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EXISTENCE OF REGULAR COVERINGS ASSOCIATED WITH

LEAVES OF CODIMENSION ONE FOLIATIONS

GIKO IKEGAMI

§ 1. Statement of results

In this paper we are concerned with transversely orientable codi-

mension one foliations. Let SP be a Cr-foliation as above in a smooth

manifold M, r :> 1, and let FQ be a closed leaf of &. A neighborhood

U of Fo is called a bίcollar of FQ in this paper if there is a normal line

bundle v\ U —> Fo with respect to a fixed Riemannian metric on M such

that each fibre of v is transverse to &. For a bicollar U of Fo, Z7+

= Fo U (a component of Z7 — Fo) is called a collar of F o . A leaf F e ϊF

is said to be asymptotic to F o in U+ if F Γϊ V Φ φ for any neighborhood

V of Fo in E7+. Let Fv be a leaf asymptotic to Fo of the restricted

foliation 2F | F, where V is a neighborhood of Fo in E7+. A plaque of

F is a leaf of ί71N diffeomorphic to an open (n — l)-ball, where N is a

sufficiently small open w-ball in the w-manifold M. A Cr-covering v: F

-» FQ is said to be associated with F F if there is an injection ί:Fv-+F

such that vi — v \ Fv and that i maps any plaque of Fv Cr-diffeomorphic-

ally into F. The one sided holonomy group Φ+(FQ) of Fo is the holonomy

group of F o defined by the restricted foliation ϊF \ U+.

The main purpose of this paper is to prove Theorem 2, which is an

existence theorem of associated regular coverings. Theorem 1 is used in

the proofs of Theorem 2 and Theorem 5. Theorem 3 and Theorem 4

are the properties of associated regular coverings. As an application

we show Theorem 5, which is an unstability theorem of foliations.

THEOREM 2. Let 3F be a transversely orientable Cr-foliation of co-

dimension one, r ^ 1, Fo be an orientable closed leaf of ^, and let U+

be a collar of Fo. Suppose that the one sided holonomy group Φ+(F0)

is abelian. Then there is a neighborhood Vo of Fo in U+ such that any
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neighborhood V of F o in Vo satisfies the followings.

For each asymptotic leaf F to Fo in U+ let Fv be an asymptotic

leaf of !F \ V to F o contained in F. Then, an unique (in the sense of

the equivalence of coverings) Cr-regular covering v\ F -» F o is associated

with Fv and v^iπ^Fγ)) — v*(πλ(F)) in π^Fo). Furthermore, the equivalence

class of v does not depend on V, and so an unique normal subgroup

G(F) = v^π.iFv)) of ΓiOFo) is associated with F.

v and G(F) are considered as invariants on the behavior of F in a

neighborhood of Fo in U+. There is an example of J s Fo, and an as-

ymptotic leaf F to F o such that, for any one sided neighborhood V of

F o , no regular covering is associated with Fv.

THEOREM 1. Suppose that $F, Fo, and U+ satisfy the same conditions

as Theorem 2. Then, there are connected orίentable codίmension one

submanifolds N19 , N4 of F o satisfying the followings.

( i ) F o — JVj U U Ne is connected.

(ii) Let F* fee the manifold obtained by cutting open F o along

N19 , JVj, and let g: F*-± Fo be the map pasting F * on F o naturally.

(There are definitions of F * and g in % 3.) T/ms 9F* = \J£

i=1 N't U N^,

g-\Nd = Nil) N'/, and g(N0 = Nt = ^(N O. Γ^^n, ίfcere are injective

dίffeomorphisms ft: [0,ε] —> [0,e], i — 1, , i with the following pro-

perties.

(a) /ί(0) = 0 and fjβ) = /^/ί(ί) for any i, j = 1, , t and t such that

f if jit) and fjfiit) are defined, (b) Denote by Xf the quotient manifold

obtained from F*χ[0,ε] by identifying (x, t) e iV x [0, e] and (x,fι(t))

e N" X [0, ε] for all ί — 1, , t, and t e [0, ε]. By the commutativity of

fi and fj, Xf is well defined. The product foliation of F * x [0, ε] induces

a foliation $F's on Xf. Then, there is a neighborhood V of F o in U+

such that there is a leaf preserving Cr-diffeomorphism from V onto Xf.

(c) The germs of f19 -9f4 at 0 generate Φ+(F0). Moreover, if d imF 0

> 2, they are chosen so that the germs of fl9 ,ft are a basis of Φ+(F0).

The following results are consequence of Theorem 1 and Theorem

2.

THEOREM 3. Let 2F be a transversely orientable exfoliation of co-

dimension one, and let F o be an orientable closed leaf of J*\ Suppose

that TΓ^FQ) = Zm
 X G for a finite group G and that {logh'ai, ,logh'aJ
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is rationally independent for a basis a19 , am of Z m , where h'ai is the

derivative of the holonomy of at.

Then there are collars U+ and U_ in the both sides of Fo such that

any leaf meeting Uσ is asymptotic to Fo in Uσ and that, for any neigh-

borhood V of FQ in Uσ and for any F e !F meeting Uσ, an unique regular

covering F with πx(F) ^ G is associated with Fv. Here σ denotes + or

THEOREM 4. Let ^ be a transversely orientable codimension one

foliation of class Cr, for r ^>2, and let Fo be an orientable closed leaf

of SF. Suppose that the holonomy group Φ(F0) of Fo is abelian and that

there is feΦ(F0) such that the derivative f of f at 0 satisfies f Φ 1.

Then, there is a bicollar U = U+ U U_ of Fo satisfying the follow-

ings. Let σ denote + or —. (i) Any leaf meeting Uσ is asymptotic to

Fo in Uσ. (ii) For any neighborhood V of F o in Uσ and for any leaf F

meeting Uσ, an unique regular covering ΐ> of Fo is associated with Fv

and the normal subgroup G(F) of K^FQ) is well defined. Moreover, (iii)

v and G(F) do not depend on U+,U_, and F.

This theorem shows that, under the above assumptions, all leaves

near Fo in a collar are in the same situation and !F\ U+fS^\ U_ have the

same structure.

Let F be a closed submanifold of M, and let J^, &' be foliations on

a neighborhood of F in M having F as a leaf. We say that ^ and ϊFr

are locally equivalent at F, if there are neighborhoods U and U; of F

such that there is a homomorphism from U onto U' mapping any leaf

of &\ U onto a leaf of &'\ U'.

