exists a weak solution u of
the Cauchy problem (2.1) in Q' = E"x(0,T'], where T’ depends on the constant in
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Condition (A) and p,. Moreover there exists a constant p depending on T’ and p,
such that
lle#a* 121 ][] o or + lle™ CH121 g 13 0
= @ {lle ot 12D || 2oy + 20 [le #0121 £1|13, o
+ ”e—#o(l“‘lzlz)lg”p.q,Q, }.

Since the proof of Theorem 2 is almost parallel to that of [1], we omit
it here.

Remark. In Lemma 3.1, if 2=0, then we put a(¢) = Bf + z,. Thus
Lemma 3 is valid for @ = E*x(0,T] if 2=0. Therefore if 2=0, a weak
solution of the problem (2.1) exists in @ = E"x(0,T1.
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