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MODULI SPACES OF THE STABLE VECTOR BUNDLES

OVER ABELIAN SURFACES

HIROSHI UMEMURA

Let X be a projective non-singular variety and H an ample line bundle
on X. The moduli space of ίZ-stable vector bundles exists by Maruyama
[4]. If X is a curve defined over C, the structure of the moduli space (or
its compactification) M(X, d, r) of stable vector bundles of degree d and
rank r on X is studied in detail. It is known that the variety M(X, d, r)
is irreducible. Let L be a line bundle of degree d and let M(X, L, r) denote
the closed subvariety of M(X, d, r) consisting of all the stable bundles E
with det E = L. We know the global Torelli theorem holds for the mapp-
ing X^ M(X, L, r) if the genus g of X > 2 and (d, r) = 1. Namely, let Xr

be a non-singular projective curve of genus g and ΊJ be a line bundle of
degree d on X\ Then the variety M(X, L, r) is isomorphic to M(X', U, r)
if and only if X is isomorphic to X'. In higher dimensional case, very
little is known about the moduli space of iϊ-stable vector bundles. The
moduli spaces have been studied only on two types of surfaces. When X
is a hyperelliptic surface, we determined the moduli spaces of ίf-stable
vector bundles with trivial Chern classes in Umemura [14]. In this case
the Moduli spaces are not connected when we fixed the numerical Chern
classes. Barth [1] proved the moduli space of ίf-stable vector bundles
with c1 = 0 of rank 2 over P2 is irreducible and rational. In this paper,
we work over abelian surfaces A and we study the moduli spaces of some
iί-stable vector bundles. In the first example, a component of the moduli
spaces is isomorphic to A X A and in the second example, it is birationally
isomorphic to the symmetric product Sn(A). In both cases, the local Torelli
theorem holds (see for precise statements, Theorem 5 and Theorem 21).
We know nothing about the connectedness of the moduli spaces.

Let X be a non-singular algebraic surface defined over an algebraically
closed field k and H an ample line bundle over X. We know that, if we
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fix numerical Chern classes cu c2 and a number r, the coarse moduli space

M(cu c2) of iϊ-stable vector bundles of rank r exists. The moduli space

M(cl9 c2) is a scheme of finite type over k and the Zariski tangent space

Tx at a closed point xeM(cl9c2) is isomorphic to H\X9 End!?) where E

is the ίf-stable vector bundle corresponding to the point x (see Maruyama

[4]). The scheme consisting of all the irreducible components of M(cu c2)

passing through x is called the moduli space of E and denoted by X(E).

From now on, we assume all schemes are defined over C.

LEMMA 1. Let Y be an irreducible non-singular algebraic variety and

$ be a family of H-stable vector bundles over X parametrized by Y9 i.e. £

is a locally free sheaf over Y X X and for any closed point y e Y, the vector

bundle Ey over y X X is H-stable. Let f: Y—• M(cu c2) denote the map defined

by δ. We assume that, for any closed point yeY9 dim H\X9 End Ey) =

dim Y. If f is injective, then f is an open immersion. In particular Y is

bίrationally equivalent to an irreducible component of M(cu c2).

Proof. In fact, for any closed point y e Y9 dim H\X, End Ey) = dim Y

< dim X< aim H'iX, End Ey). Hence dim/(7) = dimX and f(X) is con-

tained in the open subset of nonsingular points of M(cl9 c2). Therefore

the analytic map fan: Xan-+M(cl9 c2)
an is an open immersion. It follows

from Mumford [9], / is etale. Now the lemma follows.

LEMMA 2. Let A be an abelian surface (abelίan variety of dimension 2),

H an ample line bundle over A and E an H-stable vector bundle over A.

If E is absolutely simple, of type Mo and a model, then there is an in-

jection Ax A-+ X(E).

