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BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS

OF CALDERON TYPE, III

TAKAFUMI MURAI

§ 1. Introduction

In this paper we investigate the boundedness of Cauchy kernels. The

Cauchy kernel associated with a locally integrable real-valued function

θ(x) is defined by

( 1 ) <£[«(*, y) = (1 + iθ(y))l{(χ - y) + ί(Θ(χ) - Θ(y))},

fix

where θ(x) = θ(z) dz. This kernel plays an important role in harmonic
Jo

analysis on the graph {(x,Θ(x)); xe(— oo, oo)}. For p > 1 and a non-

negative function ω(x), let Ll denote the space of functions f(x) with

\\f\\pω = < \f(x)\pω(x)dx> < oo. In the case ω(x) = 1, we write simply

Lp and || ||p. We say that ©[0] is of type (p, ω) if, for any fe L>,
( 2 ) © [θ]f(x) = lim ί <&Mχ, y)f(y) dy

ε-+Q J β<\x-y\<l/e

exists almost everywhere (a.e.) and \\&[θ]\\pω = sup {\\&[θ]f\\pJ\\f\\pω; 0 < | |/ |U

< oo} < oo. We also write ||G£[0]||P in the case ω(x) = 1. We say that

ω(x) satisfies the Muckenhoupt (Ap) condition if

(AP) sup7 (m7ω)(/n/ω-1/(p-1))1'"1 < oo ,

where "supj" denotes the supremum over all finite intervals I and rrijω =

(1/111) ω(x)dx (\I\: the measure of J). It is well-known that Calderόn-

Zygmund kernels are of type (p, ω) if ω(x) satisfies (Ap) ([2]). We shall

show that the analogous property is valid for some Cauchy kernels. We

say that a locally integrable function f(x) is of bounded mean oscillation

if ||/I|BMO — S UP/ mi \f — mif\ < °° The space BMO of functions of bounded

mean oscillation, modulo constants, is a Banach space with norm || ||BM0.

We show
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THEOREM 1. If θ e BMO, then &[θ] is of type (p, ω) for any ω(x) with

<AP).

It is necessary to study whether "θ e BMO" is a sharp condition for

which &[θ] is of type (p, ω). In this paper we work only with p = 2 and

<o(x) = 1. Let us define the distance d(θ) between θ(x) and 0 by the

supremum of ||©[0 + u] — S[0]||2 over all real numbers u. As a response

to this subject, we show

THEOREM 2. lim^o d(tθ) = 0 if and only if θe BMO.

§2. Notation and Lemmas

We use C for absolute constants. The value of C differs in general

from one occasion to another. Let L°° denote the Banach space of func-

tions f(x) with norm \\f\\,, = ess. supΛ \f(x)\ < oo and L\oe the totality of

locally integrable functions. The maximal function of feL]0C is defined

by f*(x) = supΛ 6 7 mj\f\, where " s u p ^ / ' is the supremum over all finite

intervals I containing x. For a measurable set E in (— oo, oo), XE(x)

denotes the characteristic function of E. Given 0 < ε <iη and a real

number y, we put χ<?>(x) = χ™(x) - X<*\x), where X™(x) = Z[2/_s,,+s]c(x) (s =

ε,η). We write ®[θ](x,y) = &[0\(x,y) - ®[0](ίc,y). For feL\oc, we put

®*[6>]/(x) - suv{\<&[θ](X{*lf)(x)\; 0<ε<η\. The norm ||£>*[0]|U is defined

analogously as ||E[0]||pe,. Here are some lemmas necessary for the proofs

of our theorems.

LEMMA 3 (The Calderόn-Zygmund decomposition: Stein [8, p. 17]). Let

feL1 and λ > 0. Then there exists a sequence {Jk}k=1 of mutually disjoint

finite intervals such that, with J = U i ^ i ^ j

( 3 ) \J\ < C\\f\\Jλ, mJk\f\ < 2λ (k > 1), |/(x)| < λ a.e. in Jc.

LEMMA 4 (John-Nirenberg [5]). Let r > 1, feBMO and I be a finite

interval Then mx\f - m,jf\r < CrΓ(r + 1) ||/||JM0.

LEMMA 5 (Coifman-Fefferman [2]). If ω(x) satisfies (Ap), then there

exist 1 < q < p and a constant Bx such that, for any feL*, \\f*\\qω < JBJI/H .̂

LEMMA 6 (Coifman-Fefferman [2]). // ω(x) satisfies (Ap), then there

exist two constants 0 < 7 < 1 and B2 > 1 such that, for any finite interval

I and a set E in I, ω(E)lω(I) < B2(\E\/\I\)r, where ω(F) = [ ω(x)dx (Fa
JF

(-OO, Oθ)).
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LEMMA 7 (Murai [6]). For a real-valued function θ(x) in L°°, we put

(4) St[ff\(x9 y) = —±— exp f- i Θ ( x ) ~ β ω | .
x — y I x — y )

Then there exists an absolute constant N>2 such that, for any r > 1,

\\S6*[0\\\r < {Crl(r - ΐ)}P(\\θ\U where p(t) = (1 + t)N (t > 0).

