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HARTMAN'S THEOREM FOR HYPERBOLIC SETS

MASAHIRO KURATA

§ 1. Introduction, notation and definitions

Hartman proved that a diίfeomorphism is topologically conjugate to
a linear map on a neighbourhood of a hyperbolic fixed point ([3]). In
this paper we study the topological conjugacy problem of a diίfeomor-
phism on a neighbourhood of a hyperbolic set, and prove that for any
hyperbolic set there is an arbitrarily slight extension to which a sub-
shift of finite type is semi-conjugate. In the sequel, M denotes a com-
pact C°° manifold with some Riemannian metric | |.

THEOREM 2. Let f: M —> M be a diffeomorphism with A c M a
hyperbolic set. Then there is a neighbourhood U of the zero-section of
TΛM and a bundle map h: U -> A x M such that (/ x /) o h — h o Tf.
{We regard U and A x M as a microbundle).

THEOREM 3. Let f, A be as above, and W a neighbourhood of A.
Then there are a hyperbolic set A! with A c A cW and a subshift of
finite type which is semi-conjugate to A.

DEFINITION. Let E be a vector bundle with norms || || on each
fibre. A vector bundle map T: E —> E is hyperbolic if E splits into

E = Es 0 Eu

where Es and Eu are T invariant subbundles, and there are 0 < λ < 1,
c > 0 such that for n ^ 0,

\\Tnv\\ 5g cλn \\v\\ if v eEs

\\T-nv\\ ^ cλn\\v\\ if veEu .

We may assume c = 1 ([4]).
Skewness of T is mm{\\T\Es\\,\\T-ι\Eu\\}.

Received February 17, 1976.
Revised September 4, 1976.

41



42 MASAHIRO KURATA

Let f:M-+M be a diffeomorphism. MDA is a hyperbolic set if Λ

is a closed /-invariant subset, and Tf\Λ is hyperbolic. When its splitt-

ing is Tf\A = ES®EU, define

B'(r) = {t7 6JS7β||t;| < r}

5w(r) = {veEu\\v\ < r}

Bs

x(r) = Bs(r) Π T*M

J?;(r) = Bu(r) Π 2yiί .

Let p: Έ ->A be a vector bundle with norms. Γ = Γ(E) denotes the

Banach space consisting of all bounded cross sections on A (not neces-

sarily continuous) with sup norms. Let Wl(Γ) = {maps: Γ->Γ}. For any

yeE,σveΓ is given by

(y if x = py

[0 otherwise .

We define

mf(Γ) = {Hem(Γ)\H satisfies the following condition (I), (II)}.

Condition (I), H(σz){x) = 0 for x ψ fp(z)

(II), H(σz)(fp(z)) = H(σ)(fp(z))

for any σ with σ(p(z)) = z.

For any H e Sffί/(Γ), let a map

Φ(H) :E-+E

be given by Φ(H)(z) = H(σz)(fp(z)). Then we define

3K/(Γ) = {H e 3B/Γ) I Φ(JΪ) satisfies the following condition (III)}.

Condition (III). Φ(H) is continuous.

Define

mb(Γ) = {Hem{Γ)\H is bounded}, f ί^CO = SK/(^) Π SJΪδ(Γ) and

mb

f(D = wιf(n n sκδ(Γ).
The norm of SJ16(^) is defined by the sup norm. For a Lipschitz

map /, Lip (/) denotes its Lipschitz number.

§2. Hartman's theorem for hyperbolic sets

LEMMA 1. (1) SOΐ̂ CΓ) is α closed linear subspace of Wlb(Γ).

(2) Wb

f(Γ) is a closed linear subspace of ^Slb

f(Γ).

Proof. Proof of (1) is easy. ^lb

f(Γ) is non-empty because a con-
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tinuous, bounded, fiber and zero-section preserving map from E into E

over / induces an element of Wf(Γ) Let Wf(E) = {h:E -+E\h is a

bounded map over / (not necessarily continuous)}. Wlb

f(E) = {he Wb

f(E) \ h

is continuous}. Then Wlb

f(E) is a closed linear subspace. And the map

is a continuous linear map. Thus Wlb

f(Γ) = Φ~1(9Kδ

/CEr)) is a closed linear

subspace.