Proof. Let <£ be the Poincare line bundle over A X A, p: A X (A X A)

—>A be the map defined by

p((a, b,c)) = a + c ,

and pί2: Ax (Ax A)-+Ax A be the projection. Consider the vector

bundle δ =p*E®p?2& over Aχ(Ax A). This is a family of jff-stable

vector bundles over A parametrized by A X A. The vector bundle over

a point (L,a)eAx A is T*E®L. Let f:AxA-> X(E) be the map defined

by δ. If T*E®L~T*,E®L'9 T*E ~ T*,E®L'®L~X hence T*_βJS

~E®L'®L-\ In particular T*_a,P(E) ~ P(E). The hypothesis that

Jϊ is a model implies H(P(E)) = 0 where H(P(E)) = {x e A | P(E) ~
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T*P(E)} (Umemura [15]). Hence a = a\ We get E®L~E®L'. It
follows from the absolute simplicity of E that L ~ U. This proves / is
injective. See Umemura [15].

Let F be an V-stable vector bundle with numerical Chern classes clr

c2 and of rank r over an abelian surface A. Let y e M(cu c2) be the cor-
responding point. Let us put Δ(F) = (r — l)c\ — 2rc2. —Δ(F) is equal to
the second Chern class of EnάF.

LEMMA 3. The dimension of the Zariski tangent space at y is equal

to -Δ(F) + 2.

Proof. It follows from the Riemann-Roch theorem, dim H°(A, End F}
- dim H\A, End F) + dim H\A, End F) = -c2(End F) = Δ(F). By the Serre
duality dim H°(A, End F) = dim H2(A, End F). Since a stable bundle is
simple, dim H°(A, EndF) = 1. Hence dim #'(4, EndF) = - i ( F ) + 2 which
is equal to the dimension of the Zariski tangent space at y.

LEMMA 4. Under the same hypothesis as in Lemma 2, moreover if
V

Δ(E) = — 2, Z/ιeτι X(ίJ) is irreducible and A X A is ίsomorphic to X(E).

Proof. Let x7 e X(i?) and Ef the corresponding iϊ-stable bundle. By
Lemma 3 dimiί^A, End#0 = -Δ{Er) + 2. Since Ef has the same numeri-
cal Chern classes as E, -Δ(E') + 2= -Δ(E) + 2 = 4. Now it follows
from Lemmas 1 and 2 that the map / constructed in the proof of Lemma
2 is an isomorphism.

EXAMPLE 1. Let C be a non-singular projective curve of genus 2, P a
point of C and J the Jacobian variety of C. Let C(n) be the n-th symmetric
product of C. We assume n > 3. There is a projection 9: C(7l) -> «/ defined by

where Qte C for 1 < i < n. We know that there exists a vector bundle
!?„_! of rank n — 1 over J such that C(w) is J"-isomorphic to P{En_ϊ). We
proved in Umemura [4] that E is 0(C)-stable, of type Mo and a model.
The number Δ(E) is also calculated —2. Hence we can apply Lemma 4.
The moduli space X{En_^) is isomorphic to J X J. The determinant defines
a map J x J-+J (y^άetEy). This map is surjective and all the fibers
which we denote X/(En_ί) are isomorphic to J. Hence we proved:

THEOREM 5. The scheme X'(En_ϊ) is isomorphic to J. The local Torelli
theorem holds for C^X\En^).
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EXAMPLE 2. Let A be an abelian surface and L be a principal polari-

zation of A, i.e., L is ample and dim H°(A, L) = 1. Let n > 3 be an integer

and Lt be a line bundle algebraically equivalent to L and <pt a non-zero

section of Lίf l<ί< n. φt is uniquely determined up to the multipli-

cation of a non-zero constant. Let E(Ll9 L2, , Ln) be the coherent sheaf

over A defined by the exact sequence:

0 -» 0 -> Lt Θ L2 Θ Θ Ln -* E(L1? L2, , Ln) -> 0 ,

1 H-> (^j, p2, , ψn) .

The coherent sheaf E(LU L2, , L J does not depend on the choice of φt.

