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Introduction

In the study of differential equations from the standpoint of the
automorphism pseudogroups, the differential invariants of the pseudogroups
play an important role.

A general study of pseudogroups and their differential invariants
originated with Sophus Lie. He applied his study to the classification
of ordinary and partial differential equations. So as to study differential
equations from his point of view, it is very important to write the given
differential equation by the differential invariants of the automorphism
pseudogroup. That is to say, the geometric structure of a differential
equation is contained in the expression of the equation by its differential
invariants.

In this paper we shall deal with elliptic systems of differential equa-
tions which admit the automorphism pseudogroup generated by the maximal
subgroup G of the affine transformation group of the m-dimensional linear
space Rm whose linear part is the center of GL(m, R).

These systems of differential equations will be proved to admit
projective structures of some type. Thus elliptic systems of differential
equations whose automorphism pseudogroups are generated by G will be
called projective.

In Section 1 we study the automorphism pseudogroups of elliptic
differential equations of second order. There we shall show that they
are generated by subgroups of the affine transformation group of Rm

(Proposition 3.1).
In Section 2 we investigate canonical generators of projective elliptic
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differential equations (Theorem 4.5). These generators are families of

differential invariants of the automorphism psuedogroups and involve the

geometric structures of the differential equations.

In Section 3 we deal with equivalence problem of projective elliptic

differential equations (Theorem 5.2, Corollary 6.2). We shall see that these

equivalence problems are reduced to those of a kind of projective geometry

(Remark 5.1).

In Section 4 we state propositions which present examples of projective

elliptic differential operators of second order (Proposition 8.1, Proposition

8.2). In the calculation of the automorphism pseudogroups of these differ-

ential operators, the pseudoinvolutiveness (Definition 2.1) will play an

important role.

§ 1. Automorphism pseudogroups of elliptic differential operators

1. Let N be the set of non-negative integers and denote by p =

(Pu - - -, Pn) β Nn (n > 2) a multi-index. For the canonical coordinate system

{xu - , xn) on Rn, we set

κdxx) \dx2/ \dxn

and denote by \p\ = pt+ - - + pn the order of Dp. A differential operator

is an expression

P(x, D) = 2 ap(x)Dp ,

where the coefficients ap(x) are R~valued C°°-functions on Rn. To this opera-

tor, for a fixed JC, there corresponds a polynomial P(x, ξ) = Σl\p\<mβ>P(x)ξp

where f = (£, , £n) e i?w and ξp = ξpιξ? . ξζ\ The principal part of

P(x, D) is defined by

and P<m>(x, ξ) = Σw\^a(x)ξp is called the symbol of P(x, D).

Let £ be a vector space over R and denote by Γ(Rn, E) the set of

local C°°-maps of Rn to E. Let F be another vector space over R and

denote by Horn (E, F) the set of linear maps. Then a differential operator

of Γ(Rn, E) to Γ(Rn, F) is an expression

Σ
\p\<m
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where the ap(x) are Horn (E, F)-valued C°°-functions on Rn. To this

differential operators, there corresponds the principal part P<m>(x, D) =

Σ\P\-*ap(x)D* of P(x, D) or the symbol P<m>(x, ξ) = Σ^map(x)ξp of P(x, D).

DEFINITION 1.1. A differential operator P(x, D) = Σm<map(x)Dp of

Γ(Rn,E) to Γ(Rn,F) is called elliptic if dim E = dim F and P<m>(x,ξ) =

Σl\p\=m^p(x)ζp is an invertible element of Horn (2?, F) for any x e Rn and

any non-zero vector ξ e Rn.

2. Let P(x, D) = Σ\P^map(x)Dp be a differential operator of Γ(Rn, E)

to Γ(Rn

9 F). Denote by Jk(Rn, E) the space of fe-jets of local maps of Rn

to E. Then it is easy to see that there exists a unique map σ:Jk(Rn,E)

-+Γ(Rn, F) such that P(x, D)φ = σ(jk

x(φ)) for any element φ e Γ(Rn, E).

Denote by 0 e Γ{Rn, F) the zero map of Rn to F and set I(P) = a-\0)

c Jk(Rn

9 E). Let Sf(P) c Γ(Rn, E) denote the set of local solutions of

P(x, D) and set S(P) = {jk

x(φ); x e the domain of φ, φe S?(P)} c Jk(Rn, E).

Then, in general, we have S(P) c I(P).

DEFINITION 2.1. A differential operator P(x, D) = Σlpl<map(x)Dp is

called pseudoinvolutive if S(P) = I(P).

If P(x, D) is elliptic, then the system of differential equations

Σ ap{x)Dpψ = 0
lp|<m

can be rewritten by a system of Cauchy-Kowalewski type Therefore if

P(x, D) is elliptic and analytic, we get I(P) = S(P).

For an open subset Θ of E, we set ^{P)\Θ = { s e ^ ( P ) ; Im s c 0}.

