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CHARACTER FORMULAS FOR DISCRETE SERIES

ON SEMISIMPLE LIE GROUPS

REBECCA A. HERB*

§ l Introduction

Let G be a connected, semisimple real Lie group with finite center,
K a maximal compact subgroup of G. Assume rank G = rank K. Let
© be the Lie algebra of G, ©c its complexification. If Gc is the simply-
connected complex analytic group corresponding to ®c, assume G is the
real analytic subgroup of Gc corresponding to ©.

In this case, G always has discrete series representations. The
characters of these representations are distributions on the group G,
realizable as locally integrable functions. Formulas for these characters
are known up to certain integer constants which have only been evaluated
for a few special cases. The purpose of this paper is to give informa-
tion on how these constants can be computed in general, and to illustrate
the method for several new cases.

For any Cartan subalgebra I) of @, let §c denote its complexification,
Φ(®o$c) the set of roots of the pair (®c, Ijc), and W(%c, §c) the Weyl
group generated by the reflections corresponding to the roots. Let π\H)
= ]]a(H), the product over all a in Φ+(®c>§c)> H any element of Jj.

Denote by ϊ the subalgebra of © corresponding to K, and let t be
a Cartan subalgebra of © such that t c ϊ . Consider the space J^ of all
pure imaginary linear functions on t. Let &' = {λ e SP: <Λ, a) Φ 0 for
all a 6 Φ(©<7, tc)}> the regular elements of &. Then for each λeέFf there
exists a unique invariant distribution Tλ on © characterized by certain
properties [2a), p. 277].

Let Wκ be the subgroup of W{®cΛc) generated by reflections cor-
responding to the compact roots of (©,t). Then for HeV = t ΓΊ ®7, ®r

the set of regular elements of ©,
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(1.1) Tλ(H) = πKH)~ι Σ det w exp (wλ(H)) .

Given any Cartan subalgebra ή of ©, there exists y eGc such that
2/(tc) = ζc. Then for any connected component ψ of Ij'OR) = {if e §: α(ff)
f̂c 0 for all real roots aeΦ(®c,§c)}, there are integers cy(w: λ: ζ+) such

that for H e ψ Π $', ψ = ίj Π ©',

(1.2) Γ2(fl) = ^(fl)"1 Σ det w φ : J: $+) exp

In §2 of this paper we outline an inductive procedure by which
these integers can be computed, and in §3 illustrate the method by ex-
plicit computations for the first two stages of the induction in the general
case, and by giving the complete solution for the case where & has
exactly n + 1 conjugacy classes of Cartan subalgebras, n = rank (G/K).

The integers have been computed by Harish-Chandra for the case
rank (G/K) = 1 ([2b)]) and by H. Ferguson for the case where ©c is the
simple complex Lie algebra with root system of type G2 ([1]). The method
given in this paper is different from that used by Harish-Chandra for
rank (G/K) = 1 (although it relies heavily on his work in [2a)] and [2b)]),
and is an extension of the method used by Ferguson. Hirai has com-
puted the integers for the groups SU(p,q) and Sp(2,R) using specific
matrix computations.

The unitary character group Γ of T, T the Cartan subgroup of G
corresponding to t, may be identified with a lattice, Lτ, in &'. To each
λeLτ is associated a central eigendistribution Θλ on G ([2a), p. 289], [2b),
p. 90]). If λ e Uτ = Lτ Π &', a constant multiple of Θλ is the character
of a discrete series representation of G, and all discrete series characters
are of this form.

To explicitly describe the Θλ it is necessary to evaluate certain con-
stants which are directly related to the integers cv(w: λ: ψ). In §4,
using the results of §3, we give explicit formulas for the Θλ on the
Cartan subgroups of G having vector part of dimension one or two.
The Cartan subgroups in the dimension one case are those corresponding
to maximal parabolic subgroups of G. The results for dimension two
give a complete solution for the case rank (G/K) == 2. We also give
complete formulas in the case where G has exactly n + 1 conjugacy classes
of Cartan subgroups, n = rank (G/K).
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§2. The Constants on ©

We retain the notation of the introduction. Since Tλ is an invariant
distribution, it suffices to determine the integers cy(w: λ: ψ) for one re-
presentative of each conjugacy class of Cartan subalgebras. Let θ be
the Cartan involution of © with associated Cartan decomposition © = ϊ
+ p9 ϊ as above. Then each conjugacy class of Cartan subalgebra con-
tains a representative which is ^-stable. Thus we may restrict ourselves
to considering ^-stable Cartan subalgebras.