LEMMA 2. (1) // Hefί/Γ), Ge3ft,(Γ), ίfcera GoHemgof(Γ) and

φ(GoH) = Φ(G)oφ(H).

(2) / / H e 3K/Γ), G e 2R,(Γ), ίfcew G o # e 2RW(Γ).

(3) For a homeomorphism H e SDfc/Γ), i ί" 1 e fί /- 1(Γ) and Φ(7Ϊ) e 9K/(£
r) fe

a^ ίnvertible map with Φ{H)~ι = Φ(H~ι).

Proof. (1), (2) are obvious.

For any x e A and σ e Γ, H(σ)(x) = 0 if and only if σ(f~\x)) =

σσf-Hx)(f-\x)) = 0 because i?(σ)(x) = Hσaf-Hx)(x) and i ϊ is injective. Thus

H-ισJίx) = 0 for a? ̂  /"^GO.

For any zoeE,σeΓ with σ(p^0) = ô? define «' = (H"1σ2o)(/-1p(^o)),

2" = m-ισ)<J-ιv(fid)- Then <Kps0) - (HoH-ισ)(pzd = (Hσ2,,)(pz0)9 and

^o(^o) = (HoH~ισz)(pzQ) = (Hσz,)(pz0). On the other hand (Hσβ,)(x) =

{Hσz>)(x) = 0 for xΦpz0. Then iϊ(τ2, = ίfα>. Because i ϊ is injective we

have (7,, = σz~, that is */ = s". Thus ί ί " 1 6 $Dΐ/-1(Γ). ΦCiϊ-1) = Φ(iϊ)-1

follows from (1).

LEMMA 3. If H e <3Jlf(Γ) is a homeomorphism and H~ι is a Lίpschitz

map, then Φ(H) is a homeomorphism.

Proof. By Lemma 2, Φ(H) is an injection and Φ{H)~ι = Φ(H~ι). For

any r > 0, define β(r) = {2 e E\\\z\\ < r). It is sufficient to prove that

for any r > 0

Φ(H) I Φ{H)'\B(r)): Φ(H)-\B(r))

is a homeomorphism. We have

where B7(r) = K e Γ|| |σβ | | < r}. Φ(H)-\B(r)) is compact because

•(B(r)) is a closed subset of B(r Lip (i?"1)). Then Φ(H)\Φ{H)-\B(r)) is a

homeomorphism.
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LEMMA 4. Let T e Wf(Γ) be a hyperbolic linear homeomorphism.
Then there is ε > 0 such that for any ψ, φeW)

f{Γ) with Lip (ψ),
Lip (φ) < ε, there is a unique map HΨΦ e 9Kδ

id (Γ) satisfying

(T + ψ)o(id + Hn) = (id + Hn)o{T + φ) .

Proof. The proof is essentially due to Pugh ([5], [6]). Let 0 < ε <

min{l — λ, || Γ"1!!"1} where λ is a skewness of T, and

be defined by

μ(H) = (&* - \&Y\φ - ψ o (id + H))

where ^ ( f l ) = ToHo(T + 0)-1 with (Jδf* - id) being invertible. Then
Lip (μ) < 1 and there is a unique fixed point Hn (c.f. [5], [6]). Because
T + φ is a homeomorphism and (Γ + φ)~ι is a Lipschitz map, (Γ + φ)'1

eWlf-i(Γ) follows from Lemma 2. Then (φ - ψo(id + #))o(T + ^ e
9κ?d(D if H e mun.

Similarly J27(2R?d(Γ)) c SWfd(Γ).
Thus a linear map

is well defined, and <£% \ Tlb

iά(Γ) is hyperbolic with an associated splitting

mun = sκ?d(Γ r») e mur ro

where

Γa = {(7 e Γ|(/(a;) e # " for ΛJ e /J}

Wia(Γ Γα) - {if e 9K?d(Γ) I H(σ) e Γa for xeΓ}

for a — u,s.

