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BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS

OF CALDERON TYPE, III

TAKAFUMI MURAI

§1. Introduction

In this paper we investigate the boundedness of Cauchy kernels. The
Cauchy kernel associated with a locally integrable real-valued function
0(x) is defined by

(1) Clol(x, ) = (1 + i6(y)/{(x — y) + i(6(x) — O},

where O(x) = r 0(2)dz. This kernel plays an important role in harmonic
analysis on thtoa graph {(x, O(x)); x€ (— o0, )}. For p >1 and a non-
negative function w(x), let L? denote the space of functions f(x) with
1fllpe = {r [f()]Po(x) dx}w < oo. In the case w(x) =1, we write simply
L? and || ﬂ: We say that €[4] is of type (p, 0) if, for any fe Lz,

(2) C[6]f(x) = lim S[o1(x, »f(y) dy

e-0 Je<|z-yl<1/e
exists almost everywhere (a.e.) and |[€[6]|,. = sup {||€[01f | u/lfllp0; O < [Ifllps
< w} < oo. We also write ||€[6]], in the case o(x) =1. We say that

o(x) satisfies the Muckenhoupt (A4,) condition if
(Ap) sup; (mla’)(mlw_l/(p_l))p~1 < oo,
where “sup,”’ denotes the supremum over all finite intervals I and m,0 =

ajNI 1)f o(x)dx (|I|: the measure of I). It is well-known that Calderén-
I

Zygmund kernels are of type (p, 0) if w(x) satisfies (A,) ([2]). We shall
show that the analogous property is valid for some Cauchy kernels. We
say that a locally integrable function f(x) is of bounded mean oscillation
if || flleso = sup; m;|f — m;f| < co. The space BMO of functions of bounded
mean oscillation, modulo constants, is a Banach space with norm |- |gyo.
We show
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TaEOREM 1. If 6 € BMO, then €[6] is of type (p, w) for any o(x) with
(A,).

It is necessary to study whether “6 ¢ BMO” is a sharp condition for
which €[6] is of type (p, »). In this paper we work only with p = 2 and
w(x) = 1. Let us define the distance d(f) between 6(x) and 0 by the
supremum of |€[¢ + u] — €[0]|, over all real numbers u. As a response
to this subject, we show

THEOREM 2. lim,_,d(t6) = 0 if and only if § € BMO.

§2. Notation and Lemmas

We use C for absolute constants. The value of C differs in general
from one occasion to another. Let L~ denote the Banach space of func-
tions f(x) with norm |f||., = ess. sup,|f(x)] < oo and L}, the totality of
locally integrable functions. The maximal function of fe L}, is defined
by f*(x) = sup,e; m;|f|, where “sup,.,” is the supremum over all finite
intervals I containing x. For a measurable set E in (— oo, o0), Xz(x)
denotes the characteristic function of E. Given 0 < e <y and a real
number y, we put x(x) = XV (x) — 1P (x), where X{(x) = Xy, yse:(%) (s =
& 7). We write D[0l(x, y) = C[4l(x,y) — €[0](x,y). For felL}, we put
D*[6]f(x) = sup {|DOIXE)(%)]; 0 < e < y}. The norm || D*[6]|,, is defined
analogously as ||€[4]|,.,. Here are some lemmas necessary for the proofs
of our theorems.

LEmMMA 3 (The Calderén-Zygmund decomposition: Stein [8, p. 17]). Let
feL' and 2> 0. Then there exists a sequence {J )y, of mutually disjoint
finite intervals such that, with J = ;.. J,,

(3) T < Clifl/A, my lfI<22 (R=1), |[f®)]<2 ae ind°.

LeEmMA 4 (John-Nirenberg [5]). Let r > 1, fe BMO and I be a finite
interval. Then m;|f — m,f|" < C'T'(r + 1) ||f%mo-

LemMA 5 (Coifman-Fefferman [2]). If w(x) satisfies (A,), then there
exist 1 < g < p and a constant B, such that, for any fe L%, ||f*]l,0 < Bil|f]e-

Lemma 6 (Coifman-Fefferman [2]). If w(x) satisfies (A,), then there
exist two constants 0 <7 <1 and B, > 1 such that, for any finite interval
I and a set E in I, o(E)jo(I) < B(E||I)y, where o(F) :I o(x)dx (F C

F
(—007 OO)).
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LEmMA 7 (Murai [6]). For a real-valued function 6(x) in L, we put

1 60 =6}

(4) KI01(x, ) = ——— exp {_ i
-y x—y

Then there exists an absolute constant N > 2 such that, for any r >1,
[8*[6]1l, < {Cr/(r — D}p(6]l..), where o(t) = (1 + &)Y (¢ = 0).