Let ^F be the set of germs at F of codimension k exfoliations J^

defined on neighborhoods U^ of F in M such that 2F has F as a leaf,

and let SF^ have a suitable topology defined by the germ of the section

into the Grassmannian which defines the foliation. H. Levine and M.

Shub show an unstability theorem [2] as follows: If πx(F) has the form

Zm x G for m > 1 and an arbitrary group G, there are no stable ele-

ments in ^p with respect to local equivalence at F.

Here, we show an unstability theorem for foliations defined on a

fixed neighborhood U of F in M. Let Folp (U) be the space of Cr-

foliations !F of codimension one defined on a neighborhood U of F in M"

such that !F has F as a leaf. Let ¥o\r

F{U) have the Cr-topology defined
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in [1] using the charts {φ: In~ι x / -^Mn}.

THEOREM 5. Let F be an orίentable closed submanifold of M of

codimension one such that π^F) — Zm X G for m > 1 and a finite group

G. Let ^ be a transversely orίentable codimension one foliation of class

Cr on a neighborhood of F in M ivith F as a leaf. Then,

( i ) if r — 2, there is a neighborhood U of F such that for any neigh-

borhood N of ^\U in FoVp (JJ) there is ϊFf in N which is not locally

equivalent at F to IF. Moreover,

(ii) if r > 2, assume that there is a in πx(F) such that \h'a\ Φ 1, ivhere

hf

a is the derivative of the holonomy of a. Then, the same result as (i)

holds for YoYf1 (£/).

In the preparation for this research the papers, [4] of Nishimori

and [3] of Nakatsuka, were very helpful to the author.

§ 2 . Preparation for Theorem 1

This section will be in the version of class C°°. Let M be an ori-

ented n-manifold, n ^ 3, and let N be an oriented closed smooth sub-

manifold of M with codimension one. Let F:Bn~1χI-^M be an

orientation preserving embedding such that FiB71'1 χl) Ω N = F(Bn~ι x dl),

where Bn~ι denotes an (n — l)-ball in Rnl with origin 0, / = [0,1], and

3 denotes the boundary. We obtain an (n — l)-submanifold

N^ = {N - int F(Bn~ι x dl)} U F(dBn~ι x /) .

By smoothing the corners, N^. can be regarded as a smooth manifold.

Define a simple arc / : / -» M by f(t) = F(0, t), tel. We shall say that

N^ is obtained from N by attaching a 1-handle along a simple arc / .

If the intersection number of N and / is zero, N^ is orientable. In

this case we assume that 2V* has the orientation compatible with that

of N. Then, [N*\ = [N] in Hn^{M Z), where [ ] denotes the homology

class.

LEMMA 1. Let M be an oriented manifold of dimension n ^> 3, and

, let N; be a connected oriented closed (n — 1) submanifold of M. Then,

for a simple closed path c in M which intersects N' at finite points,

there is a connected oriented closed (n — 1) submanifold N of M satis-

fying the following conditions,

( i ) [N] = [N'] in H^M Z).
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(ii) N intersects c at only \[c]-[N]\ points.

(iii) For a small neighborhood U of c in M,N is included in N' U U.

Proof. We may assume [c] [2V'] ̂ > 0 and that N' intersects with c

transversely at more than [c] [N'] points, xx — c(t^y -,xr — c(tr), 0 < t1

< < tr < 1. We construct by induction on r the desired manifold N.

There is i such that 1 ^ i ^ r — 1 and that the intersection number of

N' and c\[ti9ti+1] is zero. By attaching a 1-handle to N' along the sim-

ple subarc c\[tifti+1], we obtain N'% which intersects at (r — 2) points

and with [2V7*] = [N']. Then N* has the inductive property.

LEMMA 2. Let N c M be a pair of oriented connected manifolds of

codimension one. If there is γ in H^M Z) such that the intersection

number γ [N] is 1, then M — N is connected.

Proof. First, we show that there is a closed path u: I —> M, u(0)

= u(l), such that u intersects with N at a single point. Let c be any

closed path with [c] = γ. We may assume that c meets N transversely,

and hence c meets N at finitely many points, xλ = cC^), , xr = c(tr),

0 < ίj < < ίy < 1. We shall construct by induction on r a closed

path u as above. We may assume r ^ 3. There is i with 1 ̂  i ^ r — 1

such that the intersection number of N and c\[tifti+1] is zero. Since N

is connected there is a path cZ from xt to a;u i in N. Let ε be a suf-

ficiently small positive real number. Then, we can take a path d! from

c(tt — ε) to c(ti+1 + ε) along d so that d' does not intersect with N.

c([0, ίi — ε]) U (image d') U c([ί i+1 + ε, 1]) is an image of a path &: / -> M

which meets N at (r — 2) points. Moreover, we have [c7] [2V] = p [2V]

= 1, where [c'] denotes the homology class of &'. Then d has the in-

ductive property, and therefore u is constructed.

For any two points p0 and pι in M — N there is a path c from p0

to px. We may assume as above that c intersects N transversely, and

hence c meets N at finite points, yλ — c(s^), , yr — c(sr), 0 < s1 - < sr

< 1. We shall construct by induction on r a path v from 2̂0 to px such

that v does not intersect N. Let u be a closed path such that u inter-

sects N at a single point yQ = ^(ί0) for ί0 e (0,1). There is a path cZ

from yx to 2/0 i n N Let ε > 0 be sufficiently small. Then, there is a

path cL in M — TV from c(sx — ε) to ιι(t0 — δ) along d, where δ is a pos-

itive or negative real number with a sufficiently small absolute value.

Similarly, there is d+ from c(sί + ε) to u(tQ + δ). c([0, sx — ε]) U (imaged.)
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U u(I — (ί0 — δ, ί0 + δ)) U (image cZ+) U c([Si + ε, 1]) is an image of a path

& from Po to px which intersects 2V at (r — 1) points. Then cf has the

inductive property. This proves Lemma 2.