For, let ψ\ be another non-zero section of Lt. There exists a non-zero con-

stant ct such that φ[ = c έ^. Hence the diagram

0

0

0

Id

• Θ

L2 Θ . Θ Ln

Θ Ln

is commutative where Φ is the injection of the exact sequence (i), Φf is

the injection obtained from Φ by replacing <pt by ψ\ and ?Γ is the ^-linear

map defined by the diagonal matrix

Let C be an irreducible non-singular projective curve of genus 2. Let

P be a point of C and ψ the map of C to J defined by φ(Q) = (Q — P).

We denote by C the image ^(C). Let Pu P2, , P6 be the points of C

such that (P(2Pi) is isomorphic to the canonical bundle K of C. Let Ct

he the image of C in J defined by φt{Q - Pt) = G{Q - P,)eJ for Q e C.

LEMMA 5. // x is a point of J such that x 6

ΓΊ (C + 2x) = 0.

i Ci9 then C Π (C +

Proof. Suppose that Cf]C + xΓiC + 2x is not empty. Then there

exist three points Q, Q', Q" of C such that Θ(Q - P) = Θ(Q' - P) + x9

Θ(Q - P) = 0(Q" - P) + 2x. Hence Φ(Q - Q') = x, 0(Q ~ Q'O = 2x. There-

fore Θ{2Q - 2Q') = Φ(Q - Q"). Finally we get 0(Q + Q" - 2Q0 = 0. We
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study two cases separately.

Case (i) KφΘ(2Q'). In this case, by the Riemann-Roch theorem

dim H°(C, (9(2Q')) = 1. Hence it follows from 0(Q + Q" - 2Qf) = Θ that

Q + Q» = 2Q' as divisors. Consequently Q = Q' and Q" = Q'. This shows

x = 0. Hence x 6 C* for every i. This is a contradiction.

Case (ii) K = 0(2Q') Hence there exists an z such that Q' = Pt.

Therefore x = Θ(Q - Q') = Θ{Q - Pt) is in Ct. This is impossible.

Let D be the effective divisor on A such that L ~ 0(D). Such divisors

are limited: (a) There exist a non-singular curve C of genus 2 and a point

P of C such that the abelian variety A is isomorphic to the Jacobian

variety J of C and Z) coincides with C. (b) There exist two elliptic curves

Cu C2 such that the abelian variety A is isomorphic to CΊ X C2 and £) is

CΊ X 0 U 0 X C2 (Weil [18]). Let us study first the case (a).

COROLLARY 6. For any integer Nu there exist an integer N> iVΊ cmcί

a point xeJ of order N such that C Π (C + x) Π (C + 2x) = 0 .

is an easy consequence of Lemma 5.

LEMMA 7. Lei x be a point of the Jacobian variety J(= A) of order

N>3andL~Θ(C). If CΠ (C + x) Π Π (C + (iV- ΐ)x) = 0, then E(L,

T*L, , T?N_1)XL) is an L-stable locally free sheaf.

Proof. The locally freeness of £(L, T*L, , T&_i)a?) is evident. The

cyclic group (x) operates on the exact sequence;

(ϋ) o -> 0 -> L Θ T*L Θ Θ Γ&_1)βL -• E(L, T*L, , Γ ^ . ^ ) -• 0 .

Hence there exists an exact sequence of vector bundles over A = A/(x);

(iii) 0->β-+F-+E'-+0

such that 7r* (iii) is isomorphic to (ii) where π is the isogeny A -> A/(x).

F is nothing but the direct image π*L (Morikawa [7]). Hence by Takemoto

[11], F is detF-stable. The line bundle d e t F will be denoted by U.