DEFINITION 2.2. Two differential operators Pt(xf D) and P2(x, D) are

said to be locally isomorphic at (zu z2) e E x E if there exists a C°°-

diffeomorphism φ of a neighbourhood ^ of zί to a neighbourhood Ψ* of ,ε2

such that φψ>(PΪ)\ty) = ^ ( P 2 ) | f . ^ is called a local isomorphism of P,(x, D)

to P2(x, D) at (zl9 z2). If PXx, D) - P2(x, D) = P(x, D) and ^ = z2 = z, then

a local isomorphism of P(x, D) to P(x, D) at (2:, z) is called a local auto-

morphism of P(x9 D) at z. Denote by stfz{P) the set of local automorphisms

of P(x, D) at z. If there is no confusion, s/z(P) is denoted simply by J / ( P ) .

is called the automorphism pseudogroup of P(x, D).

3. Assume that a differential operator P(x, D) = Σlpl<2a
p(x)Dp of

?n, i?) to Γ(Rn, F) is elliptic and pseudoinvolutive. Choose a coordinate

system {uu , wm} (resp. {vly , um}) on J5J (resp. F). Then for u e /XR% E)
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and v e Γ(Rn, F), the relation υ = P(x, D)u can be written by

TO n rs2Ί. TO n 3 , . TO

υ, = ΣΣ <#«<*)-/^- + Σ Σ Wiχ)ψ + Σc"(χ)u,•
j = ikj=i dXkOXe j = ik = i dXk y = i

(ί = 1, . ., /ft).

If u: Rn z> %-+E belongs to £f(P) and φ: u(?tt)->E belongs to s4{P\ then
m w 32τ/ m n Tin TO

(3.1) Σ Σ 4K*) ̂ - + Σ Σ δiy( )̂ ψ + Σ c"(*)u, = o
j = ik,e=i dXkOXe j = ik = ι dXk i=i

(i = 1, , m)

and

(3.2) Σ Σ <M
ki a = l

TO 71 /TO T^Λ. r^Ί I \ "^

i \ ' 1 V1 hij(γ\ I Y1 r 7 ΛΛ σ α g \ _i_ Y1 oiHir\ef\ (ΪA Π
1" ^ Z_χ Ujc VΛ/ I Z_i ̂ — \ α / ~ — I "i ^_j ^ \Λ//ψj\u) — u

(i = 1, , m).

Since P(x, Z)) is elliptic, det {a\{{x))^Uj^m Φ 0. Therefore from (3.1) and (3.2),

we get as the system of defining equations of

TO n

(3.3) f; T, aίUx)

dxh dxkdxe

(i = 1, , m)

on S(P) = /(P) where Jf^ is linear with respect to duδjdxh(δ .= 1, , m;

Λ = 1, , ft) and d2ua/dxkdxe (a = 1, , m; β, ̂  = 1, , ft) and independ-

ent of d2ua/dxl(a = 1, , m). Furthermore duδ/dxh (δ = 1, - - , m; h — 1,

• , ft) and 32uJdxkdXt(a = 1, - —9m;k, £ = 1, , ft and £ or ^ ̂ = 1) are

independent on J(P) = S(P). Therefore we get Σ?=i a^(x)(d2φj/duβdur) = 0

(i = 1, , m). The ellipticity of P(x, D) means that d2φβuβdu7 = 0 (j, /3,

Γ = 1, , m). This has proved

PROPOSITION 3.1. For any elliptic pseudoinvolutive differential operator

P(x, D) = Σ\p]<2ap(x)Dp, όrf{P) is generated by a subgroup of the afβne

transformation group on E.

We denote by J/0(P) the set of elements of stf(P) which are defined

globally on E. Then s/0(P) is a group and s/(P) is generated by s/0(P).
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DEFINITION 3.1. Let P(x, D) be any differential operator of Γ(Rn, E)
to Γ(Rn, F). If the automorphism pseudogroup J^Z(P) is generated by the
maximal subgroup G of the affine transformation group on E whose linear
part is the center of GL(E), P(x, D) is said to be projective at z. Since
G is transitive on E, it is clear that, if P(x, D) is projective at a point
z, then it is projective at any point of E. Therefore P(x, D) is then
simply said to be projective.

Note that, from (3.1) and (3.2), the projectivity of P(x, D) implies

§ 2. Canonical generators of projective elliptic difiFerential operators

4. Let N and Q be any two C°°-manifolds and denote by Jk(N, Q)
the space of £-jets of local maps of N to Q. Let Γ be a pseudogroup on
Q and let φ e Γ. Define a local transformation 0(fe) on Jk(N, Q) by φ{k){jl{f))
= jχ(φ°f) and denote by Γ(k) the pseudogroup on Jk(N, Q) generated by
{φ(k); φ e Γ}. Γ(k) is called the fc-th prolongation of Γ to Jk(N, Q).