Let H: ΐZΊCM Z) -> Z(1) + + Z ( m ) be an epimorphism onto a free

abelian group of rank m, Z ( i ) = Z (i = 1, , m). Let 2^: Z(1) H + Z ( m )

-> Z ( i ) be the projection onto the i-th factor. By Kϋnneth's theorem the

map K : H\M Z) -* Horn {Hλ{M Z),Z) induced from slant operation is

an isomorphism since H0(M;Z) is free abelian. Assume dM = φ. Let

δ: H\M; Z)-+Hn.^M; Z) be the Poincare duality isomorphism, and let

θi = δtc~\ViH). For γ e HX(M Z),

= r n

where Π denotes cup product. Thus we have

( 1 ) r βt = vMγ) for γ e HX(M Z) .

Now, we set the following result of Nakatsuka.

LEMMA 3 ([3]). Let M be a compact connected orίentable manifold

of dimension n ^> 3 and θeHn_λ{M\ Z). Then, there is a connected ori-

entable (n — l)-submanifold N in M such that θ = [N] if and only if

there is a homology class γ e HX(M Z) such that the intersection number

ΓΘ = I.

PROPOSITION 1. Let M be a connected orίentable closed manifold of

dimension n ;> 3, and let H: HX(M Z) —> Z(1) + + Z ( w ) be an epimor-

phism. Then, there are connected closed codimension one submanifolds

N19 , 2VW of M satisfying the followings.

( i ) Nly , Nm are in general position in M.

(ii) γ [Ni\ = ptH(γ) for any γeHX(M Z), i = 1, ,m.

(iii) 2V< — Nι U U ̂ _ ! is connected for i = 2, , m.

(iv) M — Λfj U U N m is connected,

(v) Hj^Hλ(M - # ! U U #< Z)) = Z(<+1) + - + Z ( m ) /or < = 1,

• ,m — 1, and = 0 /or ί = m. Here, j is the inclusion M — Nx U •

Proof. Since p*iϊ: ίίi(M Z) —> Z(<) is an epimorphism, there is ^

eHλ(M; Z) such that i ϊ(^) is the generator of Z(<), i = 1, ,m. Then,
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by Lemma 3, γi-θi = PiH(γi) = 1 implies that there are connected ori-

entable closed (n — l)-submanifolds Nί, - ,N'm in M such that [Nfl = 0€,
i = 1, ,m. N'19 - - ,N'm may be assumed to be in general position.

We vary N[ to Ni9 i = 1, , m, by induction on i so that N19 , Nt

satisfy the following condition C(i). Denote Mt = M — Nx U U ^ ,
C(i) ( i ) N19 -,Ni are in general position in M.

(ii) [Nk]=θk, fc = l , . ,i.

(iii) 2Vfc - 2VΊ U U Nk_t is connected for fc = 2, , i if ί ^ 2.

(iv) M^ is connected.

( v ) Hoj^Hλ(Mk)Z) = Z ( t + 1 ) + + Z ( m ) for fc = 1, • ,ί.

First, we construct Nλ as follows. Since n ^ 3, there are simple

closed paths c29 , cm such that [c2] = γ2, , [cm] = ^m and that they

are mutually disjoint. By Lemma 1, there is a manifold Nλ such that

[NJ = [Nί] and that Nι does not intersects c2, , cTO. By Lemma 2, the

existence of γx implies that M — Nλ is connected. Since c2, , cm are

contained in Mx and 0 = ftA^] — V\H(γ) for γeH^M^, Z), it is not dif-

ficult to see that Hj^H^M^ Z)) = Z(2) + + Z ( m ). Then, ^ satisfies

the condition C(l).

Next, suppose that N19 ,Nt are constructed so that the condition

C(i) is satisfied. Now, we construct Nί+ι so that N19 9Ni9Ni+1 satisfy

C(i + 1). By (v) of C(i) there is a simple closed path c ί + 1 in Mt realiz-

ing ^ + 1 ei3Ί(M; Z), and hence the intersection number ci+1-(N/

i+ι — Nj,

U U NJ = cί+1-N'i+ι = [ci+1] [N'i+i] = ri+i'θi+i i s !• W e c a n t a k e c^+i

so that it intersects iV£+1 transversely. Then, by the method of the

proof of Lemma 3 in [3], there is a closed manifold N"+1 such that (i)

C i Π I i , so Nf+1, is connected and (ii) [N'/+ι] = [N'M] in Hn_γ(M\Z)

and [Nί+1 Π MJ = [2SΓί+1 Π MJ in H ^ M * ; Z). Here, N^+1 is obtained by

attaching slender 1-handles to N'i+1 along simple arcs in Mt. Next, we

vary N//+1 to construct N^+1 so that N19 ,Λ7'i and ΛΓί+1 satisfy the con-

dition C(i + 1). By (v) of C(i), there are simple closed paths ci+2, , cm

in M* realizing ^ i+2, , γm9 respectively. We may assume that they

intersect N"+1 transversely and that they are mutually disjoint. Similarly

as the construction of N19 we obtain Ni+ι from N"+1 by attaching slender

1-handles along simple arcs contained in ci+2, « ,c m so that Nί+1 does

not intersects cί+2, « ,c m , that [Ni+1] = [2VJ+J, and that Hoj^(Hλ{M — Nι

U U N i U ΛΓί+1; Z)) = Z ( ί + 2 ) + + Z(TO). Since c ί + 1 is a path in Mt

and c ί + 1 (iVί+1 Π Mt) = c i + 1 iVί+1 = 1, Lemma 2 implies that Mi+1 — Mt
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— Ni+1 is connected. From the above, we can see that N19 — ,Ni+1

satisfy the condition C(i + 1). This proves Proposition 1.

§ 3 . Proof of Theorem 1

Let IF be a codimension one foliation of class Cr of an orientable

0& + l)-manifold M, and suppose that an orientable ^-manifold F o is a

closed leaf of IF. Let v: t/ —> F o is an 2?-bundle of a bicollar C7 of Fo,

and let v+: U+ —> F o is an 2?+-bundle of a collar C7+ of Fo, I? = (— oo, oo)

and R+ = [0, oo). F o is identified with the zero section of v or v+, and

the fibres of v and v+ are identified with I? and R+ respectively.

A curve u: [0,1] —> U is called a leaf curve from tt(O) to u(ΐ) if the

image of u is contained in a leaf. Let y e v~lu(0) and let uy: [0,1] —> Z7

be a leaf curve such that uv(0) = ί/ and i^y(ί) = u(t) for any ί e [0,1].