Suppose that Ef is not U—stable. Then there exist a non-zero locally free

sheaf Gf of rank < N — 1 and a morphism gf of 0^-modules Er -> Gf such

that gf is surjective on A! — (a subvariety of codimension >2) and such that

( i v ) faQEQ.LQ ^ (c^GQ-LQ
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Since F is L'-stable,

0 < (c,(G0 L')
r(FO r(G')

Let now M' be a line bundle over Af. Then N(M'.U) = 7r*(M'.L') =
(π^M' L^) = N{π*M'-L). Hence we proved (ττ*M'.L) = (M' L'). Apply-
ing this rule to the inequalities (iv) and (v), we get

(L®N L) < (c.jGyL) (L®N L)
N r(G) - N-l

where G = π*G7. Consequently

Since r(G) < N - 1, it follows that (c^-L) = 2r(G) + 1. If we put G =
G®L~\ then (c^G^-L) — 1. Let ^ be the isogeny y ^ Ny of A onto A
itself. Then, since the morphism induced by gr φ*(L Θ Γ*L Θ Θ T?N_1)XL)

®L~1 = ^ Θ Θ^-> 9?*G is surjective on A — (a subvariety of codimen-
sion >2), H°(A,φ*GάetG)Φθ. On the other hand, since the spectral
sequence degenerates, we get H°(A, φ* det G)~H\A, φ*φ* det G) = ®φ*#=i)Λ

H\A, se ® det G). Therefore, there exists a line bundle Se on A such that
ίo*jSf - ^ , H°(A, Se ® det G) =£ 0. Let Z) be an effective divisor on A such
that φ*& = ^ , 0(D) = J2? ® det G. Then (DL) = 1. This is impossible as
we proved in Umemura [16].

LEMMA 8. Using the same notation as in the preceding lemma, we as-
sume moreover N > 4 and C Π (C + x) Π (C + 2x) = 0 . Γ/ιen £(L, T*L,
T*XL) is an L-stable locally free sheaf for 3 < m < N.

Proof. We put Er = E(L, T*L, •-, T$+1)XL) for 2 < r < JV - 1. The

local freeness of Er follows from the hypothesis C ίΊ (C + x) Π (C + 2#) = 0.
Now we prove the L-stability of E by the descending induction on r.
Lemma 7 shows that ί ^ is L-stable. Let us assume Er is L-stable for
anr, 3 < r < i V — 1 and show Er^ is L-stable. The diagram

, Θ 2 ? L Θ - Θ Γ * L

Idll

Θ Γ*L Θ Θ T$_1)XL
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is commutative where Φr(ϊ) = (<p, T*<p, , T*χp)9 0 Φ φeH°(A, L), ΦrM)

= (φ, T*φ, - , T$_1)xφ) and 5Γr is the projection onto the first r factors.

The projection Ψr induces a surjection: ψ r : £7r —> Er_x and the Kerψ r =

T*XL. Hence we get an exact sequence

where V = Ύ%L. Tensoring U~ι with the exact sequence, we obtain a

new exact sequence

0 ->Θ -> E'r -> £;_! -> 0 .

Our induction hypothesis is that JÊ  is L-stable and we have to show E'r_x

is L-stable. Let G be a non-zero locally free sheaf of rank < r — 1 and

JB^_! —> G be a morphism which is surjective on X — (a sub variety of co-

dimension >2). By the stability of E;

r> (c^E^-Ly/riE^X (cx(F) L)lr(G).

Since cx(E'r) is algebraically equivalent to L, we get 2/r < (cx(F) L)/r(G).

If ( C l ( F ) . L ) > 2 , then

(Cl(E'r.d L) _ 2 2

O r - 1 KΦ ~ KG) *

Hence we may assume (cJJF)-!) = 1. Then there is a generically surjec-

tive homomorphism (L Θ T*L Θ Θ T*XL) (g) T^L"1 -> G <g> Γr*L-J. The

argument of the proof of Lemma 7 shows this is impossible.