Let if be a weak Lie algebra sheaf on Q ([1]). Then, by the pro-
longation of the pseudogroup SP(0) generated by if, if is prolonged to a
sheaf of vector fields if(&) on Jk(N, Q). Let if^'0 denote the isotropy of
the stalk 2f and set Of =f

DEFINITION 4.1. if is said to be iV-regular at (x, f) if, for any integer
k, the correspondence D(fc): Jk(N, Q) a p-+D™ c Tp(Jk(N, Q)) defines an
involutive distribution on a neighbourhood of jl(f).

Denote by E the vector space Rm and let {zu , zm} be the canonical
coordinate system on E. Also denote by {xl9 , xπ} the canonical coordi-
nate system on Rn. Then we have the coordinate system

\X\9 , Xn, 2?i, , £ m , , Pj9 , Pjxfai ' ' ' j

on j*(Bn, JE) such that

For any vector field X on E, denote by X{k) the £-th prolongation of X

to J*(E*, E).

LEMMA 4.1. Let X be such a vector field on E that X = ΣΓ=i(α^ + W

where a and bt e R. Then
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( m 3 m n 3 m n rs

Σ^f- + ΣΣP)^~ + Σ Σ PΪUH-ΓΓ-
m

+ + Σ
ii

m n

Σ
j

Proof. For a function p defined on a neighbourhood of jk

x{f) e

Jk(Rn, E), we can define the function 3ĵ > by

v v Λ<
 d(Pm n

+ Σ.

Then we have 3$X= Z(1)3) and d)X™ = X(fc + 1)3* ( = 1, , n; k>ΐ) for

any vector field I on £ ([2], Lemma 2.3). In particular from d)Xzt —

X<* + iΨjZt ( ί = l , . . . , m; j = l, •-., n) and qX^p)^ = X^ΨjP^

(i = 1, ., m; Λ, ,Λ = 1, - , n; ft>l), for the vector field X= Σ?-i

{azt + b^d/dZi we inductively obtain

+ Σ
* i

Σ pJ,..y.TΊ

?— I

This completes the proof.

Denote by SF the Lie algebra of all affine vector fields X on E of the

form X = ΣΓ=i(α2* + b^d/dZi where a and bt e R. A function y locally

defined at j*(f) e Jk(Rn, E) is called a differential invariant of 9 at px(f)

if X(fc)y = 0 for any l e i

LEMMA 4.2. Let y be a function defined on a neighbourhood of pjf)

e Jk(Rn,E). Then y is a differential invariant of & at jx(f) for k>l if

and only if

Z 2 . ^ ^ +4 V V n
dp} i=Uuj*-i dpι

hj

Σ Σ

= 0 (i = 1, , /n).

Proo/. By Lemma 4.1, X(fc);y = 0 for any X e & if and only if
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Σ zt ψ- + Σ Σ P) ψ-t + • • • + Σ Σ PUK-JΓ^

jk

for any α and 6̂  e R. This implies Lemma 4.2.

LEMMA 4.3. Let f be a local map of Rn to E such that Pn(jl0(f))φ0.

Then the sheaf of vector fields ££ generated by ̂  is a weak Lie algebra sheaf

which is Rn-regular at (xo,f).

Proof. Choose a sufficiently small neighbourhood <%k of p0 = j%0(f), set

= {χik). x e $} a n d denote by ^\ p e W\ the isotropy algebra of

at p. Then by Lemma 4.1 <&f = 0 and dim ^ ( f c ) = m + 1. Since J*?(fc)

is generated by ^( fc), we get (Jδf)j,*)>0 - 0 and dim («j£?)<,fc) = dim^ ( f c ) on a

neighbourhood of p0. Therefore if is i?n-regular at (x0, /). This completes

the proof.

If if is i?w-regular at (x0, f), then it induces an involutive distribution

Dik) on a neighbourhood of jjo(/) € Jk(Rn, E). A fundamental system of
1-st integrals of D(k) on a neighbourhood of jk

0(f) is called a fundamental
system of differential invariants of if at jk

0(f).

LEMMA 4.4. Let if be as in Lemma 4.3 and let f be a local map of

Rn to E such that Pn(Jlo(f))φ0. Then a family of functions

{χu - ,χn, ,p'j/plu ,p^jjplu "-}

locally defined at jlo(f) is a fundamental system of differential invariants

of J? at JUf).

Proof. From Lemma 4.2 we can easily see that pj/pπ (i = 1, , /n;

7 = 1, ., n) and p)lhIPn (i = 1, , m; Ί, j 2 = 1, , n; j , or j 2 ^ l ) are

differential invariants of S£ at JlQ(f). Furthermore they are linearly

independent at jlo(f). They are s functions where s = mn + mzι(7i + l)/2

— 1. On the other hand dim J2(i2n, JB) = n + m + mn + /TC7i(ra + l)/2 and, for

p = jlo(f), dim (if)(2)/(j^)f'° = m + 1. Therefore dim J\R% E) - dim (^)^2)/

^2)'° = n + mn + mn(n + l)/2 — 1. This completes the proof.