We call uy the y-lift of w. There exists at most one yΊiΐt of u. If

there is the y-Mit of w for any y in [#„ τ/2] c R = ^"^(0) the holonomy

map hu from [3/1,2/23 into 2? = lΓ^ίb) is defined by hu(y) = uy(b).

Let x*eF0 and ΐ ί b e a closed leaf curve with base point #*. The

germ of /ιtt at 0 is called the holonomy of u. The holonomy of u is

determined by the homotopy class [u] of u in TΓ^FQ, a;̂ ) and is independent

of the choice of v up to conjugations by origin preserving difFeomorphism

of R. Let Gr be the group of the germs at 0 of all orientation-preserv-

ing local Cr-diffeomorphisms of R which leave the origin fixed. A

homomorphism h: TΓ^FQ, X*) —> Gr is defined by corresponding the holonomy

of u to M e ^ F o , #*). The image of the homomorphism h is called the

holonomy group of F o and denoted by Φ(F0). The one-sided holonomy

group Φ+(F0) of F o is defined similarly by replacing v and Λ by i>+ and

jff+.

A proof of the following Lemma 4 is found in the proof of Lemma

2 in [4].

LEMMA 4. // Φ+(FQ) is the trivial group there is a neighborhood

Uo of F o in U+ such that the restricted foliation ^\U0 is trivial; i.e.

for each leaf F of ^r\U0, v\F—> F o is a dίffeomorphίsm.

In this paper, we assume that Φ+(F0) is abelian, then Φ+(F0) is free

abelian since Gr has no torsion element. Let c: Φ+(F0)—>Zα) + + Z ( m )

be an isomorphism and let η: TΓ^FQ, X%) —> H^FQ : Z) be the Hurewicz

homomorphism. Then, there is an epimorphism H: flΊ(F0; Z)-*Z{λ) +
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-1- Z ( m ) such that Hη = eh. Let pt be the projection from Z(1) + + Z ( m )

Onto the ΐ-th factor. Thus we have the following diagram.

Let iVΊ, , iVTO be codimension one smooth submanifolds in F o such

that they are in the general position and that Fo — Nλ U U Nm is

connected. Denote by Fλ the compact manifold with boundary obtained

by attaching two copies N[ and N" of Nλ to F o — N19 so that dFx = Nί

U 2V". Then, a local diffeomorphism gλ: F1->Fo is defined by ^(a) = x

for # g ^Fi and g^y') = 0id/") = # for # e N^ where y' e Ni and y" e N"

are the copies of y e N^ gϊ^Nj) c Fλ is denoted also by Nif i — 2, , m.

Inductively we define F 2 , , Fm and gt: F^ —> F^i, i = 2, , m, similarly

as above. The boundaries of F 2 , , FOT have possibly corners. Let

.g:Fm-+ F o be the composition gd gx. F m is said to be the manifold

which is obtained by cutting open F o along Nί9 ,iVm. βf is said to be

the map pasting Fm on F o.

Proof of Theorem 1. If n = 1, this theorem is well known in the

theory of dynamical system. If n > 2, let 2VΊ, ,-2Vm be the manifolds

obtained by Proposition 1 for the epimorphism H: i?i(F0 Z) —• Z(1) H

•+ Z ( m ) = Φ+(FQ) defined above. If n = 2, let p be the genus of F o . Then

we can take simple closed curves Nu , N2p in F o such that ^ Π Λ^ is

at most one point for any different i, j and that F o — Nx U U iV2p is

an open 2-ball. We define N19 , N£ in the theorem as above.

Since F o - N, U U N, is a 2-ball for rc = 2, Φ+(F0 - ^ U UN,)

= 0 in ^\vi\F0 — iVi U U Nt). When n > 2, let c be a simple closed

path in F o — Nj U U Nm. Let γ be the homotopy class of c in ^(Fo, x#),

x* e F o — Nx U U iVTO, and [NJ be the homology class of Nt in ίf^Fo Z).

Then, by Proposition 1,

Piih{γ) =

since c Π Nt = φ, for i = 1, , m. This implies Φ+(F0 — Λ/Ί U U Ne)

= 0, if n > 2. By using Lemma 4, wee see that there is a injective
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Cr-diffeomorphism ξ: (Fo - N, U U N£) x [0, 3] -> C7+ such that (i) £

maps each (Fo - N, U U N£) x {£} into a leaf of &\ U+ and that (ii>

v+ξ(x, t) = x for x e F o - Nλ U U Ne and ί e [0, 5]. Put f((F0 - Nt

U U ^ ) X [ O , 5]) = F*(Z v-\FQ - Nx U U #<). By identifying ξ(x, t)

with (α, t), (x, f)e(F0 — NX\J U Λ )̂ x [0,5] is a coordinates of F * .

Putting Yr = clF*, V' is a closed neighborhood of Fo in J7+. We are

dealing with the holonomy maps and the holonomies for closed paths in

FQ with the fixed base point x^emtF^. From now on in this section

a holonomy maps are considered as local diffeomorphisms of [0, 5] by

identifying [0,5] with x* x [0,5], where x* x [0,5] is the expression of

the above coordinates.

The number of the connected components of Nt — NλD U iV*_L

U Ni+1 U U N£ is only one if n = 2. For n > 3, let IV^ be one of

these components. For any x in A/̂  there is a closed path vx in F o

with base point x* such that vx intersects Nx U U Ne at only one

point #, since Fo — Nt U U N£ is connected. There is ε̂  with 0 < εx

^ 5 such that there is a leaf curve of J^ | Yr which is the lift of vx

starting from (x*,εx) ev^ix^). So, the holonomy map fx of vx is defined

on [0, ε j . Let vx be a lift of vx and let vx(0) = s', vx(l) = s" in {x*}

X [0, sx] C v Xa;̂ ). Let vx(t0) e v~\x). For any t', t" with 0 ̂  V < t0 < t"

<̂  1, we have vx(tf) = (̂ a.(ί;)> s 0 and v^ίί'7) — (vx(t"), s") in the coordinates