LEmMA 8. For a real-valued function 6(x) in L* and a real number

u, we put
(5) - {M}" / {(x — y) + i6(x) — O(y) + ulx — )}
x—y :

(n=0,1).
Then, for any r > 1, ||T¥[0, u]ll, < {Cr/(r — D}||0]2p(|0].) (n =0, 1).
Proof. We choose an infinitely differentiable function +,(x) so that

Pa®) = (2] <D and [ 7.0 o0 dt < o, where §,(0) = ety () .
We have

{(x — ) + i(6(x) — 6(y) + u(x — y)} = J : Rs6](x, y)e=*¢+ 1 ds

and

. 1.6(x) — 6(y) " .. O(x) — 6(y)
ol e Dy =C L e it o) &

Hence
Z.10, ul(x, y)

oy (6@ = ) (O — B
= 101 { 2T 1 = ) 4 (6 — 0) + ue — )
= Clo [ u®dt [ Rlso — 0011, e+ ds .

Using Lemma 7, p(s + £) < p(s)p() and p(st) < o(s)p(t), we have

12216, wull < CIOIE [ 19 u@1de [ 18+1s0 — t0fl0]l.} e ds
(6) < {Crlr— Yol [ F.0ldt [ elel6]. + [t)e ds

<{icre — 1|1l [ e ds}loeon.)
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§3. Proof of Theorem 1

Let ¢ BMO and let w(x) satisfy (4,). Since €[0] is of type (p, w)
([2]), it is sufficient to show that D[] is of type (p,w). To do this we
show that D*[4] is of type (p, w); once this is known, a standard argument
easily shows that (2) exists a.e. for any fe L?, and hence the (p, ®)-ness
of D[F] follows. For s > 1, we define

(7)  ADE = EV@,  T()) = sup {mi(0 — mi0||f)} .

Note that f*(x) < 4,(f)(x) and I'(f)(x) < I, (f)x) (s >1). We choose r
so that 1 < r < p/q, where q is the number associated with p in Lemma
5.

Given fe L? with compact support, we now prove the following good
A inequality:

(8)  o(x; D*[0]f(x) > 24, E(x) < 82) < 4770(x; D¥[0lf(x) >2) (A >0),

where 5(x) = p(||0|lsuo){L -(f)(®) + ||0]smod(f)(x)} and a constant § is deter-
mined later. Given 1 > 0, we put

(9) U@ = {x; D*[0]f(x) > 2}, o) = o(UQ)) .

Then we can write UQ) = Ui, I, with a sequence INQ) = {I,};-, of
mutually disjoint finite open intervals. To prove (8), it is sufficient to
show that, for any Ie (),

(10) lxe I; D¥61f(x) > 22, (x) < 62| < B,|I|,

where B, = (4”B,)"'" (', B,: the constants in Lemma 6); once this is known,
Lemma 6 gives o(x e I; D*[0]f(x) > 21, B(x) < or) < 47?0(I) (I e M(2)), and
hence adding in Ie IN(2), we obtain (8).

Let I=(a,b)eMQA). If H(x) >64 in I, nothing is to be proved.
Assuming that 5(&) < 64 for some & e I, we prove

(11) |x € I; D*[0]f(x) > 22| < By|I].
We have, with 1(x) = 2x) (I = (@ — 3|I|, @ + 3|I)),

|x e I; D*[01f(x) > 22|
(12) < |xel; D¥[OIXf)(x) > 2/2| + |x e I; D¥[O1(xf)(x) > 34/2]
(= P, + P, say).

First we estimate P,. Let I* = (a — 4|I|, a 4+ 4|I|). We have, with
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2(x) = (0(x) — mpb)Ln(x) and G(x) = j 2(2) dz.

D101, )
@ =i{g) — FO=IO fi =)+ G ~ G) + mele — )
(xel yel).

Since ||g|l, < C||0]lsxo| L], the Calderén-Zygmund decomposition shows that
there exists a sequence {J,};., of mutually disjoint finite intervals such
that, with J = Uz, J;,

(14) |J| < BJHIT), m,, 18] < Cllflavo (R >1)
lg(x)] < C|lfllsyo  a.e. in J°.