If ή is a 0-stable Cartan subalgebra of ©, Ij = §k + \, where ζfc =
Ij ΓΊ ϊ, \ — I) Π p. We determine the integers cy{w: λ:ψ) by induction
on r — dim ΐ)p. To perform the induction we need the following facts.

(2.1) ([2a), p. 277]). Let Γ be a semi-regular element of noncompact
type in ©. Let \ = @ί and \ — %~Γ be the corresponding Cartan
subalgebras constructed as in [4, Volume I, p. 102], v =
exp (-,r/^Ί/4 ad (X* + Γ*)), Φ+(@c, ζ2C) = f/3: /3 e Φ+(@c, ζic)}, and
or the unique positive real root of \ satisfying a(Γ) = 0. Let
y eGc satisfy y(tc) = \c. Let ζί and Eir be the connected com-
ponents of I)ί(jβ) satisfying Γ e cl (ζf). Let ζ2

+ be the connected
component of ϊjί(R) containing Γ. Then vy(tc) = ζ2C, and for w e

= cυ2/(w: ^: ή2

+) + cvv(*-ι8aw:λ: fy) .

(2.2) Suppose x9yeGc such that ζ c = #(tc) = j/(tc). Then for some

w0 e W(®c> tc)> xλ = ^ o ^ for all Λ e J^. Then for all w e W(®c, i c),
x(wλ) = v(wowX) and hence cx(w: λ: ψ) = det wQcy(wow: ^: ζ+).

(2.3) ([2a), p. 272]). For ζ,ή+, and 7/ as above, cy(w: λ: ψ) = 0 unless

Re y(w;θ(fl) < 0 for all if e ή+.

(2.4) Suppose ζ = a (ή) for some ίc e G. Let ζ+ = ίc(ζ+) and suppose

Φ+(@o 5c) = f α : α e Φ+(©c, ήc)} Then for H e ψ,

Tλ(H) = Tλ{
xH) = ^( f l ) " 1 Σ det w φ : λ : ψ ) exp <?{wλ){H))

wew(&c,tc)

^ cJw: ^: ζ+) exp (**(wλ)(*H)) .

Therefore cxy(w: λ: ζ+) = cy(w: Λ: ζ+).
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(2.5) ([2a), p. 281]). For seW(<&c,tc), teW(G,H) = NG(H)/H,H the

Cartan subgroup of G corresponding to ή, NG(H) the normalizer

of H in G, and ue Wκ, cv(?-Hsu-ι:uλ: tψ) = cv(s: λ: ψ). If we

denote by WR the subgroup of W(®c, ζc) generated by sa,a real,

then V(R) = UsewBsψ,ψ any component of Ij'(B). Since WR c

T7(G,fl), c,(w: A: sΐj+) = ^CXs"1)™: Λ: ζ+). Thus in each case, it

suffices to compute the constants for one component of ty(R).

Suppose dim \ = 0. Then I) = §k is a Cartan subalgebra of ϊ and

is conjugate to t by an element of K, say I) = k(t). ty(R) = 1} has exactly

one connected component since § has no real roots. By (2.4) and (1.1)

{1 w 6 W

0, we Wκ .

If y is any element of Gc such that τ/(tc) = ήc, then, choosing w0 as

in (2.3),

fdet w0> w e WQXWK

(2.7) cy(w: λ: ή) = detwQck(wQw:λ:ϊj) =
{ 0,

We may now assume inductively that there is an r > 1 such that

for any 0-stable Cartan subalgebra Ij with dim ^p < r we know the value

of cy(w: λ: ψ) for every component ψ of ζXβ), and every we W(®c,tc),

λ e &', and y e Gc with ζ c = y(tc).

Let j = jfc + \p be a ^-stable Cartan subalgebra of © with dim \v = r,

j c = <2/(tc), some 7/ e G c. Let ΦR be the set of those a e Φ(<&c> \c) which

assume real values on j . Then dim ΦR = dim \p. Let j + be a connected

component of \\R). Define ΦR by α 6 ΦJ if α(fl) > 0 for all H e j + . Then

ΦJ is a set of positive roots for ΦR. \~ = {—iϊ: ί ί ej+} is also a com-

ponent of fCR).