F* = (Fo - iVx U \J Nt) x [0,5], since J H ^ * is trivial. Hence, we

have /^(sO — s/7. Let Ntj have the orientation which is compatible with

the inclusion 2V̂  c ΛΓ̂  and the given orientation of Nt. For another

point y in Nυ let ^^ be a closed curve as above such that [vy] [ΛΓ l̂

— [^J [Λ^L From the triviality of ^{F* it is easy to see that the

source of the holonomy map fv of vy is same as fx and that fy = fx on

it, i.e. fy(s)—fx(s) for any s e [0, ε j . Therefore, there are είj with

0 < Bij < 5 and an injective diffeomorphism ftj: [0, εi31 —> [0,5] satisfying

the following property; for any x in Ni3 and any closed path vx in F o

with base point x* such that vx intersects Nx U U N£ at only one

point £ and that [vx] [iVJ = 1, the holonomy map of vx is defined on

[0, Sij] and is equal to ftj. For two components Ntj and Nik of Ni — Nι

U U Λ^_! U iVί+1 U U N£ the holonomy maps ftj and / ΐ fc are coin-

cide on a small neighborhood of 0, since [vx] [NJ = [i;y] [NJ = 1 so the

holonomies of vx and i;̂  are coincide. Hence, there are εt with 0 < et

< 5 and an injective diffeomorphism / t : [0, εj -+ [0,5] satisfying the same
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property as above. Therefore, there are 0 < ε < δ and injective diffeo-

morphisms /i, ••-,/* f ° r A ,̂ •• ,Λ^ satisfying the following property;

for any x in Nt and any closed path vx in Fo with base point #* such

that vx intersects Nι U U N4 at only one point x and that [vj [iVJ

= 1, the holonomy map of ^ is defined on [0, ε] and is equal to /*.

Since 0(FO) is abelian, we may assume that f19 -9ft are mutually com-

mutative by choosing ε sufficiently small.

Since ft and fϊ1 are monotonously increasing, /^(ε) > ε implies ε >/i~
1(ε).

So, replacing ft by fϊ1 (i.e. replacing the orientation of Λ )̂ if necessary,

we can suppose that ε J> /*(ε) for all i. Notice that Nt = U cl ^ y a n d

g'KNij) = N'ij \J N"j. Here, g:F^->F0 is the diίfeomorphism pasting

JF1^ on Fo, ί1^ is the manifold obtained by cutting open FQ along

N19 ' ,N£9 and N^^N^ are diffeomorphic manifolds such that giN^)

= Ntj = g(N't'j). Then, £ΓW*) = N't U Λ '̂, where iV̂  and N'/ are diffeo-

morphic manifolds such that Ϊ V ί = U c l ^ , N'/= \J d N'/j and g(N'ί) = Ni

= g(N"). Since N19" ,N4 are in general position and /2, •••,/, are

mutually commutative, it is not difficult to show that a quotient manifold

Xf is well defined from F * x [0, ε] by identifying (x, s) e N't x [0, ε] and

(%,fί(s)) eN" x [0, ε]. Let J ^ be the foliation on Xf induced from the

trivial foliation of F* x [0, ε]. Since i n t F ^ is diffeomorphic to Fo — Nt

U U N£, we can see from the above facts that there is a Cr-diffeo-

morphism from a neighborhood V of Fo in U+ onto Xf mapping each

leaf of &\V onto a leaf of &s.

By the constructions of f19 ••-,/,, these maps satisfies the property

(ii)-(c) in the theorem. This completes the proof of Theorem 1.

§4. Proof of Theorem 2

LEMMA 5. Let f19 •••,/* be injective homeomorphisms from [0,ε]

into [0, ε] such that fi(0) = 0 /or i = 1, , £. Suppose

Put

( i ) h1(t)=fi:-••/:&), σβ = ± i ,

<2) Wt)=/;?•••/;;(*), τ6 = ± 1 .

Then hλ{t) — 1ι2(t) for any t such that hγ{t) and h2it) are defined if
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( 3 ) Σ i a - i ° u = Σ h - t τ j b , i = 1 , •••>£ , α = l , • • - , « , 6 = 1 , — , iS -

Here, ff1 is considered to be defined on [0,/*(ε)].

Proof. By the assumption we have

/;/;(£) =/J//(ί) , σ,τ = ± 1 , i',; = 1, ,^

for any t such that both sides of the expression are defined. We define
a linear order < in the set {f19 •• ,//,/f1, •• >/ί'1} as follows; for fi9

fj and fϊ1, fj1, we define / t < /,, and fr1 < /71 respectively if ί < j , and
we define ft < /7 1 for any ft and /71. It is not difficult to see that <
is a linear order.

Next, we show that if fVfγif) is defined and fp < /;>, fp'f'Kt) is.
also defined and flιfγ(f) ~ fp'/Pit). This property is trivial for fi and
/j. For f^1 and /71 it is shown as follows. Suppose fΐ1<f]1. If
fϊVj'it) is defined, //^ί) ^/,(*), so ί ^fjACe). Since /, Λ(ε) = /,//ε),
t^fifjiε). Hence, fΛt)^fj(e), and so fjVΛt) is defined. Then
fϊ1fj\t)=fj1fr1(t). Finally, for /, and /71 it is shown as follows.
Suppose /< <fj\ If / i/ ^ί) is defined, t^fj(ε), so *<(«) ^fjjiε). Since:
fifj(e)=fjfi(β)^fj(e), fi(t)^fj(e). Then, /j1/,© is defined, and so

If fj(t) or /jHί) is defined, fjif^ftXt) or (J^fdffif) is defined and
/.(£) =///r 1Λ)(ί) or / ^t) = (fϊViVjKt), respectively. Next, we inter-
plate fϊ^-fi in the right hand of the expressions of (1) and (2) if neces-
sary so that the same number of ft and fϊ1 are contained in these ex-
pressions for each i = 1, , £. Finally, we change the order in the
rows of the terms in these expressions to the order induced from <.
Then, the obtained expressions are identical. This proves hλ{t) = h2(t).

LEMMA 6. Let ^ be a transversely orientable Cr-folίation of co-
dimension one, r >̂ 1, and let Fo be a compact leaf of IF. Let v be a
normal R+-bundle map from a collar U+ onto Fo such that v is transverse
to J% and let F e ^ be asymptotic to Fo in C7+. Then, the folloiving
properties are satisfied.

(i) For a neighborhood V of FQ in U+9 let Fv be an asymptotic
leaf of ^\V to Fo such that Fv Π F ^ φ. Then, an unique regular covering
v: F -* Fo is associated with Fv and v^π^Fγ)) = v^iπ^F)) in πλ{F^) if and
only if the following condition (*) is satisfied.
(*) For a point x^ in Fo and any closed path u in Fo τvίth the base
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points x* let y and z be any two points in v~\x*) Π Fv such that hu(y)

and hu(z) are defined, where hu is the holonomy map of u. Then, hu(y}

— y if and only if hu(z) = z.