For any differential operator P(x, D) = Σ\v\<kav{x)Dp, we denote by

the sheaf of vector fields on E induced from the automorphism

pseudogroup <$f(P) of P(x, D) and denote by P the differential equation

P(x, D)z = 0. If the differential equation
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given by a family of functions {F^ locally defined at jk

XQ{f) e Jk(Rn, E)

admits the same space of local solutions as the differential equation P,

the family {F^ is called a generator of P(x, D) at jk

Xo(f).

THEOREM 4.5. Let f be a map of a neighbourhood of x0 to E such that

PiiUljUΊftφO (i = 1, , m). Assume that P(x, D) = ΣP<2^P(X)DP is a pro-

jective elliptic differential operator. Then

(1) J2?(P) is a weak Lie algebra sheaf which is Rn-regular at (x09f).

(2) P(x, D) is generated at jlQ(f) by a family of functions {^j}f=1 such

that jf j = Fj(xl9 '"9xn9θl9 , ΘN) where {xl9 , xn9 βl9 , ΘN} is a

fundamental system of differential invariants of J£?(P) at jlo(f).

Proof. Since P(x, D) is projective, «Sf(P) is the sheaf of vector fields

££ generated by ^. Therefore by Lemma 4.3, (1) has been proved.

On a neighbourhood of fXQ(f), we set θUj = p^/p^ and θίJk = p)klp]χ.

By the ellipticity of P(x, D), the differential equation P is written by

m n

(4.1) pi, = g Σ.Mti(x)pL + Σ Σ Ny(x)pl (i = 1, .. , m).
or

Then on a neighbourhood of jlo(f), (4.1) is written by

w n TO n

(4-2) Σ kΣ M'MxXplMd + Σ Σ NY(x)(pi/Pii) - 1 = 0
or

(ί = 1, ••., m).

Since p^/pL = (plMi)l(piilPn) and p/Zp*! = (p|/Pπ)/(p?ii/pli), (4.2) is written

by

m nm n m n

(4.3) Σ Σ MWixYβ^Jθ^ώ + Σ Σ Nγ(x)(ΘJΘiΛi) - 1 = 0
fc^l

or
/#1

(i = 1, , m).

Then also by the projectivity of P(x, D) and by Lemma 4.4, (2) has been

proved. This completes the proof.

§ 3. Equivalence problems of projective elliptic differential operators

5. Let G be the Lie subgroup of the affine transformation group on
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E generated by ^ = {ΣΓ=i (β2< + b^d\dzt\ a and bt e R}. Let Γ denote the

pseudogroup on E generated by G and let Jf{Γ) be the normalizer of Γ

in the pseudogroup of all local transformations of E. Denote by Aff(2?)

the affine transformation group on E.

LEMMA 5.1. Jί{Γ) is generated by Aff(E).

Proof, Let X be a local infinitesimal transformation such that the

local 1-parameter group of local transformations generated by X is con-

tained in Γ. Then X is written by

x = £(«** +ft) #-
i=ί dzt

where a and βt are some constants. For any φ e Jf(Γ), we set φt = z4 o ^.

Then ^^X is written by

(5.1) Φ*x = £(rφt+ *<)-£-

where Γ and εt are some constants. If we use the Jacobi matrix of φ with

respect to the coordinate system {zlt • , zm}, (5.1) is written by

(5 2)

D ( Z l , . . . , z j I : " I •
\azm + βj \ϊφm 4- εm

Therefore we get the relation

(5.3) rφt + e, = a(± ψ*λ + Σ βp^ (i = 1, . , m) .
v=i dze I I 5^

Differentiating (5.3), we obtain

ψ-(5.4) rψ- = «{Σ ( ^ - ^ + |^ί M ) } + Σ βP/f-
dzk U=i \ 3 2 ^ 3 ^ / J 2>=i dzkdzp

(i, k = 1, , m).

Now assume that (dφtldzte) ±? 0. Then rewriting (5.4) by

VS^/ U=i \ 3^fc3^ 32f /J v=ι \dzk/ dzkdzp

and differentiating (5.5), we get
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(5.6)
dzkdze

V β (- J V ^ j ί ty
dzhdzk dzkdz^ ' • dZk dzhdzkdz}

(i,h,k = l9" ,m).

Since a and βp are arbitrary, we obtain

/g η\ dφi ^V^_ _ ΰ2φj dzφj
dzk dzhdzkdzp dzhdzk dzkdzp

and

(5.8)

/ i 1 — - — - — z e i^ ——-—One r ——-—Okge=ι dzk\dzhdzkdze dzkdze dzhdze

(i, A, fe = 1, , m)

which are reduced to the relations

(5.9) t &• (-^-ί« + -^-ί«) = Σ ~ ^

Then we get

dzk dzkdzh

i.e.

is constant for any i and £. Therefore in any case dφjdzk is con-
stant and so φ is an affine transformation. Conversely it is clear that
Aff (E) is contained in Jf(Γ). This completes the proof of Lemma 5.1.