LEMMA 8. For a real-valued function θ(x) in L°° and a real number

u, we put

/{(* - y) + *(©(*) - β(y) + Φ -
x — y ) I

(n = 0,1) .

2%en, /or any r > 1, ||SC*[i, M]||Γ < {Cr/(r - l)}||ί||ϊKII«IU) (n = 0, 1).

Proof, We choose an infinitely differentiable function ψn(x) so that

ψn(x) = x71 (|χ| < 1) and |ψw(0l /°(0 dt < oo, where ψn(ί) = e~ίtxψn(x) dx.
J-oo J-oo

We have

Jo

and

ψn{ / := : C I ΨnW βXp <it / d£ .
l ( x — 3̂ ) ||#||oo J ^-°° ^ ( x — y ) \\θ\\zo J

Hence

= C||ί||S Γ fn(t)dt Γst[sθ -
J -oo JO

Using Lemma 7, p(s + t) < p(s)p(t) and p(st) < p(s)ρ(t), we have

l|5t*[fl, u]| | r < C||β||i Γ |ψn(ί) |Λ Γ \\®*[sθ - tθlWθMle-ds
J-oo JO

(6) < {Crl(r - \)}\\θ\t Γ \$n(t)\d* Γ^II^IU + \t\)e~s ds
J-oo JO

[Crl(r- l
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§ 3 Proof of Theorem 1

Let θ e BMO and let ω(x) satisfy (Ap). Since ©[0] is of type (p, ω)

([2]), it is sufficient to show that S)[0] is of type (p, ω). To do this we

show that S*[0] is of type (p, ω); once this is known, a standard argument

easily shows that (2) exists a.e. for any / e l £ , and hence the (p, ω)-ness

of S)[0] follows. For s > 1, we define

( 7 ) Λs(f)(x) = (fs)*(x)1/s, Γs(f)(x) = sup W | 0 - miθ\ \f\)ψs .

Note that /*(*) < Λs(f)(x) and Λ(/)(x) < Γs(f)(x) (s > 1). We choose r

so that 1 < r < p/g, where q is the number associated with p in Lemma

5.

Given feLξ with compact support, we now prove the following good

λ inequality:

(8 ) ω(x; 2)*[0]/(x) > 2λ, Ξ(x) < δλ) < 4~pω(x; 2)*[0]/(x) > X) (λ > 0) ,

where Ξ(x) = ^(||^||BMo){^r(/)(^) + ||^||BMo^r(/)(^)} and a constant δ is deter-
mined later. Given λ > 0, we put

( 9 ) U(λ) = {x; 3D W ( * ) > *} , σ(λ) = ω(U(λ)).

Then we can write U(λ) — UΓ=i Jfc with a sequence 2K(>1) = {/J^i of

mutually disjoint finite open intervals. To prove (8), it is sufficient to

show that, for any I e

(10) \xel; S W ( x ) > 2λ, B(x) <δλ\<Bz\I\,

where Bz = (4pjB2)~
1/r (ΐ, B2: the constants in Lemma 6); once this is known,

Lemma 6 gives ω(xel; 2)*[0]/(x) > 2λ, Ξ(x) < δϊ) < A~pω{I) (Ie Wt(λ)), and

hence adding in I e ίffl(λ), we obtain (8).

Let / = (α, b) e Wl(X). If Ξ(x) > δλ in 7, nothing is to be proved.

Assuming that B(ξ) < ^ for some ξel, we prove

(11) \xel; S

We have, with X(x) = χf(x) (7 = (α - 3|7|, σ + 3|7|)),

| x e 7 ; ®*[^]/(x) > 2A|

(12) < |x e 7; ©*M(Z/)(x) > λ/2\ + \xel; ®*[θ](Xcf)(x) > 3λ/2\

( = Pi + P2, say).

First we estimate Px. Let 7* = (α - 4|7|, α + 4|7|). We have, with
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g(x) = (θ(x) - mp0)Xpix) and G(x) = \* g(z)dz.
JO

(13) = i{g(y) - G(x)

χ2
G(^-}/{(x ~y) + %<K*) - G(y) + mjJθ(x - y))}

(xel, yeϊ) .