(ii) Suppose F and V satisfies (*). Then, for any neighborhood Vr

of Fo in V, the same regular covering as ΐ> is associated with Fv/.

Proof. Let v: F-+Fo be a regular covering and let u be a closed curve

in F o with base point #*. For y and z in ΐ>~ι(x*) let uv and uz be the

lifts of u starting from y and z respectively. Then, uy is a closed curve

if and only if uz is so. Therefore, if there is an associated regular

covering with Fv, condition (*) is satisfied.

Next, we prove the converse. Define a subgroup G(FV) of ^(F o , x*)

by

G{FV) = [a e πx{F^ x*) | there is a closed curve ΰ in Fv

such that [w] = #} >

where [ ] denotes the homotopy class. We must show that G(FV) is a

subgroup of ΓJCFO, #*). For α and 0 in G(FF) there are closed curves ΰ

and £ in Fv such that [yft] = a and |>£] = β'1. Let T/, 2 e v~Kx#) be the

base point of U9Ό. Assume x* < y < z in the line v~\x#). Put ^ = u

and y£ = v. By the existence of v, hv(y) is defined. Condition (*) im-

plies hΌ(y) — y. So, there is the lift v of v starting from y. M s a

closed curve in Fv. Then, ΰv is a closed curve in Fv such that [v(ΰv)]

= aβ'\ Therefore, aβ~ι e G(FV).

To the conjugacy class of a subgroup of π^F^ x#) an unique cover-

ing of F o exists. Let ΐ>:F->F0 be the covering corresponding to the

conjugacy class including G(FV). Then, for y e v~\x^)9 v^faiF, y)) is a

subgroup of ^(Fo, x*) which is conjugate to G(FV).

Next, we define the map i: Fv —»F. Fix two points y* e Fv and

y* e F so that v(y*) = v{y*) = %* and that ^foCF, y^)) = G(FV). For any

point 7/ in Fv there is a curve u: [0,1] —> F F such that ^(0) = 2/̂  and

^(1) — y. Let u be the lift of vu starting from y^ for the covering v.

We define i(y) e F by i(i/) = u(l). i(i/) is well defined, i.e. for another

curve v in Fv from y# to i/, t)(l) = u(l). In fact, since [v(uv1)] e G(Fr)

and G(FF) = v^{πx{F, y^))y the lift of v(uv~ι) starting from y* e F is a closed

curve. Hence, ^ " ^ is a closed curve with the base point ϋ(l). This

implies v(l) = ^(1). By the definition of i, v o% = v is obvious.

If v(τ/) Φ v(y'), clearly i(y) Φ i(yf). Next, we show that i(y) Φ i(y')
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when v(y) = v(yf) and y Φ y'. Let v! and i/ be the curves in Fv from

y* to 1/ and yf respectively. Put w! = u and vvr — i;. We can assume

that y < y' in ir1^/). Since hv-1(y/) = 2/*, hυ-1(y) is defined and hv-1(y)

< y* in i^Gr*). Since huυ-x(y*) = hv-1(y) < y#, [uv~ι] <z G(FV). So that,

the lift of uv~ι starting from y* in F is never a closed curve. Hence,

i(y) = u(l) Φ v(l) = i(y'). Therefore, i is an injection.

It is obvious that i maps any plaque of Fv Cr-diffeomorphically into

F.

To show v is a regular covering we are sufficient to show that G(FV)

is a normal subgroup of πι(F0, x*). Let u and v be closed curves in Fo

with the base point x#. Assume [u] eG(Fv). Since Fv is asymptotic to

Fo there is y in v~\x^) Π F y such that K^-Xy) is defined. Since M

e G(FF), fe^fe^i/) = hΌ(y). So that, hΌUV-,{y) = hυ-xhuhv(y) = 2/. Hence,

[v^v"1] e G(FV). This implies that G(FV) is a normal subgroup. There-

fore, (i) is proved.

To prove (ii) it is sufficient, if G(FV) — G(FV,) is shown. But, this

is obvious since Fv is asymptotic to Fo.

Proof of Theorem 2. By Theorem 1 we obtain N19 , Ne c F o, 7,

and the functions f19 - ,fe. Let x* eFQ — Nx U ••• U iV/β For an as-

ymptotic leaf F of & \ V to Fo, let F F be an asymptotic leaf of & \ V to

F o such that Fv c F.

First, we show that, if u9 v are closed paths in F o with base point

x^ in a same homology class of H^FQ Z), /ιw(i/) = fe,,(i/) for any /̂ e v~\x*)

Π y such that hu(y), hv(y) are defined. Let u, v be the leaf curves of

JFI y which are lifts of u> v starting from y. We may assume that u, ϋ

intersect v~\Nι U U N£) transversely. So, since F o — N1 U U Nt

is connected, u and v are homotopic to ^ -ua and t)χ -vβ by homotopies

such that the homotopies preserve the end points of the paths and that

•each homotopy level is a leaf curve of 8P\Yy where ux ua and v1- vβ

are the paths which are the compositions of the paths ua,ϋh with end

points in v~\x*) such that putting vua — ua and vϋh = vb, ua and vb are

closed paths in F o each of which intersect N1 U U N£ at one point.

Here, the composition of paths is defined by

(u(2t) ΐor 0 ^ ί ^ £

\ι;(2ί - 1) for J ^ t ^ 1 .

Define Nίa and N i 6 by wα ΓΊ ( ^ U U N<) - ua Γi Nia and vb Π (2VΊ
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U U N£) = vb ΓΊ iVjV Let the intersection numbers be [ua] [Nia] = σa

and b J O^ J = τb, where σa,τb = ± 1 . Here, N19 -,Ne are imposed the

orientations such that if a closed path u intersects N1\J U N£ at only

one point in Nt with the intersection number [u] [iVJ = σ, as in the proof

of Theorem 1, then the holonomy map hu of u is coincide with //.

Thus, we have

K(ι/) = hUί...ha(y) = hUa" -hUl(y)

= /<7 /i?(ί/).