Let a2 (resp. β2) denote the source projection (resp. the target pro-
jection) of J\R\E) onto Rn (resp. E). If we set J^z - {p eJ\R\ E);
a\p) = x, β\p) — z}, then J\,z admits the globally defined coordinate
system {• ,pj, ,pίj9 •} and is diffeomorphic to RN where N =
m(n + n(n + l)/2). Therefore we can consider that the family of functions
{• * ,P$ > * >P$*ι * •} is the homogeneous coordinate system of the pro-
jective space PN(R) where JV = N — 1.
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THEOREM 5.2. Assume that pUJUf)) =̂= 0 (ί = 1, , m). Let Pa(x, D)

(a = 1, 2) be projective elliptic differential operators of order 2. Then P^x, D)

is locally isomorphίc to P2(x, D) at (f(x0), f(x0)) by a local isomorphism

near to the identity if and only if there exists a generator {Fia)r(xl9 , xn,

θi, '"9θN)}%i of Pa(x,D) at jlo(f) satisfying the following property: By

considering Fx

a)r, defined by Fx

{a)r(βu . -, ΘN) = F{a)r(xly - - , xM θu , ΘN\

as a local function on the projective space PN(R), there is a local projective

transformation φ near to the identity of PN(R) such that

φ*F*2)r = F*a)r (r = l, . . . , m ) ,

and

where {qi3) is an mxm regular matrix.

Proof. Let φ: <% -+Ψ" be a local isomorphism of P^x, D) to P2(x, D)

at (f(xo\ fixj). Then φ{^(Pd I ^) - &(Pά I °U and so we have φ-\s/(Pt) \ r)φ

= &?(P2) I ^ . Since Pa(x, D) (a = 1, 2) is projective, this means that

φ e ̂ K(Γ). Then by Lemma 5.1 we get

^ * ^ = Σ QtkZk + di ,
k l

and

Φ{2)*P)* = Σ ^^p^
fe = l

Since ^(2) maps a sufficiently small neighbourhood ^r2 of jlo(f) to an open

subset of J\Rn, E) such that Φ{2)*PUP) ^ 0 for any p e %\ we get

(5.10)

and
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(5.11)

If {F(2)r(#i, ., χn9 θu - - , ̂ )}?=i is a generator of P2(x, D), then, by setting

F ω r ( x l 9 - , x n , θ l , , 0 i V ) = φ { 2 ) * F { 2 ) r ( x u ' - , x n , θ u , Θ N \ { F ω r ( x u • • - , * „ ,

On •• ,^)}?=i is a generator of P^x, D). (5.10) and (5.11) mean that 0

induces a local projective transformation ψ of PN(R) because {• , θitj9 ,

,̂jfc? * •} can be considered as a local coordinate system of the projective

space PN(R).

Conversely if there exists a local projective transformation ψ of PN(R)

satisfying the stated property, then the affine transformation φ = (φl9 , φm)

on E defined by φi = 2?=i QikZk + dt where dt (i = 1, , m) is any con-

stant satisfies <£(2)*F(2)r = F ( 1 ) r and φ is a local isomorphism of Px{x, D) to

P2(x, D) at (/(xo)j /(^o)) This completes the proof of Theorem 5.2.

Let us consider regular submanifolds M of PN(R) satisfying the fol-

lowing conditions:

(1) codim M = m.

(2) At any point p e M, there exists a system of local defining equa-

tions of M

such that the automorphism pseudogroup s/ of the differential equation

is equal to Γ.

Denote by the set of such regular submanifolds of PN(R).

Remark 5.1. Theorem 5.2 implies that the local equivalence of pseudo-

involutive projective elliptic differential operators of order 2 can be

reduced to that of elements in ^(Γ) smoothly parametrized by x =

(xl9 , xn) under the group

g

g

0

0

g

: g e GL{m, R)
The center

/ o f

GL(N + 1,1

6. For a projective elliptic differential operator P(x, D) of order 2

(4.1) is called the normal form of P and (4.2) is called the canonical form
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of P. The left hand side of (4.2) is called the canonical generator of

P(x, D).

Let Pa(x, D) (a = 1, 2) be a pseudoinvolutive projective elliptic differ-

ential operator. Denote the canonical form of Pa by

m n
(6.1). Σ Σ M'MXXPUP'U) + Σ Σ mi(χ){p{lpxώ - 1 = 0

j = i k,e=i j = i k = i

or

LEMMA 6.1. ^(P,) = ^(P2) if and only if Mi{&(x) ~ Mλ

2{lx) (λ, j =

1, , m; k,£ = l, -,n; k or I =̂ 1) and Nίί(x) = Nx

2

J

k(x) (2J = 1, , m;

k = 1, , ή) for each x.

Proof. The relation (6.1)β holds on S(Pa) and if P,(x, D) = P2(x, D),

then SiP,) = S(P2) == I and codim I = m. From (6.1)! and (6.1)2, we get

m n m n

(1.2) Σ Σ (MUx) - MUx))pL + Σ Σ (Nϊί(x) - mk(x))p{ = 0
j = i k,i = i j = i Jc = i

k*l
or

on / (λ = 1, , m) .