Let {j8χ, , βr} be a strongly orthogonal system of positive real roots

in ΦR. That is, for 1 < i Φ j < r, βt± βά<£ ΦR. Such a system of r

elements exists because of the correspondence between these systems and

conjugacy classes of Cartan subalgebras in @5, and the fact that @ has

a compact Cartan subalgebra. (See [4, Volume I, Section 1.3.1]). The

βi, 1 < i < r, axe in particular, mutually orthogonal, and the Hβi, 1 < i

< r, form a basis for \p, where for any root a, Ha will always denote

the element of \c satisfying B(Haf H) = a(H) for all H e ] c , B the Cartan

Killing form. We also write H* = 2HJ(a, a).
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Set w® = sβl - - sβr. Then wψ = j ~ . Note that if Λe^, i ϊ e j + ,

if = Hk + 2]5»i r^fl^ where # f c e j f c , r̂  e R, 1< j <r, then Re {yλ(wQH)}

= Re {̂ (£Γfc - 2 r ^ p } = "JK-Σ ^ Ά P = -Re {vλ(H)}. Decompose w«

into a product of reflections corresponding to simple roots, wQ = sm s1?

ŝ  = sαίy {αx, . . , ar} a set of simple roots for ΦJ, 1 < i$ < r for all 1 <

3 < m.

For each ai9 1 < I < r, we construct a Cartan subalgebra \t of © as

follows. Let Γt e cl(\+) be such that ±a£(Γe) = 0, α(Γ,) ^ 0 for any other

a e Φ(®c, \c). Then Γz is a semi-regular element of noncompact type.

Let %t, be the centralizer of Γe in ©. Then ©̂  = c, + 1̂  where c£ is the

center of ©̂  and le = [© ,̂ ©J is semisimple and isomorphic to sZ(2, i?).

Denote by Hf, Xf, Yf the standard basis of ΐ4 satisfying [Hf, Xf] = 2X*9

[Hf, Yf] = -2Yf, [Xf, Yf] - Hf. Then © = c4 + RHf = i, and ©7 =

ct + R(Xf — Yf) is a 0-stable Cartan subalgebra of © which we call \t.

dim (j, ΓΊ p) = r — 1. Let j ^ be the connected component of ft OR) con-

taining Γ,, and let ^ = exp (-τr/^ϊ/4 ad (Z? + Yf)). Then *,(y = j , c .

By (2.1), for all weW(®C9tc) and λe^\

cyiw:λ\\+) + cy(y-\sa£)w:λ: f ) - cny(w:λ: \t) + cvey{y~\sa)w: λ: it)

where the terms on the right side are known by the induction hypothesis.

Let w e W(®C9 tc), λ e &'. Suppose there is H e j + such that

B,e{v(wλ)(H)}>0. By (2.2), cy(w: λ: j+) = 0. Thus we may assume

ΈLe{v(wλ)(H)} < 0 for all He\+. Since A is regular, there is Hoe\+ such

that Re {y(wX)(H0)} < 0. Then Re {y^w^wλXH,)} = Re {^(^)(^«iϊ0)} =

-Re^ί^ ί i ϊo)} > 0. Thus cv(?-xw*w:Xi i+) = 0. By using (2.1) repeat-

edly, we obtain

cv(w: λ: i+) = cp<ilf(w: λ: jt) + c^jy^w: λ: ij)

- c , / > : ί: iS) - c ^ - X s ^ ) ^ : λ: \t2)

(2.8) + ( - l ) ^ 1 ^ ^ - 1 ^ ^ ! sx)w: λ: ij)

+ c^-Xs,. . . . Sl)w:λ:\t)}

+ (-ir^{cvimy(y-\sm_1 Sl)w:λ: \ΐm)
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§ 3 . The Constants for Special Cases

We will now illustrate the method outlined in §2 by computing the

integers cy(w: λ: ψ) for the cases dim §p = 1,2, using the notation of § 2.

dim Ijp = 1: Suppose Ij = §k + \ is a ^-stable Cartan subalgebra with

dim \ = 1. Let ζ+ be a connected component of Î CR). Then ΦJ has

exactly one element, call it a, and ψ — {Hk + rH*: Hke§k, reR, r > 0}.

5" = {ίffc + rίf * : H k e \ , reR, r < 0} is the only other component of

il'CR), and wq = sα satisfies sαΐ)
+ = I}~. For Γ a semi-regular element of

ζ corresponding to a, we have Ij = ή?, and ζp c ϊ is a compact Cartan

subalgebra of ©. Thus kQ)j.) = t for some fc e Z, and kva($c) = t c .