Similarly,

Since w and v are in the same homology class, Lemma 5 implies hu(y)

= K(y).
If we can show that V and Fv satisfy the condition (*) in Lemma

6, the proof of Theorem 2 is completed by Lemma 6. (*) is shown as

follows. Let y, z be two points in v~\x*) Π Fv such that hu(y) and hu(z)

are defined, where u is a closed path in Fo with end points x%. We can

assume y >̂ hu(y); if y < hu(y)9 consider the curve u~ι with the inverse

direction of u. Here, < is considered in the coordinates v~ι(x*) Π V

= %* X [0, ε]. Let y > z. Since /^ is a homomorphism, feω(2/) > fc%(^).

There is a path w in Fv from y to «. Put w = vw. Since hu(y) ^ 2/

and hwhu(y) is defined. Λα(i/) ^ 3/ implies z = few(2/) ̂  hwhu(y). Notice

that 7/ = hu(y) if and only if z = hwhu(y). We have hw~ίuw(z) = hjiuhw-x{z)

= hwhu(y). Since w~ιuw and w are in the same homology class, hw-luv(z)

= hu(z) by the fact that we proved above. Thus, fett(2) — hwhu(y). Since

2 = feTO(|/), we have 1/ — fett(i/) if and only if z = Λtt(«). This proves

Theorem 2.

§ 5. Proof of Theorem 3

Let v+ : 17+ -• Fo be a collar. Since {log h!UΛ} , log h!aJ is rationally

independent, there is a closed curve u in F o such that h!u Φ 1. We can

assume that 0 < h'u < 1. Let x be the base point of u. There is an

interval [t, z) in v~+\x) and a positive number r < 1 such that for any y

in [x, z) hu(y) is defined and that K(y) < r. Hence, lim (hu)%y) — x for
i—*oo

any y in [x,z). Therefore, by taking a sufficiently small collar U+, any

leaf meeting U+ is asymptotic to Fo. We can U_ similarly.
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By the assumption of π^Fo), the one sided holonomy group ΦXF0)

is abelian for σ = + or —. Let V be any neighborhood of FQ in Uσ.

Then, for any leaf F meeting Uσ a regular covering Ϊ>:F->FQ is as-

sociated with Fv, by Theorem 2.

Since holonomy has no torsion element, G(F) = v^π^Fy) = v^π^F)

3 G. v* and 5* are injections. Suppose that there is a leaf F such

that, for the associated covering ΐ>:F->F0 with Fv, G(F) Φ G. Then,

there is a closed curve u in F with base point in v~\x) such that the

homotopy class a = [M] is not contained in G. By the definition of F,

there is a closed curve u in Fv starting from a point y in ^(as) such

that [vσu] — or. Then, for any yf in the interval [x, y] in v;1^)? the

holonomy map ha(yf) is defined. As above, there is a sequence of points

yQ = 2/, 2/i, V2> ' " in [#> 2/] Π F F such that lim yt = ίu. By condition (*) of

Lemma 6, ha(yύ — yt for each yt. Since TΓ^FQ, X) — Z(1) + + Z ( m ) + G,

and î T̂ΓiCFy) ID G, we can put

a = α ^ + α2α2 + + amam

for the integers a19 , am with (α^ , am) Φ (0, , 0). Let u19 , um

be the closed curves with base point x realizing the homotopy classes.

al9 ,αTO respectively. Then, the multiple t; = u?1- - ^ m realizes α:, so

that, M = [vσ^]. Let vt be a homotopy from u to v, ίe[0,1], Since

hVt{yf) is defined for arbitrary yf e [x, y] which is sufficiently close to xτ

we have hu(yf) = hv(y'). Hence, for such yr

Since lim yt = x and hSy^ — yu we have hfa = 1. Hence,

Therefore,

αx log ^ + + α m log feiΛ = 0

with (αly ,αTO) Φ (0, ,0). But, this contradicts to the assumption

of the theorem. This proves Theorem 3.

§ 6. Proof of Theorem 4

The proof of (i) and (ii) of Theorem 4 is contained in the proof of

Theorem 3.
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Next we prove (iii). Since / is a local diffeomorphism of class C2

with /(0) = 0 and /'(0) > 1, by a theorem of Sterenberg [5], there is a
C^-diffeomorphism g from a neighborhood of 0 of R into R such that
f'(O) t — gfg~\t) for any t in the image of g. Hence, by a (^-alterna-
tion of the coordinate of v~\x) Π £7, we may assume that f(t) = d£,
where d = /y(0) < 1. Hereafter we use the new coordinate of v~\x) Π £7
translated by #. Let f19 , ft be local diίfeomorphisms of R generat-
ing Φ(F0). Since Φ(F0) is abelian, we may assume fj = // f for £ = 1,
. . . ,m by choosing £7 sufficiently small. Hence, /,'(/(*))•/'(*) =/'(/i(ί))
.//(£), and so /,'(/(*))=//(«), for /'(ί) = d. Then, /,'(«)=/,'«)), since
lim/w(t) = 0 and /* is of class C1. Therefore, fi(t) = di-t, where d*

== //(0). To show (iii), it is sufficient if G(F) = G(F') is shown for any
asymptotic leaves F and Ff to Fo. Let α: be a closed curve realizing an
element of G(F) and let ha be the holonomy map defined by a e πx{F^ x).
Then, ha can be written as feβ = / * ι ../*'. By the definition of G(F),
there is a closed curve β in F Π U with the end point t in ir 1^) such
that a = v o i3. Hence, t - Λβ(t) = /f1 /,*'(«) = df1 dj' o ί. Thus, ha = id.
since df1- -d*' = 1. Therefore, a lift of a to F7 is a closed curve, and
so the holonomy class of a is contained in G(F'). This implies G(F)
= G(F0 This completes the proof of Theorem 3.

Remark 1. For feΦ(F0) let f'eR be the derivative of / at 0.
Denoting DΦ(F0) = {/' | / e Φ(F0)}, DΦ(F0) is a multiplicative subgroup of
R - {0}. Let D: Φ(F0) -»DΦ(F0) be the homomorphism defined by the
derivation. Then, for any asymptotic leaf F to Fo, we see that G(F)
C ker Bh, where h is the homomorphism ττi(F0, aj#) -> Φ(F0) defined in
§3.

Remark 2. If J5' is of class C2, then, by the method used in the
proof of Theorem 4, we see that the sequence

JU Φ(FQ) > 1

is exact for any asymptotic leaf F to F o .