Since p ^ (j = 1, , m; k, t = 1, , n; k or / ^ 1) and p{ (j = 1, , m;

k = 1, - ,n) are independent on /, from (6.2) we have MίJ

M(x) = Mih(x)

(λj = 1, '-',m; k,£ = 1, > ',n; k or £ *ΐ) a n d iVί|(x) = J V ^ ( Λ ) ( ί ,7 =

1, - - , m; k = 1, - - -, n). The converse assertion obviously holds. This

has proved Lemma 6.1.

COROLLARY 6.2. Let Pa(x, D) (a = 1, 2) be a pseudoίnvolutίve projective

elliptic differential operator of order 2 and assume that Pn(jlo(f)) ^ 0

(i = 1, , m). Then Pt(x, D) is locally isomorphic to P2(x, D) at (f(xQ), f(x0))

by a local isomorphism near to the identity if and only if there exists a

regular m X m matrix Q = (qυ) near to the unit such that Q^MffiQ — M^

(k, I = 1, , n; k or I ^ 1) and Q"Wf Q - N^ (k = 1, ., n) where

Mffl (resp. N(

k

a)) is a function defined on a neighbourhood of x0 such that

the value M$(pc) (resp. N{

k

a)(x)) at x is the m X m matrix whose (i,j)-

component is Mij

u(x) (resp. NH(x)).

Proof. By Lemma 5.1 Pt(x, D) is locally isomorphic to P2(x, D) at

(f(xo),f(xo)) by a local isomorphism near to the identity if and only if

there exists an afRne transformation φ = (φu , φm), φt(z) = 2]^=1 qίkzk + ri9
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such that φ is near to the identity and φ{9>{P ,)]$/) = S^(P2)\^ where <%
and T are neighbourhoods of f(x0). Then for any u e Sf(Pt) \ W, we have

(6.3) - Af^ ^ ± 3^
dχ\

and

(6.4)

where Σ M = I A^(x)(d2uldxkdxt) + ΣLi B{

k

a){x){dujdxk) = 0 is the coordinate
expression of the differential equation P and Q = (g€i). The solution
space of (6.3) is the same as that of (6.4) and therefore by considering
the canonical forms of (6.3) and (6.4), Lemma 6.1 shows that Q^MjflQ =
Mjβ (k,£ = l,..-,n;koτ£* 1) and Q'ιNPQ = N™ (k - 1, . . , ή). This

completes the proof.

§ 4. Existence of projective elliptic differential operators

7. Define the subset GaGL(n,R) by G 3 X = (xtj) if and only if
Σ*=i χkδ = Σ2-1 xkί (δ > 1) and consider the map c: G B X = (xυ) ->
Σί=i Λ?« e R and set R* = R - {0}.

LEMMA 7.1. G is a subgroup of GL(n, R) and c is a homomorphism
of G onto R%.

Proof. IfGsX = (xtj) and GL(n, R)BY^ (yυ) such that XY = I where
/ is the unit matrix e GL(n, R\ we have Σ?-i Σ*-i Λ**y*j = Σ?=i ^J = l
On the other hand Σ?-i Σϊ«i *«?** = Σϊ-i(Σ?-i *«)**, = Σϊ-i(Σ?-i^ii)y*i =
(Σ?-i ^iXΣLi yfcJ). Thus (Σ?-i Λ*I)(Σ2-I Vu) = 1- This means that ΣLiΛ,
is independent of j i.e. Σ*-iy*j = Σ*=iy*i which proves Y = X"1 e G. If
G a l - (*„) and Y = (yi3), then Σ*=i*w = Σ L i ^ i and Σ L i ^ = Σ L i ^ i
0" = 1, , Λ) Then by setting XY = fe,), Σϊ-i ̂ , = Σϊ-i (Σϊ-i ̂ hyhj) =

- Σί-i (Σ2=i **ΛyΛi) = Σ2-i*« τ h i s proves XYeG. Therefore G is a
subgroup of GL(n, R).

If G B X = (xtj), it is clear that Σ*=i **i * 0. Furthermore for X = (χtJ)
and y - (y,j) e G, we have Σ?=i (Σ*-i Λ<*y*i) = (Σ?-i *«)(Σ2-iy*i) There-
fore c is a homomorphism of G onto R*. The proof is completed.
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8. Let P(x9 D) = Σ\pl<2Cip(x)Dp be an elliptic differential operator of

Γ(Rn, E) to Γ(Rn, F) where dim E = dim F = m.

For some j , P(x, D) is said to satisfy the condition C(J) if m = n and

det (tik(x)) ^ 0 where ti1c(x) = b\j(x) and b\j(x) is the coefficient appearing

in (3.1).