Suppose w e ΐ^(© c , t^), A e &' such that Re {Va~lk~\wX)(H)} < 0 for all

Heψ. Then by (2.8), ctfβ-ifc-i(w: λ: ζ+) = c^Cw;: A: ή?) + ck-1(
(kVa)8aw:λ:$j)

where by (2.6),

ί1 '
ίo,

and
ikVa)saw e Wκ iff w e {kVa)saWκ

otherwise

Wκ Φ {kVa)saWκ as cosets of Wκ in W(@c, ϊc) since Vaa is a singular imagi-

nary root of I)p and hence c*ϊβ)α is a singular imaginary root of t.

For any H e ψ, H = Hk + rH*,

•G

, , t + x .-, a, < 0, weWκ U ( ^ s a ^
(3.1) % V a ) - i (^ : λ: ψ) = {

[0, otherwise .

For arbitrary y e Gc, y(tc) = ζ c, we can use (2.2) to determine cy(w: λ: ψ).

dim ζp = 2: Suppose I) = I}* + ϊjp is a 0-stable Cartan subalgebra

with dim J)p. = 2. Then Φ^ is a two-dimensional root system containing

a pair of strongly orthogonal roots. Thus ΦR is of type A1 x A19 B2, or

G2. We compute the constants separately for each of these three cases.

At x Aλ: Let ψ be a connected component of fy(R). Thus ΦJ has ex-

actly two elements, ax and α2, which are orthogonal and form a set of

simple roots. Then \ = {nίί* + r2H*2 ir^eR, i = 1,2}.

ζ+ = {H& + ^fΓ* + r2H*2:Hke$k, r,eR, r, > 0, i = 1,2}

and
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ψ = {Hk + rιH* + r2H%: Hk e \, r, eR, r, < 0, i = 1,2} = sa2saiψ .

Thus wQ = sa2sai is a decomposition of wQ into simple reflections. Let

j x and j 2 be the Cartan subalgebras constructed as in §2.

Then Vi($c) = (j*)c, i = 1,2, and tic = i^iCta) = ^(ίic) = iWiC&c) = vi&c)

is a compact Cartan subalgebra of ©c. Let k e K satisfy fc(tχ) = t. Then

ζ c = -̂Vr'fc-Xic) = pr^-^-^ic). Denote v^ιk~ι = PΓV 1 *" 1 by ».

Suppose w e T^(©c, tc), i e J^7, so that Re {'(wJXfl)} < 0 for all H e ψ.

Then

cy(w:λ: ψ) = : Λ: jί)

where by (3.1):

fl, --1*-1(w«(JΪ*) < 0, w e Wκ U v'x8a%Wκ

[0, otherwise

*) < 0,ί l , ^ " ^ " ^ "

= \ we y~xsaiWκ U y~\saisJWK

[0, otherwise

^-ijt-iiy-^w: λ: iί) = n; e ^ ^ T f ^ U

[o, otherwise

0,

0, otherwise .

Thus, since vt~lk'XwX)(H*t) = v(wλ)(H*J, i = 1,2, and the cosets Wκ,
v~%yVκ> V~\,WK9 and ^ ( s ^ O ^ * a r e distinct,

(3.2) cy0*;: ί: ζ+) == | we Wκ U "^s^Wx U v"x8a^χ U v~XsaisaJWχ

[0, otherwise .

J52: Let 1̂ + be a connected component of ^(β) . Then Φ% has a set of

simple roots, {a19 a2}. Assume that ax is the long root. Then Φ% =

{a19 a2, β2 = aL + a2, β1 = a, + 2a2} where <α<, ft> = 0, ί = 1,2. % = {rff* +

s f ί * : r , s€ i?} , ί)+ = {iϊfc + rfiT* + siϊ* : # * eζ f t, s > r > 0}, and Ij- = {Hk +

rH*x + sHfx: Hke\, 0 > r > s} = sβasβlsββsβlζ
+- Thus wQ = sα2sαis«2

s«i
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Let h and j 2 be constructed as in §2 corresponding to a1 and a2

respectively. Then vίft is the unique positive real root of \i9 and using

a semi-regular element rt of i€ corresponding to vtβi9 we obtain compact

Cartan subalgebras t< = ©?4 together with isomorphisms μέ: (i*)c -» ( t ^ ,

i = 1,2. Pick &! e ίC such that fe^tx) = t. Then there is k2 e K such that

&2(t2) = t and fcj/ijVx = k2μ2ι>2 as isomorphisms from ζ c to t c . Denote this

isomorphism by y.