Let us now examine the case (b).

LEMMA 9. Let Cu C2 be elliptic curves. A = Q X C2 and L = 0 ( d X

0 + 0 X C2). Lβί r 6β αzz integer > 2 α/zd ̂  be a point of order r + 1 of

Ct, 1 < i < 2. 1/ we pwί x = (xu x2), then E(L, T*L, , T*XL) is an L-

stable locally free sheaf.

Proof. Let us put E = E(L, T*L, , Tr*L), Q X 0 U 0 X C2 = D.

Since D Π T*D Π T2*D = 0 , E is locally free. Let us show the restriction

E\GlXQ (resp. E\QXC2) on d X 0 (resp. 0 X C2) of J5 is stable. We need

SUBLEMMA 10. Let C be an elliptic curve and M a line bundle of

degree 1 on C. Let s be an integer > 2 and y be a point of C of order

s + 1. Let E be the coherent sheaf defined by the following exact sequence;

0 - > ^ - > L θ Γ*L 0 Θ T*L -> E-* 0
(vi)

1 ( Ψ T * T*ψ)
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where 0 Φ ψ e H°(C, L). Then E is locally free and stable.

Proof of the sublemma. For the same reason as in the proof of the

lemma, E is locally free. As in the proof of Lemma 7 the cyclic group

(y) operates on the exact sequence and there exists a exact sequence of

vector bundles

(vii) 0—> Θ —> F —> E' —» 0

over C = C/(y) such that ;r*(vii) is isomorphic to (vi) where π is the

isogeny C—> Cl(y). For the same reason as before, F is stable. Let Er ->

Gf be a non-trivial quotient vector bundle. Since F is stable, l/(s + 1)

- d(F)lr(F) < d{G')lr{G'). Hence d{G') > 1. Since r(E') > r(G'\ d{E')jr{Ef)

= IMS') < d{G')lr{G'). This shows E; is stable. Since the degree of π

is s, and s is relatively prime to r(E) = s — 1, TΓ*^' = E is stable.

Let us come back to the proof of Lemma 9. Let G be a non-zero

locally free sheaf of rank r on A and E{L, T*L, , T*XL) —> G be a

morphism which is surjective on A — (a subvariety of codimension >2).

Since the restrictions are stable,

= cP? I Ci X 0) ./ djGlCj X 0) = ( c ^ ' d X 0)
r(JB) r(G) r(G)

and

y^2/ ^
\

r(G)

Therefore

_ (cx(E)'C, x 0) (c^-O X Q < ( c ^ . Q X 0)
(E) (E) (G)r(E) r(E) r(E) r(G)

+ r(G) = V(G) '•

LEMMA 11. Lei ws assume that E(LU L2, - - ,Ln) = E is locally free.

Then the number Δ(E) = (r(E) - fy^E)2 - 2r(E)c2(E) is equal to -2n.

Proof. The first Chern class cx(E) is numerically equivalent to Iβn

and the second Chern class c2(E) is numerically equivalent to (n(n — 1)/2)L2.

Hence,

= (n - 2)n2U - 2(n - 1) n(jι "" 1 ) U

= 2(n - 2)n2 - 2(n - ϊ)2n = -2n .
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Remark 12. We do not know whether all E(LU L2, , Ln) = E is L-

stable. We can prove the following assertion which will be used in the

sequel.

LEMMA 13. Suppose that if ί = j , Lt Φ Lj. If E(Ll9 L2, , Ln) = E is

locally free, E is simple (dim H°(A, End E) = 1).

SUBLEMMA 14. For l<i<n, H°(A, E X Lz) = 0 .

Proof. We have an exact sequence;

(viii) Q-+E-+LX®L2® -- ®Ln-+Φ-+Q.

Tensoring with Lu we get

(ix) 0 -> E Θ U -> (L, Θ Ln) ® L, -> Lt -> 0 .