PROPOSITION 8.1. Let P(x, D) = Σlpl<2ap(x)Dp be an elliptic pseudo-

involutive differential operator such that b%(x) ~ b\j{x) (i = 1, , m;

j — 2, , m; k = 1, , n), c°(x) = 0 (i,j = 1, , m) and ί/ie condition

C(l) is satisfied. Then P(x, D) is projectίve.

Proof. Since cίj(x) = 0 (/, j = 1, , m), by Proposition 3.1, (3.2) is

reduced to

(8.1) Σ
fc^ dua

on S(P) = /(P).

Furthermore since P{x, D) satisfies the condition C(l), solving (3.1)

with respect to dujdxk (k = 1, , m), we get

(8.2) J^= £ F ^ / ^ | ^

o n S ( P ) = J ( P ) .

Since d2Ujldxadxβ (j, a, β = 1, , m) and dujldxr (j = 2, , n; r =

1, , m) are independent on /(P), from (8.1) and (8.2), we get as the

system of defining equations of

Σ (<(*) + Σ by(x)F»(x))^ = o

(α, )3, ί = 1, , m) ,

(8.3) Σ if! bγ{x)F%{x)ψ- + a%{x)ψΛ = 0

(α, j8, i = 1, •• , m ; 3 = 2, - - ^ m ) ,

Σ (Σ δί^GW*)^ + «'(*)|^) = 0
y=i \r=i oux duδ/

(£,i = 1, . . . , m ; ί = 2, -- , m ) .

We define m X m matrices by

Haβ(x) = (H*ί(«)) where H%{x) = o«,(x) + Σ ϊ
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m

Kaβl(x) = {K%{x)) where K%lx) = Σ

(α, 0 = 1, > ,m; δ = 2, ,/n) ,

SH(x) = (SJf(*)) where Stf(*) = Σ W(x)G?(x)
k = l

(/ = 1, •• , ι n ; ί = 2, • • . , ! » ) ,

and

Then (8.3) is written by

Haβ(x)w1 = 0 (α, j8 = 1, , m) ,

(8.4) K^x)wx + Aaβ(x)wδ = 0 (α, β = 1, . , m; β = 2, . , m) ,

Sa/x)^ + BXx)u;, = 0 (4 = 1, , ro; δ == 2, , m)

where wk — ι{dφιjduky , dφjduk).

By the condition b{s(x) = 6"(x) (£, & = 1, , m; j = 2, , m), an easy

calculation shows that H*Jβ(x) = aιjβ{x) — a£β(x) (i,j, a, β = 1, , m), lf^a(x)

= — a* (̂x) (i,y, a, /3 = 1, , m; δ = 2, , m) and Sy(x) = — bf(x) (£,y, ί

= 1, , m; 5 = 2, , m). Therefore (8.4) is reduced to

Σ « ( * ) - αa(*))a;M = 0 (i, a, β = 1, •, m) ,

(8.5) Σ < W ^ M - <(*)(Σ «>«) = 0

(h a, β = 1, , m; δ = 2, , m) ,
m m

fc = l λ; = l

where

duk duk

From the second and the third relations of (8.5), we get

m

Σ « ( * ) - ali(x))wu = 0 (i, a, β = 1, , m; δ = 2, • • •, m).
k = i

Therefore the system of defining equations (8.5) of s/(P) is equivalent to



ELLIPTIC DIFFERENTIAL OPERATORS 127

m
Σ (a%(x) — ctiδ

β(x))wkδ — 0 (i, a, β, δ = 1, , m) ,
(8.6)

m m

Σ Wkδ = Σ Wk\ (^ — 1> * * * J # 0

Since 0 = (φl9 , $m) is an affine transformation of -E, the second relation

of (8.6) means that the matrix (dφjduj) belongs to the group G given in

Lemma 7.1. Define the map πδ: GL(m, R) —> Rm by the 5-th column pro-

jection. Then from (8.6) we get

(8.7) Aaβ(x)πδ(w) = c(w)πδ(Aaβ(x)) (δ = 1, . . ., m)

where w = (wl9 -, wm) and c is the homomorphism of G onto R% given

in Lemma 7.1.

From (8.7) if c(w) = 1, then we have Aaβ(x)πδ(w) = πδ(Aaβ(x)) (δ =

1, , m) which mean that w = I. Therefore c: LstfQ(P) -> R* is an iso-

morphism and this proves that Ls/Q(P) is the center of GL(m, R). Con-

versely if L<stfo(P) is the center of GL(m, R)9 then each element φ of stf(P)

satisfies (8.6). Since cίj(x) Ξ O (i, j = 1, , m), this completes the proof

of Proposition 8.1.

PROPOSITION 8.2. For an elliptic pseudoinvolutive differential operator

P(x9 D) = ΣIPI<2 aP(x)Dp satisfying the condition C(l), assume that b\j(x) = 0

is protective.