Therefore (j?* - id)|9Kfd(Γ) is invertible, and {&* - id)" 1 ^) e 2Bfd(Γ)
for H e 2Rfd(Γ). Thus we have μ(3ft?d(Γ)) c SK?d(Γ). Because SK?d(Γ) is a
closed linear subspace of 2Kδ(Γ), a unique fixed point Hn of μ is in 9Jί?d(Γ).

LEMMA 5. Let T be as above. Then there is ε > 0 such that for
any ψ e Ttb

f(Γ) with Lip(ψ) < ε there is a unique map H e S3ΐ?d(Γ) satis-
fying

(T + ψ)o(id + H) = (id + H)oT .
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Moreover id + H is a homeomorphίsm.

L E M M A 6. Let p : E —> A be a vector bundle. Let A be compact,
V c E be a neighbourhood of the zero-section. Assume φ:V->E is a
fiber preserving map and

(1) φ\(V Π p~\x)) i s differentiable for x e A
( 2 ) Tzφ i s c o n t i n u o u s w i t h r e s p e c t t o z e V

( 3 ) φ(0x) = 0f{x)

(4) T0χφ = O,
where Tzφ is the differential of φ\(V Π p~\x)) at z e V Π p~\x) and 0^ is
the zero vector at x e Λ.

Then for any ε > 0, there is a neighbourhood W of the zero section,
and a fiber preserving map

φ \ E —> E

such that
(5) φ\W = φ\W
(6) Lip($<ε
(7) φ is bounded with the sup norm.

Lemma 5 follows from Lemma 4, and Lemma 6 is a vector bundle
version of ([5] p. 79).

THEOREM 1. Let p:E->A be a vector bundle with A compact,
f:A->A be a homeomorphism. Let T: E —>E be a hyperbolic vector
bundle map over f.

Then there is ε>0 satisfying the followings; for any fiber and zero-
section preserving map φ: E -> E over f such that φ is bounded with
sup norm and Lip(φ) <ε, there is a unique fiber preserving map hφ: E-+
E over id such that the diagram

T
E >E

is commutative. Moreover id + hφ is a homeomorphism.

Proof. Let λ be a skewness of Γ,ε>0 be such that ε<min{l — λ,
\\T-ψ1}. A map
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T*: Γ(E) -> Γ(E)

given by

is a hyperbolic isomorphism with an associated splitting

Γ(E) = Γ(ES) Θ Γ(EU) .

Then

For a map φ: E —> E with Lip (φ) < ε, we define a map

b y φ*(σ) = φ o σ o f 1.

Then

Lip (φ*) = Lip (φ)

and

0# e m*f(Γ(E)).

By Lemma 5, there is a unique map Jϊ e 9KfdCΓ(Z?)) with the

commutative diagram;

Γ(E) — ^ - > Γ(S)

id+ίί \iά+H

Γ(ί ) - i ± ^ r(E).

The map hφ:E ->E defined by

hφ(z) = fΓ(σ,)(p(«))

is the required map. The uniqueness follows from the unique

THEOREM 2. (Hartman's theorem for hyperbolic sets)

Let f:M->M be a diffeomorphism, Λ c M be a hyperbo

Then there are a neighbourhood U of the zero section in

a map
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h: U-+Λ X M

which maps U homeomorphίcally onto a neighbourhood of the diagonal

in A x M with

1) pr2 oh = p

2) h(0x) = (x, x)

3) the diagram

u n τf-\u) -^> u
hϊ ^ hϊ/x/

A x M > A x M commutes.

Proof. Let ε > 0 satisfy ε < min {1 - λ, HΓ"1!!"1} where λ is the

skewness of Tf\Λ. Assume that W c TΛM is a neighbourhood of the

zero section of TΛM.