FixweW(®c,tc), λeP'. L&n = v-χwλ)(H*J,m = v~Xwλ)(HfJ. Then

ΈLe{y-χwλ)(Hk + τHtx + sHfJ] = rn + sm. If m > 0 or n > - m , there

is H eψ such that Re {y~Xwλ)(H)} > 0. Assume this is not the case.

Then

Cy-tiw: λ: ΐ)+) = c^-xCw: ^: i ί ) + cvιy-x(
ysaιw: ^: j ί ) - cv,y-x(

vsaiw: λ: j2

+)

- c ^ - ^ C s ^ s J ^ ^ : i2

+) + c,l9-ι(*(8an8jw: λ: if)

+ cviy_1(
2/(sαisα2sαi)'M;: ^: if) - c ^ - ^ C s ^ O w : ^: it)

The constants for if and \t can be evaluated using the facts that

Viy~ι = (kφi)~ι as isomorphisms from i c to (ii)c, and that the cosets Wκ,
vsaiWK9

 ysβlWκ,
 ysβ2Wκ = v(saisβl)Wκ are distinct, but that ysa,Wκ = TF^

since vα2 is a compact root of t. We obtain the following table of values

for cy-χ(w: λ: ψ) where n and m are as defined above.

(3.3) w e W
0 > m > n

0 > n > m

0 < n < —m

m > 0 or » > —m

U ys ΐr
1

1

2

0

JΓ we v s a ι W κ U
1

- 1

0

0

G2: Let ψ be a connected component of fy(R). Let {«i,α2} be the set

of simple roots for ΦJ, a2 the long root. Then ΦJ = {αx, a2, α3 = «i + ̂ 2>

ft = 2 ^ + α2, ft = 3a, + α2, ft = 3a, + 2a2}, where <«<, ft> = 0, i = 1,2,3.

ήp = {rff* + s £ Γ * : r , s e i ? } , ψ = {Hk + rH^ + sH*,: Hkeΐ)k, s > 3r > 0}

and I)- = sαisαa

s«is«2Sαis«2^
+ τ h u s wQ = (saisa2f. Let \x and i2 be constructed

as in § 2 and define tif μt as in the B2 case for i = 1,2. Let 7/ =

where kxeK satisfies kλ{ϊ^ = t.

Fix wePP(@c,tc), ^ e ^ . Let w = ^(wJKff*), m =

Then Re{y'Xwλ)(Hk + r ί ί * + sίί*)} = rn +.sm. If m > 0 or n > - 3 m ,

there is Heψ such that Re{y'Xwλ)(H)} > 0. Otherwise, cy-x(w:λ:ψ)
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is given as a sum of twelve terms from (2.8). Since vλy~ι =

oviy~i(w/: λ: jί") is given directly by (3.1) for any w'e W(®C9 t c ).

However, there is no k2 e K with fc2(t2) = t and v2y~ι — (k2μ2)~\

However, there is k2e K such that fc2(t2) = t and ^ ^ U = ik%μ%)~Xv(sβιsaJλ)

for all λe^'. Thus, using (2.2) together with (3.1) we obtain

[ 0, otherwise .

The cosets Wκ,
 ysaiWκ = ^ 1 ^ , and ysβ8Wjr = vsβtWκ are distinct.

vSa*Wz = ^ s ^ ^ = Wjp. Using the above information we obtain the fol-

lowing table for the values of cv-^w\ λ: ψ).

(3.4)
0 > 3m > n

0 > m > n > 3m

m < n < 0

0 < n < —m

0 < —m < » < —3m

m > 0 or n > —3m

we Wκ

2

0

0

—2

0

0

W 6 vSaiWκ

2

2

4

2

2

0

we *s,
0

- 2

0

0

2

0

In general, the constants cy(w: λ: ψ) become increasingly complicated
as dimί)p increases. However, in the case that © has exactly one con-
jugacy class of Cartan subalgebra corresponding to each possible dimen-
sion for Ijp, the constants can be computed completely. There are three
infinite families of simple real Lie algebras which have this property,
including su(p, q), p > q > 1. The others are of types CII and Dili.
([4, Volume I, Section 1.3.1]).