§ 7. Proof of Theorem 5

Assuming that πx{F) = Z ( 1 ) + + Z(TO) + G for a finite group G,

let N19 - - -, N m be the manifolds of F obtained by Proposition 1 for the

isomorphism H: HX(F: Z) —> Z ( 1 ) + ••• + Z ( m ) . Here, we may assume
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that dim F Ξ> 2, because if dim F — 2, F is a torus. By observing the

proof of Theorem 1, the same conclusion of Theorem 1 is satisfied for

these N19 , Nm. Then, if ^ is a foliation of class C r, there are in-

jective Cr-diffeomorphisms ff : [0, ε] —> [0, ε] for i — 1, , m with the

properties (a) and (b) of Theorem 1. By the proof of Theorem 1, ft

can be identified with an one sided holonomy map fe+. of a generator at

of Z ( 1 ).

We divide the stage into Case 1 and Case 2. (i) of Theorem 5 is

divided into the both cases and (ii) is contained in Case 1.

Case 1: The case that ίF is of class Cr, r ]> 2, and that there is

i such that (fΐ)'(O) Φ 1. Let fj be a (both sided) holonomy map of aj.

Then /;(0) = (/J)'(0). By Sternberg's theorem, Λ, , / m are Cr"^con-

jugate to linear functions by a same conjugation map g in a small

neighborhood of 0. (See the proof of Theorem 4.) Then, gfjg~\ΐ)

= /ί(0) t if | ί | is sufficiently small. Let C7_ be a collar of F such that

U_ is in the another side of U+. Using Theorem 1 we get fϊ\ [ — ε', 0]

-> [—ε',0] for i = 1, ,m. Λ" is the other sided holonomy map of a

generator α of Z ( ί ). \ft(t)\ <ϊ | ί | for sufficiently small | ί | if and only if

|//(0)| ^ 1 since /, = gf,g-1 is linear and / f(t) = //(0)-t, < = 1, ,m.

Hence, by taking ε7 small, «ί = au i.e. /t

+ and fϊ are the one sided

holonomies of the same generator at of Z ( ί ). Therefore, there are in-

jective linear maps ft\ [—ε, ε] -> [ —ε, ε], i = 1, ,m with the following

properties: Let N^N'/, and F * be the manifolds defined in Theorem 1.

Denote by X7 the quotient manifold obtained from F* x [—ε, ε] by

identifying (x, ί ) e N ; χ [-ε, ε] and (x, Λ(t)) e N'/ x [-ε, ε] for all i = 1, , m

and ίe[—ε, ε]. The product foliation of F^ x [—ε, ε] induces a foliation

J^j on X7. Then, there is a neighborhood V of F such that there is a

leaf preserving C^-diffeomorphism φ from V onto X7 which maps F

onto F ^ x O / - .

By Theorem 4, for any leaf F/ meeting V an unique regular cov-

ering F is associated with F'v. Since /< is linear, by Theorem 3, v^π^F^)

= v^π^F) ^ π^F) = G if and only if log //, , log f'm are rationally in-

dependent. By an arbitrarily small perturbations of f19 ,/TO, we can

take linear maps g19 , gm: [ — ε, ε] —> [—ε, ε] such that log g[, , log gf

m

are rationally independent or dependent when log //, , log fm are ra-

tionally dependent or independent, respectively.

Let U be an open neighborhood of F contained in V. Let JV be a
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neighborhood of &\ U in Foljr1 (U). φ(U) is a neighborhood of F* x 0/ ~

in Z j . Since g19 * ,(/TO are close to /i, * , / m we may assume that

p(Z7) c l ^ c l j and that J%|p(E7) is close to ^ 7 | p(£7). ^-g\φ(U) induce

a foliation ^ ' of U. By taking &,•••, gm sufficiently close to fl9 , /TO

we can &' e iV.

Case 2. The case that & is of class C1 and that (ftϊ(O) = 1 for all

i — 1, .. .,m. /i+ is the one sided holonomy map of at defined on [0,ε].

First, assume that there is no neighborhood U of F such that F \ U is

a product foliation. For small δ > 0 we define a C^-diffeomorphism

&+ : [0, ε + 3] -> i?+ by

(t for 0 ^ t < δ
Qί = [ft(f - δ) + δ for t > δ .

Since (ftY(O) — 1, ^ + is of class C\ It is easy to see that gt, —-,gi

are mutually commutative since fϊ, —, f£ are so. #ί | [0, ε] is a C1-

perturbation of ft- Let ^ j and Xf be the ones defined in Theorem 1

from ft and F* x [0, ε]. Define J% and X^ similarly from gt and

F^ x [0,ε + δ]. We can consider that Xf c Z g and that ^%|X/ is C1-

close to 2Fs is ^ is small enough. There is a neighborhood V+ of F in

C7+ and a C^diίfeomorphism φ:V+->Xf mapping &r\V+ to ^ / β Let J^+

be the foliation induced by ^ - 1 from ^ | X / # ^ is enclose to ^ 1 7 +

if δ is small enough. We get 8F'_ on V_ similarly. On small neighbor-

hoods of F,^'+ and ^L are product foliations. Let U = F + U V_.

Then, we get ^ on ?7 by &' \ Vσ = ^ , o = ± . λVe can take ^' in any

neighborhood N of J^ | ί7 in Fol^ (ί7). By the assumption ^' is not local-

ly equivalent to ϊF \ TJ.

Next, we assume that there is a neighborhood V of F such that

J ^ I F is a product foliation. Then, V is leaf preservingly diίFeomorphic

to F x [-ε,ε]. Consider that V = F x [-ε,ε] and F = F x 0. Let U

= F x (—ε/2, ε/2). Let ^ be a generator of Z(<). Then, the holonomy map

fi: [ — ε, ε] —> [ — ε, ε] of α̂  is the identity map. Let gt be the perturbation

of ft such that gt = ft for i > 1 and that 1̂ (4)1 < | t | and | ^ ( ± ε ) | > ε/2.

Let ^ g and Xg be as above defined from gi and F^ x [—ε, ε]. Then,

we can consider that U c Xg c V and that ^g\U is close to ^ | [7 if gι

is close enough to fx. Any leaf of &'g is asymptotic to F, but any leaf

of !F\V is not asymptotic. Hence, ϊF g \ U is not locally equivalent to

^\V. This completes the proof of Theorem 5.
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