We put A(x) = g(x) (xe I, — (Ures Jw), M%) = m,; g (xed,, ke A) and h(x)
= 0 (xe Ig), where A = {k; J, C I*} and I, is the smallest interval con-
taining UiesJ:. We may assume I, O I, adding small intervals if neces-
sary. Put H(x) = j: h(z2)dz (d: a point in J—1I). Then we have, for any
xel yel,

@[0](3(:, y) = lio[h: ml*a](xs y)g(y) - li:l[h, mhﬂ](x, y)
+ i{SZo[g, m,ﬁ](x, y) - izo[h, ml*a](x’ y)}g(y)

— i 69 = G0) _ H) = H(y)}io[g, m,.)(x, )
x—y x=0

(15)
— i HO = HO) Nty 1, me)(x, 3) — ik, mestw, 9}
x—y
(= Du(x, y) + D, y) + -+ - + Dy, ), say) .
Since ||k, < C||0]lsyo, Lemma 8 shows that
|z e I; DFAf)x) > 2/10] < |x; Tf[h, m01(82f)(x) > 2/10]

(16) <A{CIZ& [k, mub] |, |gXfll. /2"

< AICr[(r — D]p101lsx) " (F)E)AY | I| < {Cor/(r — D} |I] .
We have analogously
an  |xel DHENE > 210] < (CITlh, modll, 121113y

<ALCr/(r — D1IBllsmop(10llsxo) 4:(FIE)AY | I| < {Cor/(r — D} |I].

Let J* = \yeaJ ¥, where J¥ is the open interval with the same midpoint
as J, and length 2|J,|. Then |[J*| < (By/2)|I|. We have, for any xe I — J¥,
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DrNE) < [Tl metw, ) — Tl medl )] (X dy
<[ {[ @@ - rrdaz /@ - icennidy
<= ([ 1e@ - r@1dz) /@ - 3¥}ierPl @y

ked

< 6lwo 3 121 [ 1821 — ) dy (= ©(x), say)
Since
[ s@dx < Clollollgnfl < CHlOlnol (AU IT] < CaIT,

we have
(18) lxel — J*; DFAf)(x) > 2/10| < Co|I].

Since
DFALIx) < 1[0]lsyo k}e:A || Lk (XO@(x — yydy  (xel—dJ%),

we have

(19)  |xel — J*; DF@F)(x) > 2/10] < (10/)C||0]lsxof*@) [I] < C3|I] .
In the same manner as ®F, we have

(20) [xel — J*; DFXf)(x) > 2/10| < Cs|I].
Consequently, we have, by (16), - - -, (20) and |J*| < (By/2)|I],

(21) P, < {Cor/(r — 1) + Co + B,/2}|I|.

Next we estimate P,, Let xel. Since D*[6]f(a) < 2, we have, for
any 0 <e <y,

IDIOIC ) ()| < [DOJEEXF)(x) — DOV X f ) (@)
+ [ D151 ) @)
< D1 ) %) — DI Lf N @)
+ [DOIExS ) (%) — D[OIXxf N @)| + 2
(= Q.+ @, + 2, say) .

Let Vi=(x—¢x+ o N@a—ca+e, V=&—¢cx+e\(@a—¢a+ e
and V,=(a —¢,a + ¢)°\(x — ¢, x + ¢)°. Then

(22)
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Q. < [, 19001(x, 3) — DLoke, NIIE| dy

(23) + [, 1061 DA dy + [ D16k, 911 dy
(= Q. + Qsz + Qsa; say) .
We have
Qu< [ 190015, 5) — Dloe, NI dy
(24) -

<5 [0 o6 ) — DWoa, @A) dy

where 9X,(y) denotes the characteristic function of I, — I,_, and I, is the
open interval with midpoint a and length 2¢|T| (£ > 0). Let d.(y) = (6(y)
— m;,0x,(y) (¢ >1). Then we have, for any xel, yel,,

(5 1 (- )
=i|{p0) ~ 1 [ A@ de) /1 = ) + 6) - )

~ {0~ 2 [ 0@ d} /i@ — ) + 6@ — 6
. 1 1
B wk(y){ (®—2) +i6(x) —6(3) (a—3)+ @) — @(y))}

-2

~ 1
(2 d
S L@ e e
_ 1
(@ — y) + i(6(a) — 6(y) }

; ,, i(2) dz — _d——l-_y f y 7(2) dz} /

1
i
{(@ — ) + i(6(a) — B(Y)}

ERE Y CCELCRECELONy)

(i (1 + 8D = 001 4 ;60— 600 ),

— i5,(3)( — a) / {r = e - y)(l PCOR @(a) i)(y))}

e dz}{@@)—?(y) _ @(ai_(;)(y)} /

{1+ 182 @(y))(l +L@<a3_§<y>)}
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+ i{x 1 - L §.(2) dz}(x — a)/

e = a1+ XD =5D)}

_ i{}%; j zﬁk(z) dz} / {(@ — ) + iB(a) — 6(»))}

. (x — a) * _ ; —
" l{m Lﬁk(z) dz} / {(@ — 9) + ¥(6(a) — 6(»)} -

Note that |m;0 — m;, 0] < C||0|lswo (¢ > 1). Since
[ 1.@1dz < [ 10@) — masldz + Imsg — madlIT| < CRIlhmol 1

we have, for any xel, yel, — I,_,,

O(x) —0(y) _ 6(a) —6(y)|

x—y a—y
(26) — lﬁ L 7.(2) dz — ;%7 j 1, §.(2) dz‘
_ ;}y_ IZék(z) dz— % L 7.(2) dzl

< (@) [ 0.@)] dz + (€2 LD || 10:@)ldz < Clofamoh2™" .