The long exact sequence of cohomology group is;

0 -• H\E ® Lt) ^ H°((L1 Φ L2 Θ Θ Ln) Θ U) -+

From the hypothesis iϊXίLi Θ L2 φ Θ Ln) ® L%) ~ H\Θ) and the homo-

morphism H\(LX Φ L2 φ . Φ Ln) ® L4) ^ #o(0) -^ ^(L,) is not zero. Hence

H°(A, E ® Lt) = 0.

SUBLEMMA 15. Hι(A, E®Lτ)~ Hι(Θ), for I = 1, 2.

Let us write the long exact sequence of cohomology of (ix) again;

0 -• HXiL, Φ L2 Φ • Φ Ln) ® Lύ -> iϊo(L,) ^

-> iί1((L1 φ L2 Φ φ Ln) ® L,)

A φ L2 Φ φ Ln) ® L4) -

Now the assertion follows from the following;

(1) H%LX Φ L2 Φ Φ Ln) (8) L<) = ffW for any j .

(2) ir(L,) = 0 for 1 = 1, 2.

SUBLEMMA 16. £Γ°(A, E) = 0, iί^A, E) ~ H°(Θ), dim iί2(A, E) = n + 1.

The first two assertions follow easily from the long exact sequence

of cohomology groups of the exact sequence (viii). The last assertion

follows from the Riemann-Roch theorem for E.

Proof of Lemma 13. Tensoring E with the exact sequence (viii), we get

( x ) Q- ®E
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The last terms of the exact sequence are;

>H\E)->H\E®E)

-+H2(L1®E®L2®E® . . . ®L

By the Serre duality and Sublemmas 15 and 16,

dim H\E) = dim H\E) = 1 ,

dim H\L, ®E®L2®E® - ® Ln®E)
= dim H^L: ® E® L2® E® ® Ln® E) = 0 .

Hence dim H\E ®E)<1. By the Serre duality dim H°(E ®E)<1. But
H°(E ® E) contains k as homothesies. Hence dim H°(A9 E®E) = 1.

LEMMA 17. If E(LU L29 , Ln) ~ E{L'l9 L'2, , L'n), the set {Lu L29 . . ,

Ln) coincide with the set {LΊ, U2, , L'n} counted with multiplicity.

In fact let M be a line bundle algebraically equivalent to L. Tensor-
ing M~\ wth the exact sequence, we get

0 -> M " 1 -> (L, ® L2 ® - . Θ Ln) ® M~x

-> E(LU L2, , Ln) ® M-1 -> 0 .

Since M is ample, iϊo(A, M"1) = H\(A, M"1) = 0. Hence ίPtfL, Θ L2 Θ . . .
Θ Ln) ® M-1) ~ H°(E(LU L2, , Ln) ® M'1). Since the dimension of H\(L,
® L2 ® - Θ Ln) ® M~ι) is the number of times that M appears is the set
Ll9 L2, , Ln9 the lemma follows.

LEMMA 18. Let M, Mf be line bundles algebraically equivalent to 0.

If E(L19 L29 -,Ln)®M~ E(L[, L'2,. , L'n) ® M', then M~M' and E(LU

L2, ,Ln)~E(L'l9L'29.. ,L'n).
Tensoring M~\ we may assume Mr ^ Θ. Suppose that M is not iso-

morphic to Θ. Then tensoring M with the exact sequence (i), we get

0 -> M-> (L, ® L2 ® Θ Ln) ® M-> E(L19 L29 ., Ln) ® M-+ 0 .

Since M is algebraically equivalent to 0, Hl(A9 M) = 0 for any i and

H%L, ®L2®-- ®Ln)®M)~ H°(E(Lί9 L2, , Ln) ® M) .