Thus suppose © = ϊ + p is a simple real Lie algebra with split rank
n, 8t a Cartan subalgebra of © with 2IP = 21 Π p of dimension n. Assume
the set ΦR of real roots of (®c, Sίc) is of type Aλ x x A19 n copies.
Denote the real roots by {a19 , an}. They are mutually orthogonal and
form a set of simple roots for the root system ΦR. We can write 2ί =
81* + Σi=i RHfi> 2Ifc = 2ί Π ϊ. Representatives of each conjugacy class of
Cartan subalgebras of © are 2Ϊ = Ij0, fy, , ΐ^ = t, where \ = Sίfc +
ΣUiR(Xt ~ YΌ + Σi-i+iRH*t. (Here Z* and Y* denote the elements
of the root spaces ©αί and ©~αί respectively which satisfy [H*iyX*t] =
2X*t [HI, Y*] = - 2 7 * [Z*, Y*] - £Γ*). Let
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vt = exp ( - π / = Ί / 4 ad (X* + Γ*)) , μ4 = vn

Then MWe - tc. Let fr = {if, + Σ?-*+i r4ff*: H* e ^ Π I, r* € Λ, r4 > 0
for i = ί + 1, .., n}.

We assume inductively that for j > £, λe 2F', w e W(®c, ic),

1, »-\wλXH*) < 0, < = j + 1, . . . , n,

cμrl(w: λ: ϊ)t) =

0, otherwise

where <sβy+1, , san}Wκ denotes the subgroup of W(®c, tc) generated by
Wκ together with the reflections μo(sai), i = j + 1, , n. We have already
proved this for the cases j — n, n — 1, n — 2 in (2.6), (3.1), and (3.2)
respectively.

We know cμTi(w: λ: ^+) = 0 if Re {τχwZ)(H)} > 0 for any £Γeζ;.
Write H = Hk + Σ^+iriHaί9 Hke$4(M, rt > 0, i = ί + 1, .. .,w. Then

< 0 for all rt > 0 if and only if
*) < 0 for all ί. (By the regularity of λ, μrχwλ)(H*t) Φ 0 for

any i). Suppose this is the case. Then Re {sae+1

μ^Xwλ)(Hk + 2 rjl*$\
= — ̂ +iμfl(wX)(Hf£+1) + γ^=e+2τi

μ^x{wλ){H^), and there are r̂  > 0, %-=. t
+ 1, , n for which this is strictly positive, since by assumption,

μ*~Xwλ)(H*e+1) < 0.
Thus cμTi(r<(saw)w: λ: Ij/) = 0, and so

(1, THwλXHfy < 0, / = ^ + 2, .. , n,

), otherwise .

Thus we have, by induction, for any t = 0, , n9

f 1, T^jiXH*) < 0, j = ^ + 1, . . . , w,

(3.5) cμγι(w: λ: W = j we <8βJ+1, , O ^
[o, otherwise .

§4. The Constants on G

We use the notation of § 1. Let τ e LT. Denote the corresponding
character of T by ξτ. Thus, for ί fe i , fΓ(expiϊ) = exp(τ(£0). For any
Cartan subgroup H of G, let ΔH be defined by
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Π ( 1 - ξ λ h - 1 ) ) , h e H
+

where p = iΣ«e*+(βc,5oa^ the Cartan subalgebra of & corresponding

to H.

Then for t e T',

(4.1) θ t(ί) = JrCt)"1 Σ detwfw r(ί)

To compute the expression for Θr on other Cartan subgroups, we use

the method and notation of [2a), § 23].

Let H be a 0-stable Cartan subgroup of G with Cartan subalgebra

Ij = ^ + ήp, dimΐ)p = 1, H* a connected component of H'(R). H* = HfH%,

Hf a connected component of Hj = H Γi K, H% c: HR = exp 0)p). Note

H 7 = Z(HB)H°i, Hi the connected component of the identity, Z(JHΓΛ) =

{If Ya}> & the unique positive real root of (®c, ήc). (For any real root αr,

r α - exp {πAf^lH*) = exp (ττ(Z* - Γ*)) e exp ( / ^ ΐ ^ ) ΓΊ X). Eτ is con-

nected if and only if γa e Ή.\ — exp (§k).

We will assume ίfj c Γ. Let Q denote the centralizer of Hf in ©

where Hf = HJ or ^i/J. In either case, 8 = Ij + ©α + ©~α, where for

any root α, ©α = @ ΓΊ ©c> ®c the root space of a in ©c, Then 3 is a

reductive Lie algebra with Cartan subalgebras ζ and t, where t c = yβ(ήc),

vα = exp (—π^/^Λj^ ad (Z* + Y*)). (3C> ίc) has exactly one positive root,

«, and W(Sc, Sc) = {I, sa}. Wκ Π TF(8C, t c) = {/}.