By (25) and (26), we have

[D6)(x, y) — Dlbl(a, ¥)|
< CP(IWHBMO){l‘;k(y)I + ”0”BM0}k2—k/lfk| (xelye jk - fk—l) ’

and hence

Qu < Co161me) 33 (k211D [ {18.(9)] + [61hsc} @1 P)3)] dy
(27 = -

< Coll0lma) {33 k2 HIUP® + 1010l @)} < CEE) < Ca.

If e < 2|I), then @, = Q.. =0. If ¢>2|I|, then we have, with 4,(y) =
@(y) — mp0)x(y) (V = (a — ¢, b)),

Q= [~ 2= [i@a/

(28) {(x = y) + #(O(x) — O X)) dy
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< @AVD |, 18] + 10lod ()] dy
< CITUAE) + 10llnof ")} < CEE) < C1.

We have analogously Q.. < Cdéi. Consequently, @. < Céi. In the same
manner, we have @, < Cél. Since 0 < e < 7 are abritrary, we have, by

(22),
(29) DG )x) < L+ Cor (xel).

Using (21) and (29), we choose § so small that P, < B,|I| and P,=0.
Then we have (11) according to (12). Hence we obtain (10). This com-
pletes the proof of (8).

Now we deduce the (p, v)-ness of D*[4] from (8). By Lemma 4, we
have, with a constant D, > 1,

L) = sup {aNID [ 100) — mit F)D dop
< leéll) {(1/|I|) L |6(y) — m,B|P7/®=a7 dy}p=anier

a/p
xAA@iny [ 1f@e s} < Dot N
and hence Z(x) < CD1”0”BMOP(H0||BMO)Ap/q(f )x). We have, by Lemma 5,

(30) 18 lpa < CD|10]lmy00(101lsx0) | (F7/9)* |22

< CD,B,||0]lsxo0(ll 0 lexo) | (F7) &7 = CDB||0]lsxo0ll 0llsxo) 1 fllow -
Let £(2) = w(x; 5(x) > 2) (2 > 0). Then (8) shows that
(31) a(22) < k(62) + 47%a(R) @2>0).

As in the proof of Lemma 12 in [7], we can easily verify that the follow-
ing formal calculus holds true.

Integrating each quantity in (31) by 2°-'d1 from 0 to infinity, we
have, with a constant D,,

[t da < @ [ ) d2 < (DD soo1 s 115}

This shows that [|D*[6]f|l,u/llfllse < (D:f0)||0]lsxo 0(l|0lleno). Taking the sup-
remum over all fe L? with compact support, we have

(32) D[] |50 < (D2/0) 161ler0 (16 llexio) -
This completes the proof of Theorem 1.
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§4. Proof of Theorem 2

Let ¢ BMO. Then we have, by (32), d(t§) = O(f) (¢t — 0), and hence
lim,_, d(td) = 0. Suppose that lim,_ ,d(#f) = 0. We choose s >0 so that
d(sf) < 7, where t is determined later. Given a finite interval I, we denote
by w its midpoint. Put 6(x) = sf(x), 6(x) = 6(x) — m,# and

(39 (x,9) = ) — i)} /(e =) + i [ G2y dz ) .

Since ®(x, y)/i is the sum of D[F](x,y) and the dual kernel of 5®—[5](x, ),
we have |®|, < 2z. We have, for almost all x in I,

110G — mad) = [ () — B} dy
= [ 8@ | —n+i[ i@ dz}dy
= (x — WOLE — G- — WL}
+ i{ f w i(2) dz }(ij,(x) - i@i{(ﬁo i(z) dz )x,} ) .
Thus
'I‘L |6(x) — m, 0| dx
< {[ ¢ = wy ax} "jO1.1, + VTG — wit

o0 ] (s oo o[ e

< c{t+ @i | 1@1dz {181

<Cr {1 + @I Llﬁ(z) — m,5|dz}|1|2 :

Now we choose ¢ so that Cr < 1/2. Then (1/|II)J |6(x) — m,0|dx < 1/2.
I

Taking the supremum over all finite intervals I, we obtain ||| < 1/2,
which shows § e BMO. This completes the proof of Theorem 2.
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