Since \\g\\i < C||0||BMO|7|, the Calderόn-Zygmund decomposition shows that

there exists a sequence {Jk}ΐ=ι of mutually disjoint finite intervals such

that, with J — U?=i Ju

\J\<(BM\I\, mJk\g\<C\\ΘU0 (k>ΐ)

0 a.e. in Jc .

We put h(x) = ̂ (Λ) (x e 7* - ( L U Λ ^ ) ) , A(«) - /wJfcg (x eJk9ke Λ) and

= 0 (X6 75,), where J = {k; Jk C 7*} and 7* is the smallest interval con-

taining UfceΛ<7fc We may assume 7* D 7, adding small intervals if neces-

sary. Put H(x) = h(z)dz (d: a point in J—I). Then we have, for any
Jd

xel, ye I,

(15) {
\1D) I x — y x — y

- i{H(x)~H(yί){%o[g, m M^y) - Xίh, mpβl&
v. x y j

(= $,(*, y) + ®2fe y) + + ©,(*, y), say) .

Since \\h\\^ < C||^||BMO> Lemma 8 shows that

\xel; ©χ*(Z/Xx) > J/10| < |x; S,*[Λ, m^](gZ/)(x) > ^/10|

(16) <{C|lS;0*[Λ,/n^]|U|^/|| r/^

< {[Crl(r - l)]p(\\θ\\Bm)Γr(f)(ξ)lλγ\I\ < {Cδrl(r - 1)Y\I\.

We have analogously

\xel;

Let c/* = Ufce^^?? where Jf is the open interval with the same midpoint

as Jk and length 2|Jfc|. Then | J * | < (J5g/2)|7|. We have, for any xel-J*,



34 TAKAFUMI MURAI

< Γ \%0[g, m^](x, y) - %[h, m^](x,y)\ \(gXf)(y)\ dy
J - o o

< f_ {| J* (g(z) - Hz)) dz\/(x - yf]\(gXf)(y)\ dy

<ΣΪ iff \g&) - Kz)\dz) Ax - yγ}\(gXfXy)\dy
keΛjjk l\jjk JI J

< ||<?iU Σ IΛI f l(^/)(y)|/(* - yf dy (= @(χ), say) .
A r e / I Jjfc

Since

^ < Cδλ\i\,

we have

(18) \x e I - J* ; ®f(XfXx) > J/101

Since

S)f(3C/)(x) < ||0||BMO Σ 1̂ 1 f

we have

(19) \xeI-J*; S>f(Z/X*)

In the same manner as ®f, we have

(20) \x e I - J * ; ©,*(Z/)(x) > Λ/10| < Cί | I | .

Consequently, we have, by (16), , (20) and \J*\ < (BS/2)|I|,

(21) P, < {Cδrl(r - 1) + Cδ + BJ2}\I\ .

Next we estimate P2. Let xel. Since S)*[^]/(α) < λ, we have, for

any 0 < ε < η,

(= Q* + Q, + ^, say) .

Let V, = (x - ε, x + ε)c Π(α - ε, α + ε)c, V2 = (* - ε, x + ε)c\(a - ε, a + ε)e

and V3 = (α - ε, α + ε)c\(x - ε, x + ε)c. Then
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(x,y) - nθ](a,y)\\(rf)(y)\dy

(23) + f Inθ](x, y)11(Ze/Xy) \dy + \ 12)[0](<

( = Qn + Qa + Qe3, say) .

We have

Qn < Γ \MΘ]{x,y) - MO](a,y)\\(rf)(y)\dy
(24) J-~

< Σ Γ ISMfoy) - S>M(σ,y)||(3Z»/Xy)|dy ,

where δ̂A ίy) denotes the characteristic function of ϊk — ϊk_ί and ϊe is the

open interval with midpoint a and length 2e\ϊ\ (£ > 0). Let θk{y) = (<9(̂ )

— mϊkθ)χϊk(y) (k > 1). Then we have, for any x e I, yeϊk,

(z) dz)/{{x -y) + i(θ(x) -

(z) cte}/{(o - y) + i(Θ(α) -

(α - y) J

J(α - y) + i(Θ(α) - θ(y))

_ if _ L _ Γ βt(«) <fo - _ J — Γ β t(2) dz) /
ix — y Jυ a — y Jy )/

{(a - y) + i(θ(ά) - θ(y))}

(2 5 ) = g . ( ( * « > - * * > β ( f f l ) - @ ω
x — y a — y

ux
I

x_y)Λ + jmΘjyΆL
x — y J\ a — y

ti.(y)(x - «)/{

- i - r
x — y J yy Jy ) i x — y a — y

-y A a-y
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- a)

_ i{-±- Γ θk{z) dz) /{(a -y) + i(Θ(ά)

+ ; [ _ ( * - * ) ( % » cfo}/{(α - y) + i(Θ(a) - Θ(y))} .