Thus if KeHf, h2eH%, hAeH',

(4.2) = Σl d e t wξwvOh) Σ det scτ(s: w: if*) exp (sVa~\wτ)(ίog hj)
W se{i,sa}

tetwξw£h1)c{wτ .ψ)ex.v(-Y< -χwτ)(\oshz)\)

where ψ is the component of §'(#) corresponding to ίΓ* under the ex-

ponential map. For ψ = ψ = {Hk + rH*:Hke$k, r> 0}, τeLT,

:ή+) = j - l » l'β"1r(H*)>0
I 0, --V(H*) = 0 .

For r = s j + , c(τ: ψ) = - c ( τ : ^+) for all r e L Γ .

Now suppose ί ί is a Cartan subgroup of G with Cartan subalgebra

ϊ) = ζfc 4- ΐ)p, dim ^p = 2, if* a connected component of H;(R). Again,
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we must consider the three cases where ΦR is of type Ax x Al9 B29 or

G29 ΦR the set of real roots in Φ(©c, ζc). We use the notation of § 3. We

assume H* = H*H%, H] c T.

A1 X Aλ: JHJ can have one, two, or four connected components, as Z{HR)

= {!> ϊ«χ> T«2> ϊaiϊaά- However, in each case, 8 = ϊj + Σ«eΦR ®\ The roots

of (8o 5c) are exactly the real roots of (®c, ί)c), WC8C, i y = {/, sαi, sα2, sαisα2},

and W^ Π W(QC, tc) = {/}. Thus if KeHf, h2eH%, hJi^H', h2 =

exp (rH* + siϊ*),

det scτ(s: w: if*)

(4.3) x exp ( ^ " ^ " X

- Σ det wξ^ihMwτ: ζ*) exp

where ζ* is the component of fy(R) corresponding to H*. For ψ = ψ

= {Hk + rH*r + sH%: Hk e ϊ)k, r, s > 0}, τ e LΓ,

c ( r : ζ + ) = 1 - 1 , »«»-1"--1

Otherwise, c(τ: sψ) = det sc(r: ψ), s e

B2: If ΦΛ is of type Bt, Hz = flj U r.,flJ U r«2^° U r.iTV.HS* (the four

components not necessarily distinct). The centralizer of Ή.\ and γaβ°T is

g = SI + ΣaBΦs ®\ The roots of (8C> Ijc) are exactly the real roots of

(@o ζc), and so W(%c, ^ = ΨΛ(@O ζc), TΓ* Π Ψ(8C, tc) = {/, '*•"*„}. For

^Λ,6H', \eH\U γJS$, h2eH* = exp06* Π jj), §* a component of ϊj'(β),

we have

(4.4) = Σ v det wξWτ{hd^wΣ ^ )detsc£s:w:H*)

X exp (s"Pi~lvaί~Xwτ)Q.og h2))

where

cτ(s: w: iϊ*) = cs(s: wτ: §*) = cvβl-iVai-i(s ^ ^ : §*)
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where c^-^-^s: wτ\ ψ) is given by table (3.3) for regular τ such that

<τ, a) Φ 0 for aeΦB. For singular τ for which <V, a) = 0 for some α e

ΦJJ, and any w e W(®c,ίc)cvβi-lvai-1(w: τ\ ϊ)+) reduces to zero except for the

cases n = 0, m < 0, w e W* U VaiVβisβ%WΣ where we have c(w: τ: ψ) = 2,

and m = w < 0, w e fl^ U VaiVβlsβΛWΣ, where c(w: τ: ψ) — 1. (n and m

are as defined in §3).

The centralizer of γaiH°j and yajafl\ is 8 = ϊj + ©αi + ©~αi + ©^ +

©-ft. The only roots of (8c^c) are +αj and ±β19 so that the root system

of 8 is of type A1 x Ax rather than of type B2. W($c, %c) = {/, sβl, s^,

saisβl}, and Ψ ^ Π W(8c, ίc) = {/}• Thus for &A e ίί7, ^ e yaχR\ U rαirα2ff
0/,

= Σ dέtwξwr(hd Σ detscXs:w:H*)
wewκ wGT

X exp (sv^-lv^~\wτ)(log h2))

where cτ(s: w: ίί*) = c8(s: wτ\ §*). In this case, since the root system

of 8 is of type A, x Alf by [2c), p. 285], we have, for seW($c,$c)9

(4.5) φ:τ:ψ) = \
[0, otherwise

for any component ϊj* of y(R) such that ψ c ζ+ = {iffc + rff* + sff̂  :

e 5fc, r, s > 0}. As in the case for ΦR of type A1 x A l r the expression

for Θτ in this case simplifies to (4.3), with ft replacing αr2, where c(r: ζ*)

is defined as previously for any ζ* £Ξ Ijj. Otherwise, c(r: ξ*) =

c(Va^v^sτ: sψ) where seTF(8o^c) satisfies sζ* c ^ .