By taking W sufficiently small, a map F: W -> T̂ M can be given by

(/ X /) ° (P, exp) = (p, exp) o F .

Define ^ = F - T0F\ W, where

is the differential of F on the zero sections. By Lemma 6 there are a

neighbourhood of the zero section U c W, and a fiber preserving map

over /

φ:TΛM->TΛM

such that

(1) φ\U = φ\U

(2) Lip($<ε

(3) φ is bounded with the sup norms.

Define F = Γ0F + φ. Then

F-Fon £7

Lip (F - TQF) < ε

F — TQF is bounded on TΛM with the sup norms .

By Theorem 1, there is a fiber preserving map over id^

h:TΛM->TΛM
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with

h is a homeomorphism

pr o h = p .

Because the derivative of the exponential map at the zero-section is the

identity, T0F = Tf. Thus /ι = (2), exp)ofc| y is the required map.

§3. Semi-conjugacies of subshifts to hyperbolic sets

Let si — {A19 , An} be a finite set and T — {ttj) be a n x ft 0 — 1

matrix. ^ denotes the space of maps from integers Z into si with

compact-open topology {si and Z have the discrete topologies). The shift

transformation p: stfz -> <stfz is defined by

p{{Xi)iez) = («/)<€ z where a;/ = a;<+1

for (ajΛ€z€J^z .
Let 2 be the p invariant set of siz given by

Σ = Γ(αί)ί6Z e J ^ ^ I tn<n<+1 = 1 wherej

1 α< = A n i J

^ is called a subshift of finite type on the symbol si determined by the
intersection matrix T.

Bowen ([1]) proved that when A c M is a basic set of an Axiom A

diffeomorphism there are a subshift of finite type Σ and a semiconjugacy

Π:Σ-*Λ, i.e. Π is surjective and fΠ = Πp ([1]).

In this section we consider the case when A is a hyperbolic set. Our

result is the following.

THEOREM 3. Suppose f: M —> M is a diffeomorphism, A c M is a

compact hyperbolic set and W is a neighbourhood of A.

Then there are a finite set & — {Bi}i=u...tN, and a matrix T = (ί^)

satisfying the followings;

1) for any 1 <Ξ i ^ N, Bt is a closed m-disk and A c {J int Έ>ι
i

2) T = (tί,) isaNχNO-1 matrix
3) ίfeβ diagram
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is commutative, where Σ is the subshίft of finite type on the symbol

& determined by the intersection matrix T, and p is the shift transfor-

mation.

4) Π is a continuous map given by Π((ai)ίez) = Π f"i(aί).

5) A' — Π(Σ) is a closed hyperbolic set with A c Af a W.

Proof. Step 1. We may assume that W is a neighbourhood of A

so small that any invariant set contained in W is hyperbolic ([4]). Let

ε be a positive number such that an expansive constant of a hyperbolic

set in W is greater than e. Let U be a neighbourhood of the zero-section

of TΛM on which the map h:U-*AχM with (fχf)oh = h<> Tf is defined

by Theorem 2. h is given by

K = pr2oh: U -A> A χM-^\M .

Choose r1 > r > 0 such that

Tf(Bu(r)) C int Bu(r^

Tf-\Bs(r)) cz int B'(rJ

U D B'(rd Θ B»(rd

W =) h{Bs

x{r) x £;(r))

diam £(J?i(r) x Bϊ(r)) < e f or x e A .

Step 2. For any xe A, let 7^ c A be a neighbourhood of x in Λ

such that

1) for any yef~ιVx

fh(Bs

y(r) x Bu

y(r)) c int Λ(fi;(r) X ^ ( n ) ) , and / maps h{By{r)

X 3JS (̂r) into int h(Bs

x(r) x (JB»(χύ - Bu

x(r))) with degree ± 1. (Here

" / maps with degree ± 1" means that the homomorphism f^

between the homology groups is of degree ± 1. This does not

depend on isomorphisms: H^ihiByir) x 3Bj(r))) « H^imthiB^r)

X {B%(χύ — Bl(r))) « Z. Here w denotes also the fiber dimension

of the unstable bundle Eu.)