Hence dim H°(E(Ll9 L29 , Ln) ® M) = n. On the other hand, from the
exact sequence (i),

0 _> H\Θ) - * H\L[ ® L'2 ® Θ L'n) -• H\E(L[9 L'29 , Un))
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Hence dim H°(E(L[, L'2, , LQ) = n + 1 and E(LU L2, - , Ln) (x) M is not

isomorphic to E(L'U L'2, , L'n).

Let now pin+ί: Ax X A -> A X A (1 < ί < n) be the projection onto

the product of i-th and (n + l)-th factors. Let m: A X A—> Abe the group

law of A. Let ££t be the inverse image (mop ίw+1)*L and 6̂  = (mopin+1)*(θ)

where 0 is a fixed non-zero section of L. The coherent sheaf S on

A X X A is defined by the exact sequence;

The coherent sheaf S is considered as a family of coherent sheaves on

the last A parametrized by the first A X X A. Let (xl9 x2, , #n) be

a point of A X X A. The restriction of the exact sequence (xii) to

the fibre (xu , xn) X A is

0-+Φ-+T*L + TIL + • + T*nL-+E(T*L, T*L, . , Γ*,L)-0

1^(7*0,, T*θi9...9T*βn)

n n

The symmetric group @n operates on A X X A hence on (A X X A)

X A. There is an operation of ©n on &x Θ f̂2 θ θ &n covering its
n

operation on (A X X A) X A. This operation is compatible with the

injection 0 -> Sex φ ^ 2 0 0 &n. Hence @w acts on &. It follows from

the descent theory that there exists a coherent sheaf S over Sn(A) X A

such that π*δf ~ $ where Sn(A) is the n-th symmetric product of A and

π: Ax X A -> SW(A) is the projection.

Let 0* be the Poincare line bundle over Ax A~ Ax A and p 2 3 : Sn(A)

X 4 x A - > A x 4 the projection. We put pξ0> = ^ and <?' ® ^ = δ".

Then ^ / 7 is a family of coherent sheaves on A parametrized by SW(A) X A.

Let (*, y), (x\ / ) e Sn(A) X A. If δ" \(XlV)XΛ is isomorphic to δ" \ix>y)XA, then

(^, y) = (#'> yθ by Lemma 17 and Lemma 18.

PROPOSITION 19. There exists a non-empty open subset U of Sn(A) such

that (i) £" I U X A X A = «f(3) is locally free, (ii) for any point (x, y)eUx A,

#"\(x>y) X A ίs L-stable.
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Proof Let X = {(*, y, z) e Sn(A) X A X A \ θt(x, z) = 0 for any l<i<n.

Then X is a closed subset of Sn(A) X A X A. The coherent sheaf <?" is

locally free outside X. Let px: Sn(A) X A X A -> Sn(A) be the projection

onto the first factor. Since px is proper, px(X) is a proper closed subset

of Sn(A) by Corollary 6. Let U' = Sn(A) - pλ{X). Then <T| [/' X A X A

is locally free. By Corollary 6, Lemma 8 and Lemma 9, there exists a

point x € U' such that i^ \ (x,y) X A is L-stable for any point y X A. Since
the stability is an open condition by Maruyama [4], there exists non-empty
open subset U of U' satisfying the condition (i) and (ii) of the proposition.

THEOREM 20. The algebraic variety Sn(A) X A is birationally isomorphic

to a component of the moduli space of L-stable vector bundles.

Proof. Since U X A parametrizes a family of L-stable bundles, we get
a morplμsm from U X A to a component of the moduli space. This map

is injective by Lemma 17 and Lemma 18. The theorem now follows from

Lemma 1, Lemma 3 and Lemma 11.

This component will be denoted by Xn(A; L). Let g: Xn(A; L) -» A =

A be the map such that g(x) = (det E) ® L"1. Since this map is birationally

equivalent to Sn(A) X A-+A, ((xu , xr), y)^>Σ> xi + (n — % f o r x e A
= A, the fibre g-1^) = Yn(A; L) is birational to Zn(A) = {(fo, , #w),;y)

e SW(A) X A | Σ x, + (Λ - ΐ)y = 0}.