Proof. From the conditions &j/(x) = 0 (i9 k = 1, , m; j = 2, , m),

we can easily see that H%{x) = 0 (i, a, β = 1, , m), H%{x) = a\j

β{x)

(i9 a9 β = 1, , m\ j = 2, , m)9 KzJβδ(x) = 0 (i, a, β = 1, , m; δ,j =

2, , m), i^^/x) = - < ( x ) (ί, α, ]8 = 1, , m; δ = 2, .,m) and S\{(x) = 0

(ί, jf, ^ = 1, , m; δ = 2, , m). Then (8.4) is reduced to

Σ < ( * K i = 0 (i, a, β = 1, , m) ,

v° ; Σ «iί(^)^« = <>(*)">ii (ί, α, j8 = .1, , m; 3 = 2, , m) ,

6 ? ^ = 0 (i, i = 1, , m; δ = 2, ., m) .

The third relation of (8.8) and the condition C(l) mean that wίδ = 0

(5 = 2, , m). Therefore (8.8) is equivalent to
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(8.9) Wi* = 0 (3 = 2, -. , m ) ,

A a β ( x ) w δ = w n π δ ( A a β ( x ) ) ( a , β , δ = l,' - 9 m )

where

wk = ι(wιk, , wmk) .

Denote by G' the subgroup of GL(m, R) defined by G' B X = (xtJ) if

and only if xυ = 0 (j = 2, , m) and denote by c' the homomorphism of

G to R* defined by c\X) = xn. Then (8.9) is written by

(8.10) w» = 0 (« = 2, « , m ) ,

A Λ / 5 ( x ) α ; δ = &(w)πδ(Aaβ(x)) (a, β , δ = 1, - , m )

where

H; = (z^, , wJ .

If C'(M ) = 1, then (8.10) means that w = I i.e. cf is an isomorphism of

Ls/0(P) onto i?*. Therefore Ls/0(P) is the center of GL{E). This com-

pletes the proof.

9. Finally we shall refer, in the case m < n, to the existence of a

projective elliptic differential operator of order 2.

An elliptic differential operator P(x, D) of order 2 is said to satisfy

the condition C'(J) if m < n and det B3(x) ^ 0 where Bj(x) is the m X m

matrix whose (i, ft)-component is blj(x)

PROPOSITION 9.1. For an elliptic pseudoinυolutive differential operator

P(x,D) of order 2 satisfying the conditions C;(l) and cίj(x) = 0 (ί,j =

1, , m), assume that b^(x) = 6^(x) (i = 1, , m; j — 2, , m; k —

1, , ή) or b\j{x) = 0 (i = 1, , m; j = 2, , m; ft = 1, , n). ΓΛβn

P(x, D) is projective if and only if b%(x) = 0 (i = 1, , m; h = m +

Proof. By the condition C'(l), (8.2) is replaced by

dxk j=i «,j8=i dxJdXβ J = 2 / = I 3x

Σ

on S(P) = /(P). Then from (8.1) and (9.1) as the system of defining

equations of J / ( P ) , we get the following systems of differential equations

(9.2) and (9.3):
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t (a%(x) + Σ by(x)Fι\(xή ML = o

(i = l, ,m; a,β = l, ,n; δ = 2, , m) ,

/ j I / j Oγ \X)vJ $ \X) -p O# \X) 1 = U
j = l \γ = l dill dlljj /

(ί = 1, « . . , T O ; ί = 1, . . . , n ; 3 = 2, . . ,TO)

and

(9.3) J bij(x)Hl(x)^i = 0

(ΐ = 1, , TO; Λ = TO + 1, , n) .

If we set /i^(x) = Σ?-i blJ(x)Hftx) and denote by i/Λ(x) the m X m matrix

whose (i, ;)-component is HiJ(x), then (9.3) is written by

(9.4) Hh(x)w1 = 0 (h = m + 1, , n)

where

zι;, =

Now by the condition (7(1) we can set 6?(x) = Σ?=ic*(*0&*(*) for

i = 1, , m and Λ = /n + 1, , n. Then it is easy to see that

(9.5) H&x) = - ct(x) (k = 1, , m; h = m + 1, . . , n) .

Since «; = (i^j, , wm) satisfies (9.2), as is proved in Proposition 8.1 or

8.2, w belongs to the center of GL(m, R). In particular, wx is of the form

'(*, 0, , 0). Therefore any such w1 satisfies (9.4) if and only if the 1-st

column of Hh(x) is zero i.e. H*(x) = 0. Since H%{x) = Σ?-i b%(x)H%(x)

and the condition C7(l) is satisfied, H%(x) = 0 (ί = 1, , m; h = m +

1, , ή) if and only if JffJ(x) = 0 (k = 1, , m; h = /n + 1, , rc). Then

by (9.5), ^j satisfies (9.4) if and only if <%(x) = 0 (ft = 1, , m; Λ = m +

1, , n) i.e. 6"(x) = 0 (£ = 1, , TO; Λ = TO + 1, , τι). This prove that

the solution space of the system of differential equations (9.2) is equal to

that of the system (9.2) with (9.3) if and only if b%(x) = 0 (i = 1, , TO;

h = m + 1, , ή). This completes the proof of Proposition 9.1.
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