G2: If Φ^ is of type G2, ί ί 7 = {/} U {γai} U frβ,} U {γaiγa,}. The centralizer

of {/} is ©, so for heH%,

(4.6) ΔH(h)Θτ(h) = Σ det scr(s :/:£?$) exp ( s^-^i-

where c£s: I: H%) = c^-i^-iίs: T: ζ*) which for ψ = ζ+ is given in table

(3.4) for regular τ. For singular r, using the notation of the table, we

have

4, m = n < 0, weVaiVβisaiWΣ

2, m < n = 0, m = -n < Q, 3m = n < 0, w e Va^saiWκ

c(w :τ:ψ) = \ 2, 3m = n < 0, w e Wκ
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-2, m < n = 0, weWκ

2, m = — n < 0, weVaiVβlsazWκ .

Of course, for other components ψ, we use (2.5) together with the values

of the constants for ψ.

The centralizer of {γai} is 8 = ΐ) + ®αi + @"αi + ©'* + ®~βl. The only

roots of (8c,ίjc) are ± ^ and ±ft . TF(8C, i y = {/, ββl, s^, s ^ J , and TF*

Π Tf (8c, t c) - {/, -/}. Thus for h e H%,

ΔH{h)θτQι)

detwζwτ(γai) Σ detscT(s:w:H%)
} ew(8Λ)Σ

wewκ/{i,-i}

X exp (sv^~lvai~Xwτ)(log h))

where cτ(s: w: H%) = cs(s: wτ:§*) + c3(—s: —wτ: ψ) and cs(s: τ : ψ) is

given as in (4.5). As before, the expression simplifies to (4.3) where

c(τ: ψ) is defined as for the B2 case, and again we replace a2 by ft.

{r«J $2 Γ, but there exist k,k' eK such that k(γa2) = ̂ βl and fe/(r«ir«2)

= yσi. Λ and fc; correspond to the elements sa3 and sa2 in W(G, ίί) re-

spectively. Using the invariance of θ r , θτ(γajι) = θτ(γaisajι) and Θτ(γaja2h)

= Θτ(γaisajί), heH%, and so can be obtained from the formulas above.

As in § 3, we can give a complete description of Θτ in the case that

G has exactly n + 1 conjugacy classes of Cartan subgroups, n =

rank(G/K). Let £^ be the Cartan subgroup of G corresponding to \,

0 < I < n, notation as in § 3.

Each component of (fl̂ )/ has as centralizer in ©, 8 = \ + Σ?=*+i (®α£

+ ®-ai), and (8c, $w) has roots ±a4+1, , ± α Λ . ΐf (8C, W) is the subgroup

of W(®c, ̂ tc) generated by the sat9 i = £ + 1, , n, and Wκ Π

= {/}. Thus if KK e Hi, ^ e (H,)?, ^2 e (H,)g, fe2 = exp

(4.7) x exp (sμ'-χwτ)(Jίog h2))

= Σ detwfwX^c(tι^:ήf

•• exp(-|"-1(wr)(rnff*l)D

where for

/ + £ rtf*t:Hte®λ, rt> 0,



For ψ =
For

c

τ eL'τ,

6 W(Άc, ή

let

1

- 1

0
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(_l)-^f[+i/ '-(r)(

(r: sϊ)+) = det sc(r: δί)

> 0

< 0

= 0 .

61

e(τ) = sign { Π <«>

Let s = \ dim (G/K). Then Tτ = (-l) sε(r)ΘΓ is the character of a discrete

series representation of G, and all discrete series characters are of this

form. TT1 — ΓΓ2 if and only if τλ and τ2 are conjugate by Wκ.

For singular τ,Θτ has no known character theoretic interpretation

in general. If wτ = τ for some w Φ 1 in Wκ, Θτ = 0. However for

other singular τ, ΘΓ need not vanish.
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