2) for any yefVx
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f-ιh(Bs

y(r) x B{f(r)) c int R(Bj(r,) x Bj(r)), and /- 1 maps
X B»(r)) into int KiB^r,) - Bs

x(r)) x B^(r)) with degree ± 1 .
The existence of neighbourhoods Vx satisfying 1), 2) follows from the

continuity of h and the fact that the homomorphisms

/ * X

X

and

X

X

are isomorphic.
Let {Ux}xeΛ be a refinement of {Vx}:ceΛ such that /(?/„) Π Ux Φ φ

(resp. f-\Uv) ΠUxΦφ) implies /(17,) c Vx (resp. / - ' ( ^ c Fx).
Choose Xu • ,XNeA such that {UXi}i=u...yN is a covering of A.
Step 3. An intersection matrix T = (t^) is given as follows. ί4ί = 1

if

1) fh(Bxt(r) x β« (r) c int h(BXJ(r) x B^/r,)) and / maps h(BXί(r)
X 9B^(r)) into int h(BXJ(r) x (B /r,) - Bϊ/r))) with degree ± 1 .

r,) X B (r)) and /- 1 maps S(3B;/r)
- B (r)) x β;4(r)) with degree ± 1 .

2) f-'h{B%fr) x B /r)) c
X Bϊ/r)) into int R

ti} — 0 otherwise.
Step 4. Suppose that i0,

— 1. Define maps

, im satisfy tintn+ι = 1 for n — 0, , m

ff«•>: x x

by

if

and a map

by

H:h(BxJr) x β^ i o(r) X β» i o

H = H(i""^of-ιoHa"
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Then we have

H(h(Bs

Xim(r) x B j r ) ) ) Π h(intBXio(r) x B^

= Π/-"(intBiJr) X BlΛ(r)) .

By the definition of tinin+1 = 1, the map

fl# : Hs_MdBs

xJr) x B« m(r))) - Hs_MdBs

Xio(r) x B*io

is isomorphic. This implies

H(h(BXim(r) x S£jr))) Π K(intBj<0(r) X B»o(r)) *= 0 .

Hence

Π f-n{h{B%t (r) x β- (r))) ^ φ .
71 = 0

For a finite sequence i_e iTO satisfying ί<nίn+1 = 1 ( — £ <n <m — 1)

Π f~nh{Blin{τ) x B jr)))

. / ^ x Bϊf,

because

This implies

Π /-"(/ίCBi, (r) X β (r))) ^ φ
nez n n

if tίnίn+1 = 1 (n e Z).

Put J = {{;n}n6zli»e{l, . . . ,N},^ W n + 1 = 1}, Λ' = U n / - w M ^ W

X Bϊin(r)). Then ^ is a hyperbolic set contained in W, and Π f~nh(Bs

Xin(r)

X B^.Jr)) c yf. An expansive constant of /|yf is greater than

diam K(B'xt(r) x S^(r)) for any 1 ̂  i ^ iV. Thus Π f-nh(Bs

XJn(r) x B^Jχ))

= one point if { i j e J. Π(Σ) = yl'. For any # e /I and %eZ, there

is UXin with /"(a?) e C7,,n c fe(Bjίn(^) x Bjja?)). Thus x e Π f-nh(BXin(r)

X B£n(r)). Therefore i c / .

Put β, = ΛCBj/r) X Bi(r)) f ^ = {BJί.i.....^.
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Then 06 and T = (ttj) define the required subshift. This completes the
proof.

COROLLARY. Let f: M —> M be an Anosov dίffeornorphίsm. Then

there are a subshift of finite type Σ and a semi-conjugacy Π: Σ -+ M.

In the case when / satisfies Ω(f) = M, the above was proved by
Sinai ([7]). But we don't know that the above semiconjugacy can be
chosen such that there is an integer N with the cardinal number of
π(x) ^ N for any x e M([2]).
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