THEOREM 21. 77ιe map (A, L) »-> Yn(A, L) separates locally the moduli

space of the principally polarized abelian surfaces.

Proof. Let A, B be abelian varieties of any dimension. We put

Zn(A) = {((*„ ,*B),y)e S*(A) X A | Σ ^ + (* - l)y = 0},

Z*(B) = {((x1? .,xn),y)eSn(B) X B | Σ x t + (n - l)y = 0}.

It is sufficient to show that, if Zn(A) is birational to Zn(B), then A is

isomorphic to JB. This will be proved in Proposition 24.

Let X be an algebraic variety and n > 0 an integer. The sym-

metric group ©w acts on the product XX X X. The quotient variety

Z X X -X/©« is the λi-th symmetric product of X and denoted by Sn(X).

LEMMA 22. Let A be an abelian variety. The closed subvariety {(xl9

x29 , xn) e A X X A|Σ?-i*< = °} o/ Sn(A) will be denoted by Tn(A).
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Let fn(A) be a non-singular model of Tn{A). If n > 2, H°(fn(A), Ω1) = 0.
Let V be the universal covering space of A. Hence there exists a

lattice Γ c V such that V/Γ ~ A. H\A, Θ)~T where T = Homc(V; C)
(see Mumford [10]). By the Kϋnneth formula, H\A X X A, Θ) ~ T®
• Θ T. The symmetric group acts on H\A X X A, Θ) ~ T® Θ T
as permutation of factors. Let Un(A) denote the closed subvariety {(xl9 x2,

• , xn) e A X X A\Σi=1 Xt = 0} of A X X A and i the inclusion
n π - 1

Un(A) <=—> A x X A. Un(A) is isomorphic to A X X A. Notice
that the symmetric group ©n operates on Un(A) and C7w(A)/©n = Tn(A).
It is easy to check that the restriction of the map ΐ*: H\Ax X A, Θ)

- ΓΘ Θ Γ-> 2Γ(E7n(A), (P) = ΓΘ Θ T to the subspace U = {(tl912,
- ,tn) e T + - + T\ Σίi tt = 0} is an isomorphism. Hence H\Un{A), Θfn

= C7@» = 0. On the other hand H\U\A\ Θfn = H\fn(A), Θ) by Proposi-
tion 9. 24, Ueno [12] hence the lemma is proved.

LEMMA 23. Any rational map f from Tn(A) to B is trivial, i.e., f(Tn))
is a point.

Proof. Blowing up the given fn{A) if necessary, we may assume /
regular. Suppose that the dimension of f(Tn(A)) is positive. Then there
exist a holomorphic 1-form ω on B such that /*ω ψ 0 which conducts
Lemma 22.

PROPOSITION 24. Let A, B be abelian varieties. If Zn(A) is birationally
isomorphic to Zn(B), then A is isomorphic to B.

Proof. If n = 1, then Z\A) = A, Z\B) = B and the assertion is well
known (see. Weil [17]). We assume n ̂ > 2. Let /: Zn(A) -> Zn(B) be a
birational map. Let TΓ̂  (resp. πB) be the map from Zn(A) to A(resp. from
Z\B) to B) defined by πA((xu , *n),y) = ΣΓ-iΛ* (resp. πB((xu . , *n),y)
= 2]?=iχi) Then by Lemma 23, /induces a birational map f: A-> B such
that πBof= f°πA. Hence A is biregularly isomorphic to B.

In our examples, the moduli spaces have irregularity 4. The abelian
variety Ax A operates on the moduli spaces; E>-> T$E<g)L, xe A, Le A.
In most cases this operation is effective modulo finite group and hence
by a theorem of Matsumura-Nishi [6], the irregularity of the moduli
space > 4.
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QUESTION 25. When is the irregularity of the moduli space 4?
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