Note that" |m h θ — mh_xθ\ < C||ί | |B M 0 (£ > 1). Since

\θk(z)\ dz < ^\θ(z) - mίQθ\dz + \mhθ - mhθ\\ϊ\

we have, for any xel, yeϊk — ϊk-l9

Θ(x)-Θ(y) __ θ(ά)-θ(y)
X - y a -y

(26) — — Γ h(z) dz - - J : — Γ θk(z) dz
x — y Jy a — y Jv• y

• y

-A__ r βk{z) dz _ (*-α> r
x — yJa (x — y)(a —y) Jv

) f βk(z)\ dz + (C2-η\ϊk\) ί.
J I J It

By (25) and (26), we have

< Cp(\\θ\U0){\θk(y)\ + \\θ\\Blιo}k2-η\ϊk\ (xel,yeϊk- ϊt_J ,

Γ
J - o

and hence

(27)

If ε < 2|/|, then Qε2 = Qs3 = 0. If ε > 2\I\, then we have, with θ¥(y)
(θ(y) - mrθ)Xr(y) (V = (a - ε, b)),

(28)

ε2 = f \§v(y) ~ —^- Γ θv(z) dz
Jv* {. x — y Jy

{(x -y) + i(θ(x) - θ(y))} \(rf)(y)\ dy
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(C/lV\)^^{\θv(y)\ + \\θ\\BU0}\(Γf)(y)\dy

C{Γί(f)(ξ) + ||0||BMo/*(f)} < CΞ(ξ) < Cδλ .

We have analogously Qε3 < Cδλ. Consequently, Qε < Cδλ. In the same

manner, we have Qη < Cδλ. Since 0 < ε < η are abritrary, we have, by

<22),

(29) ®*[0](Xc/X*) < (1 + Cδ)λ (x e I) .

Using (21) and (29), we choose δ so small that Px < Bz\I\ and P 2 = 0.

Then we have (11) according to (12). Hence we obtain (10). This com-

pletes the proof of (8).

Now we deduce the (p, ω)-ness of ©*[#] from (8). By Lemma 4, we

have, with a constant Z>x > 1,

Γr(f)(x) = sup ί(l/|/1) f (\θ(y) - mJWfiyψ dy}*"

< sup ί(l/|/|) ί \θ(y) - mjθl**"'-** dy}(

xei I Ji

x {(l/iJ|)^\f(y)r«dyy
p < AIÎ IIBMO

and hence Ξ(x) < CD^ΘW^opiWΘW^oU^ifXx). We have, by Lemma 5,

( 3 0 )

< CDιBι\\θ\\BmP(\\ΘUo)\\(fm)\\tp =

Let Λr( ί) = ω(x; Ξ(x) > X) (λ > 0). Then (8) shows that

<31) σ(2X) < κ(δλ) + A-pa{λ) (λ>U).

As in the proof of Lemma 12 in [7], we can easily verify that the follow-

ing formal calculus holds true.

Integrating each quantity in (31) by λv'idλ from 0 to infinity, we

have, with a constant D2,

Γ j H ί W < f l < (PHY Γλ'-Wdλ < {(A/5)||̂ ||BHoίo(ll̂ llBMo)ll/ll!,J
!'

Jo Jo

This shows that IISWIL/II/IU < (A/δ)||̂ ||BMoί>(ll̂ llBMo). Taking the sup-

remum over all feL% with compact support, we have

(32) \\<ε>*[0\ \\pa < (A/δ) \\θh

This completes the proof of Theorem 1.
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§ 4. Proof of Theorem 2

Let θ e BMO. Then we have, by (32), d(tθ) = 0(0 (t -+ 0), and hence

lim£_o d(tθ) = 0. Suppose that lim^o d(tθ) = 0. We choose s > 0 so that

d(sθ) < τ, where τ is determined later. Given a finite interval I, we denote

by w its midpoint. Put θ(x) = sd(x), #(*) = 0(x) — mβ and

(33) ©(*, y) = {θ(x) - ί(y)}/|(x - y) + i £ ^ ) dz} .

Since @(x, y)/i is the sum of ^[θ](x9 y) and the dual kernel of &[θ](x, y\

we have ||©||2 < 2r. We have, for almost all x in 7,

(* - y) + i $ θ(z) dz} dy

= (x -

Thus

{J7 ^ * + vmιι®{( -
(34) [£ { £ ^ } 2 ] 1 / 2

< Cr [l + (1/1 J|)

Now we choose r so that Cτ < 1/2. Then (1/|I|) ί \θ(x) - mjθ\dx< 1/2.

Taking the supremum over all finite intervals I, we obtain | |5 | |B M 0 < 1/2,

which shows θ 6 BMO. This completes the proof of Theorem 2.
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